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Nomenclature 

 

a – contact radius; C – specific heat; Fext  – external forces; 

g – distance between particles; h – time step; ht – height of 

the slice; H – linear mapping from contact to body level; H 

– contact conductance; 
th

k   – contact thermal conductivity; 

L – length of the cylinder; M – mass matrix; M-1 – inverse 

matrix; Nc – contact number; P – percussion; q– 

configuration vector; q  – first-time derivative of the 

configuration vector; q  – acceleration vector or the second 

derivative; cond

iQ  – transfer of the local heat by conduction;

diss

i
Q  – local generation of the heat. 

 

1. Introduction 

The study of granular media is of particular interest 

for the researches in a many scientific fields: physics, 

mechanics, geophysics, chemistry…The flow of the solid 

particles which constitute this medium under different 

operational conditions, carry to a multitude of different 

behaviors. In particular, the study of the behavior of these 

particles during shearing carried a more local look at the 

phenomena of friction, wear and heat generation in the 

different mechanical systems such as: braking, gearing, 

machining. 

In light of the resolution of the local problem of 

frictional contact due to dry annular shear where particle 

shear is indefinite and the rate is high, recent studies have 

shown that operating conditions play a crucial role in the 

dynamic properties of granular flows under this type of 

shear. As an example, F. Chevoir and al. [1, 2] studied the 

behavior of the granular material in the first layers in the 

vicinity of the inner cylinder where the localization of the 

shear. The understanding of this behavior results from the 

measurement of compactness profiles, speed and 

constraints, as well as fine size such as the coordination 

number or the fluctuations of the grains motions. In 

agreement with the experimental observations, they showed 

that the evolution of the effective friction of the material to 

the wall depends on the roughness of the inner cylinder. 

However, G. Koval [3] found that the strong deformations 

are observed in this zone of shear localization with a 

heterogeneity of the distribution of the stress fields. On the 

other hand, J. Shunying and al [4] realized a direct 

comparison between the experimental and numerical results 

by the method of the discrete elements of the sheared 

materials at different speeds of rotation and pressures. They 

found that not all the relative particle-level information, 

such as rigidity, grain size distribution, and damping, is 

equally important for simulating the shear response. 

However, the characteristics of the friction is very important 

to match the measured forces in the physical system. 

J. J. McCarthy and A. Alenzi [5,6] studied the 

influence of the geometry of the system and the shape of the 

particles on the quality and quantity of sheared granular 

flux. As for the different rotational speed and roughness 

values of the inner cylinder, they found that both of these 

characteristics have a significant influence on the solid 

fraction profiles as well as the velocity and granular 

temperature distributions. C.C. Liao on his part studied the 

effect of gradient of speed on the experimentally measured 

granular temperature [7]. The results show that the granular 

temperatures in a system with both walls rotating in opposite 

directions, are higher than in a system with walls rotating in 

the same direction. 

The majority of these studies have tried to find the 

mechanical responses of the contact, without taking into 

account the thermal aspect. However, there has been recent 

research done on the analysis of thermal phenomena which 

occur during the dry shear of   particles but in other non-

annular cases. We find, for example, the study by M. Filali 

and al [8] on the influence of the mechanical stresses applied 

on the granular medium, where they found that the uni-axial 

compression of the medium serves to reduce its initial 

volume, therefore its porosity is an increase in the apparent 

thermal conductivity. Others [9] have studied the influence 

of the physical properties of the medium on the power 

dissipated by friction of the particles, as well as the study of 

the phenomena of friction and diffusion of heat [10]. The 

analysis of the results obtained show that the profiles of heat 

and power depend on the nature of the rate of speed 

accommodation which depends on cohesion. 

The evolution of thermal transfers in the sheared 

granular medium has been studied by V. D. Nguyen and al 

where they have shown that the roughness of the walls plays 

a primary role in generating heat by friction [11]. Otherwise 

the agglomerates (clusters of particles) favor the 

propagation of heat towards the walls [12]. In addition, 

T. Champelevier [13] has studied the influence of the 

parameter of adhesion between the particles on the 

temperature of the medium. The results of this study show 

that the temperature of the medium increases with the 

increase of adhesion and that the heat profiles obtained 

within the volume of this medium depend on this parameter. 

Nevertheless, M. Renouf and al [14] studied the influence 

of particle cohesion. The thermal results obtained show an 

asymmetry of the temperature profiles for cohesion values 

used, ie the maximum temperature is located near the zone 

where the shearing is maximal. The influence of the 

arrangement of particle on the diffusion of the temperature 

of the heat source in the medium was studied by J. Riviere 
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and al [15] where they showed that the evolution of this 

temperature depends exclusively on the number of contact 

that is related to the compactness and therefor how the 

particles are arranged in the medium. 

To complete the mechanical response of the 

particles during annular shear as well as the difficulties of 

the experimental realization of the thermal study, we will 

carry out in this work a 2D numerical study on the thermo-

mechanical behavior of a granular medium in an annular 

shear cell at shear rate and confining pressure imposed. We 

will use the Discrete Element Method (MED), and introduce 

into our numerical model, other parameters that influence in 

the phenomenon of heat generation by friction such as 

thermal conductivity, thermal capacity, Young's modulus 

and pressure. This heat generated in the contact, is 

transferred by conduction between the particles, according 

to the model "Thermal Particle Dynamics" proposed by 

Vargas [16]. Convection is not taken into account in this 

model because of its weak influence. 

This present work is structured as follows: in 

section 2, we will present the thermo-mechanical 

formulation used in the model to be realized. Then, we will 

numerically calculate the different variables of velocity and 

temperature after the description of the model. A discussion 

of the results obtained, followed by an analytical analysis, is 

presented in section 3. We will finish with a conclusion in 

the section 4. 

2. Thermo-mechanical modeling 

2.1. Numerical formulation   

In the light of the phenomenology study of the 

granular medium, numerical methods are today more and 

more developed tools and are precise to characterize 

physical phenomena at different scales. One of these 

methods which is widely used, especially in this media, is 

called discrete elements (Discrete Element Method, DEM) 

initially developed by Cundall [17]. It is well adapted to 

simulate the evolution of a particle assembly, taking into 

account in a discrete way each of them and also their 

interactions (exerted contact forces). Jean Michel [18] has 

classified the discrete element methods, according to the 

function of the laws of interaction applied between particles, 

into two main categories: the Non Smooth DEM (NSCD) 

and the Smooth DEM (SD). For this present work, we will 

use the NSD method which considers shock and friction 

laws of Coulomb instead of the SD method which considers 

the continuous and derivable laws.  

The mechanical and thermal models used are 

formulated by the integration scheme of type θ method and 

the implicit management of all the contacts.  

In order to be able treat simultaneously deal with 

contact and shock during the same time step, Moreau [19] 

proposes a rewrite of the equation of dynamics in the sense 

of distributions. Thus, in the case of a system consisting of 

rigid particles, this equation is expressed as: 
 

( ) ( , , ) ( )
ext

q t F t q q R t Μ , (1) 

 

where M is the mass matrix of the granular system 

)(
nxn

R ,  q t  is the acceleration vector or the second 

derivative of the configuration vector q, Fext the applied 

external forces on the particles in contact and R(t) the 

reactions of the rubbing contact.  

The equation of the system is detailed in Jean's 

initial works [19]. 

In terms of local variables and with the laws of 

interaction of the couple (ri+1,ui+1), the system is rewritten 

as follows: 
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Where: HMHW
1* 

  is the operator of Delassus 

[19, 20]. 

The resolution of the multi-contact problem is a 

nonlinear Gauss-Seidel type (NLGS) [19].  

Eq. (2) is rewritten for a contact α which have a 

contact number Nc as follows: 
 

1 ( , ) 1( )

1

.
CN

i i free i
W hr u u



  



 



   (3) 

 

The law of interaction used between the media 

particles is the unilateral law with friction without cohesion 

called IQS_CLB (Inelastic Quasi Shock Law coupled with 

the Coulomb Friction Law) [20]. For this law, we have taken 

into account the non-penetration between the particles 

where the value of the interstice must remain positive 

( 0g ) and the normal component of the local impulse also 

remains positive by translating with 0
n

r  .  

Impenetrability condition (Signorini condition) is 

written as follows: 
 

0 0 0.
n n

g ,r , g·r =   (4) 

 

The thermal model serves to simulate the 

phenomena of the heat generation by friction and the 

thermal transfer by conduction. The thermal transfer by 

radiation and by convection are negligible. 

The thermal resolution is represented by the 

equation of the temperature variation for a single particle 

during a time step dt: 
 

   / / .
cond diss

i i i i i i
dT t dt dt Q Q C V    (5) 

 

With ρCiVi represents the thermal capacity of the 

considered particle.  

The local generation of the heat diss

i
Q between the 

particles i and its neighbor is calculated by the formula: 
 

( ( ) ( )) / (2 )
diss

i
Q P q t dt q t dt    (6) 

 

The transfer of the local heat by conduction
cond

ij
Q

between the particles i and its neighbor j is written by: 
 

.( ), .
cond

ij i j j i
Q H T T T T    (7) 

 

Where (Ti – Tj) is the temperature difference 

between the contact media of the spheres "i" and "j". and Hij 

is the conductance of the contact between the two spheres 

"i" and "j", based on the Yovanovich works [21] its value is 
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calculated in the two-dimensional model according to the 

elastic law of Hertz by the formula: 
 

' ' 1/ 4

2
2 2 2 (8 / ) .

D th th n
H k aL k r R LE 

 (8) 
 

Where: R’, rn  and E’ are respectively the radius 

effective, the normal reaction in contact and the module 

d’Young effective. 
 

2.2. Numerical simulation 

2.2.1. Description of the model 
 

The geometry of the model realized in this 

numerical study "Couette" type in 2D (Fig.1) has two 

cylinders: a movable inner cylinder, which rotates with a 

rotation speed ω, discretized by disks of diameter of 0.6 

mm, which simulate balls; a fixed external cylinder 

(pneumatic membrane) on which is applied a normal 

peripheral pressure P1, in order to impose the balls’ shear 

(discs, particles) of the granular media. 

The granular media has 7536 (rigid particles 

calculated according to the geometry) in the form of discs, 

with an average radius Rmoy = 0.25 mm. 

To simulate particles shear, the geometry of the 

model is subjected to impose solicitations: a peripheral 

pressure P1 applied to the fixed outer cylinder and a rotation 

of the moving inner cylinder with a velocity ω (Fig.1). 

The annular geometry is defined by the radius of 

the inner Rin and outer Rext cylinders distributed uniformly 

with a dispersion of 10%. The coefficient of friction between 

particle- particle µp-p and particle-cylinder µp-c was chosen 

value of 0,5. The simulation time is divided into increments 

of Δt (step) equal to 10-5 s ensuring a good compromised 

between CPU time and solution accuracy.  

The numerical characteristics used for the 

simulations are presented in the Table 1. 

Table 1  

Recapitulatory of the numerical  

characteristics of the model 

Minimum radius of the balls Rmin, mm 0.2 
Maximum radius of the balls Rmax, mm 0.3 
Outside radius of the Couette Rext , mm  50 
Interior radius of the Couette Rint , mm 10 
Step of time Δt, s 10-05 
Simulation time tsim, s 10 
Particle-particle  friction coefficient µp-p 0.5 
Particle-cylinder  friction coefficient µp-c 0.5 

 
 

Fig. 1 Schematization of the simulated model 

2.2.2. Calculation of velocities and temperatures 

To measure the different average values (velocity, 

temperature) per slice through the granular volume (phase 

discretized). Due to the symmetry, we only need to study a 

quarter of the geometry that we discretized in slices in the 

radial direction (Fig. 2).  
 

 
 

                      a                                              b 
 

Fig. 2 Discretization in the slices of: (a) the geometry and 

(b) quarter of the geometry 

 

3. Discussion of results 

3.1. Influence of particle material 

The imposed conditions for simulating our model 

are respectively: the peripheral pressure P1 = 10 + 2 Pa and 

the rotation speed ω = 5 rv/min. They are applied to the three 

selected materials of the granular media particles: steel, 

copper and aluminum.  

The thermo-mechanical characteristics of these 

materials are shown in the following table: 

Table 2 

Media particles thermo-mechanical characteristics 

 

During the execution of the model’s program, the 

evolution of the temperatures of the granular media is 

obtained by the visualization of a video, from which we take 

a screenshot of the simulation desired time.  

The colors are assigned according to the spectrum 

of the light, blue for a temperature of T = 293 K until red for 

Tmax. 

Fig. 3 shows an increase in the temperature in the 

first layers in the vicinity of the inner cylinder. This is due 

to the fact that the velocity of the particles is maximum at 

this point, hence the particles shearing is important, which 

causes a warming by friction. 

For the dispersion of hot and cold particles, we 

remark in this figure red particles (maximum temperatures, 

Tmax) and others less hot (intermediate colors of the 

spectrum of white light). What is normal is the presence of 

red particles near the inner cylinder where the friction is 

maximum, therefore of maximum temperature. However, 

the abnormal presence of red balls dispersed away from the 

inner cylinder, can be explained by the fact that the 

 Density 

ρ[kg/m3] 

Thermal 

conductivity 

λ[w.m-1.K-1] 

Thermal 

capacity 

Cp 
[J/kg.K] 

Young’s 

modulus 

E [N/m2] 

Steel 7800 80 400 213.109 

Copper 8954 386 383 124.109 

Aluminum 2698 238 929 69.109 
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migration time of a temperature particle (T) is less than the 

thermal exchange time.  

It is difficult to examine the qualitative and 

quantitative differences for the two cases of aluminum and 

copper, for this we will show this difference by the 

temperature profiles obtained hereafter (Fig. 5).

 

a                                                                                             b 
 

Fig. 3 Visualization finally of simulation (after 10 seconds) for P1=10+4 Pa and ω=5 tr/min in the case: a) Copper; b) 

Aluminum 

 

According to the profiles of the radial velocities 

obtained for the three selected materials (Fig. 4), we remark 

two main zones:  

Zone 1: is the zone near the inner cylinder that is 

perturbed, hence the shear is maximum. The velocity 

profiles decreased generally in the radial direction, but 

sawtooth.  

Zone 2: is the zone away from the inner cylinder 

which is more stable, where the particles velocity values 

decrease until zero at the contact with the outer cylinder. 

The particles flow regime in this zone is practically quasi-

static. 

The extreme peaks observed in this zone physically 

show the instability of the flow of particles near the source 

of the movement. 
 

 
 

Fig. 4 Profiles of the radial velocity for the three materials  

(Aluminum, Steel, Copper)  

 

The gaits of the temperature profiles obtained (Fig. 

5) for the three materials have the hyperbolic form. We 

distinguish two main areas: 

- in Zone 1, we remark that the maximum value of the 

particles temperature is found near the inner cylinder where 

the radial velocity is maximum (Fig. 5), which is decreasing 

exponentially; 

- in Zone 2, we observe that this zone occupies a large part 

of the temperature’s curve (Fig. 5). It is in constant linear 

form, which shows that the temperature is stabilized in this 

zone. 

This is due to the diffusion of heat by the particles’ 

contacts, indicating a thermal equilibrium between the 

particles. 

By comparing the temperature patterns of the three 

materials (Fig. 5), we note that the maximum temperature 

value for aluminum particles is slightly larger than those of 

copper and steel because of the ratio (Cp / E). 
 

 
 

Fig. 5 Profiles of temperature T(R) for the different materi-

als 

 

3.2. Influence of pressure  

 

In this part, we present the influence of imposed 

pressure on the granular media thermo-mechanical behav-

ior. 

We have realized simulations for the cases of a less 

diffusive material (steel) and a more diffusive material 
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(copper), with the following conditions: 

- rotation velocity of the inner cylinder: ω = 5 rv/min; 

- pressure on the outer cylinder periphery P1 equal to 

10 + 2 Pa and 10 + 4Pa. 

The choice of these values is justified by the 

respect of the particles interpenetration condition of the 

particles δ which must be less than 0.1 % of the average 

particles radius.  

In the case of copper particles, the allure of the 

obtained temperature profiles (Fig. 6) shows that:  
- near the inner cylinder, the obtained maximum 

temperature (red circle) in the case of the pressure P1 = 

10+ 4 Pa is greater than that of P1 = 10 + 2 Pa; 

- the Zone 1 width increases with the increasing of the 

pressure P1. 
 

 
 

Fig. 6 Temperature profiles of the Copper particles T(R) of 

the values of the peripheral pressure P1: 10+2 Pa and 

10+4Pa 
 

According to the allure of the obtained temperature 

profiles in the case of steel particles (Fig. 7), we remark that: 

- near the inner cylinder, the obtained maximum 

temperature (red circle) in the case of the pressure P1 = 

=10+ 4 Pa is greater than that of P1 = 10 + 2 Pa; 

- the difference between the maximum temperatures for 

the two pressure values is less important in the case of 

steel than in that of copper (Fig.6); 

- such as in the case of copper (Fig.6), a low pressure 

generates and diffuses a low heat; 
 

 

    

Fig. 7 Temperature profiles T(R) of steel media for the two 

values of the pressure P1:10+2 Pa and10+4 Pa 

- in the case of the high pressure P1, the allure of the 

temperature profile is decreasing continuously within an 

exponential form along the radius of the medium (Rext-

Rint); 

- in the case of the low pressure P1, the slope of the 

temperature curve is very low (red arrow), mostly in 

Zone 2. 

 

3.3. Analytical analysis 

 

According to the temperature profiles obtained for 

the two treated cases, we can formulate analytically the in-

fluence of the nature of the particle material and the tribo-

logical solicitations on the thermal behavior of the particles 

as follows: 

As previously mentioned in the section. 3.3, the 

temperature values of the discretized medium decreases ex-

ponentially along the radius (Rext -Rint) (Fig. 5, 6 and 7), we 

can then analytically write the equation of temperature in 

the form: 

 

0 0
( ) .k kR R

k k k
T R T A e T T e

 
      (9) 

 

With: Rint ≤ Rk ≤ Rext and k =1, m (m: number of the 

slice); ∆Tk.e-R
k: the variation of the temperature along the 

radius « Rk »; Rk:is radius of the slice « k ».  

Knowing that the initial thermal conditions im-

posed are: at t = 0s, T0 = T(R0) = T(Rext) = 293 K. 

As our geometry is divided into several slices of 

the same thickness (hs) (Fig. 2), the overall heat flow along 

the radius « Rk » can be written by the equation: 

 

1

.
m

glob k

k

Q Q


   (10) 

 

With: Qk is heat flow generated by friction for each 

slice« k ». 

 

. . . .
k k Nk gk Tk gk

Q F V F V   (11) 

 

As previously mentioned (Eqs. 7 and 11), the gen-

erated heat flow is written:  
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 (12) 

 

We can therefore rewrite the equation of temperature 

as follows: 

 

0 0

.
( ) . . .k

Tk gk RRk

k k

F V
T R T T e T e

H


 

      
 

 (13) 

 

With: FTk is average tangential force of the slice 

particles « k »; Qkcond is the flow of heat transferred by con-

duction for each slice « k »; T(Rk) is the radial temperature 

for each slice « k »; µk is average friction coefficient of the 
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slice particles « k »; FNk is average normal force of the par-

ticles of the slice « k »; Vgk is average sliding velocity of the 

slice particles « k ».  

According to Eq. (13), we remark that: 

- the evolution of the temperature follows the pressure 

(the normal force) applied, in the case where the value 

of “H” is constant (same type of material); 

- the maximum temperature for a more conductive mate-

rial (copper) is greater than for a less conductive material 

(steel). This shows a great influence of the thermal con-

ductivity on the temperature evolution of the chosen ma-

terial. 

 

4.  Conclusion  

After this parametric study of the "Couette" model, 

applied to our numerical model, we can conclude the fol-

lowing points: 

- the allure profiles obtained are identical to those ob-

tained in François Chevoir and Alain Corfdir [1] and Da-

vid Richard works [10]; 

- the increase in the pressure P1 causes an increase in the 

friction between the particles so an increase in heat 

generation which breeds an increase in the maximum 

temperature of the medium Tmax; 

- the softer the material, the more sensitive it is to strong 

stresses, the higher the temperature; 

- the higher the thermal capacity via the Young's modulus 

E is going to be weak, the higher the maximum 

temperature of the medium is going to be higher; 

- the heat generation is mainly due to pressure and friction 

between particles in the shear zone (Zone 1). 
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S. Teyar, Y.Guetteche  

DIGITAL STUDY OF THE THERMO-MECHANICAL 

BEHAVIOR OF A DRY GRANULAR MEDIA IN A 

CELL OF ANNULAR SHEAR  

S u m m a r y 

In the aim to understand the thermo-mechanical 

phenomenology of the dry granular media due to the grains’ 

flow nature of (rheology) or particles that constitute this me-

dium. We will illustrate in this present article a numerical 

study by the discrete elements (MED) method on the 

thermo-mechanical behavior of a set of rigid particles 

sheared in an annular cell. This study is focused on the mod-

eling of local friction between particles, from the generation 

of heat and its diffusion by conduction. We realized out a 

two-dimensional (2D) numerical model of type Couette ge-

ometry to simulate the different thermo-mechanical quanti-

ties such as: flow velocity and media temperature. This 

modeling is implemented within the platform used 

LMGC90, which is based on the NSCD (Non-Smooth Con-

tact Dynamics Method) approach.  

In the First time, we’ll study the various realistic 

physical quantities of the contact’s rheology (type of parti-

cles material, the applied pressure and the shear velocity). 

Then we will continue by the analytical analysis and inter-

pretation of the obtained results.  

Keywords: friction, annular shear, dry granular media, gen-

eration of heat, conduction heat transfer, NSCD, thermo-

mechanical behavior.  
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