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1. Introduction

Characterisation of mechanical behavior of heter-
ogeneous solids and evaluation of specified parameters is
important issue to be solved in earlier stage of technologi-
cal and structural design. Many of natural solids like soils
or rocks as well as industrially manufactured materials like
concrete and resilient materials are actually particulate
solids. They are composed by grains of different size,
shape and mechanical properties.

One of the main building construction materials
concrete presents characteristic sample of particulate solid,
where the relevant structural formation of the material re-
lies on particles packing and structure voids. Moreover
concrete is aggregate which consists of several nature
products such as granite and/or limestone, sand particles
and matrix, which in turn consist of even smaller struc-
tures. Consequently, concrete is a bonded particulate mate-
rial in which both the grains and the cement bonds are de-
formable and can break.

It is obvious that mechanical properties of the
heterogeneous solids, i.e. macroscopic properties, are re-
sult of grain properties and their interactions. However, it
is extremely difficult to measure the strength of bonds and
especially tracks the performance of each bond in tests.

Recently numerical simulating presents feasible
support to reduce experimental effort. Among the many
proposed numerical simulation methods, the Discrete Ele-
ment Method (DEM), introduced by Cundall [1] has be-
come the most useful tool. In DEM simulation, the dyna-
mic motion of each particle of media is monitored during
whole process. This allows simulation of motion and inter-
action between the particles taking into account the micro-
scopic geometry and various constitutive contact models.
Evolution of the contact behaviour is decisive in the DEM.
To save computational time, the DEM can operate by sim-
plified description of the contact. Review of the earlier
developments is presented by Dziugys and Peters [2]. Var-
ious models of the normal contact are presented by
Kruggel-Emdem et al. [3], Tomas [4], Maknickas et al. [5].

The theoretical frame of normal contact of homo-
geneous spheres rises from the classical work of Hertz da-
ting back 1881, where an analytical solution for the fric-
tionless contact of two elastic spheres was derived. Details
of the Hertz method can be found in the book of Johnson
[6]. In this method the elastic contact behavior is clearly
characterized by the force-displacement relationship con-
taining the effective radius and effective elasticity modu-
lus. Generally, even homogeneous spheres may be of dif-
ferent radii and of different materials. The influence of the

differences in particle properties is illustrated in [7].

An extensive review of the literature on spherical
and cylindrical contacts under normal load was made by
Adams and Nosonovsky [8]. It was shown the most of the
existing works on spherical contact were restricted to a
perfect slip contact. Elastic solution of the normal contact
under stick and sliding with the wide range of elastic con-
stants are reviewed by Brizmer et al. [9]. Continuum-based
solutions are extensively explored in development of DEM
models.

Many studies have been investigating the micro-
mechanical behaviour of particulate, porous and heteroge-
neous materials. For example, studies on cemented particu-
late materials by Dvorkin et al. [10] and Zhu et al. [11]
provided information on the normal and tangential load
transfer between cemented particles. Applications of such
contact-based micromechanical analysis for asphalt mix-
ture behaviour have been reported by Chang and Gao [12],
Cheung et al. [13] and Zhu and Nodes [14].

Originally, most of the DEM applications are
aimed to simulate non-cohesive granular materials with
unilateral repulsive normal contact while real deformation
of particles is replaced by their overlap. When considering
bonded particles the approach applied is non-unique. A
micro model for loosely packed bonded granule material
with cemented by a finite-sized piece of cementitous mate-
rial bonds was developed by Jiang et al. [15-17]. Here the
bond is regarded as a rod (or system of rods), the section of
which depend on particular problem.

The approach developed by Patyondy and
Cundall [18], assumes normal bond stiffness implemented
as stiffness of contacting particles stiffened by additional
parallel link. This calculation model is employed and wide-
ly used in commercial DEM codes EDEM [19],
PFC2D/3D discontinuum program [20] and in another nu-
merous applications.

The paper presents investigation of normal con-
tact interaction between two bonded spherical particles.
Analytical model for normal contact of two spherical parti-
cles connected by interface bond of finite size is suggested.
Various models were applied for examination of the bond
having different radius and material properties. Validity of
various analytical models was examined by applying the
Finite Element method (FEM).

The paper is organised in the following way.
DEM methodology and normal contact of bonded particles
are presented in section 2. Investigation of the bond prop-
erties was done in section 3. FE simulation of normal in-
teraction is described in section 4. Evaluation of analytical
and FE model results was described in section 5, while
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concluding remarks are given in section 6.
2. Normal contact of bonded particles
2.1. Problem description

Particulate solids are regarded as a system of the
finite number n of particles, characterised by the prescribed
material properties and the constitutive interaction laws.
The dynamical behaviour and deformation of the solid is
considered by the motion of an individual particle i,
(i=1,2,...,n) by applying the Newton’s second law.
Translational motion of the center of gravity of particle i
can be fully described by the system of ordinary differen-
tial equations
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where a; and x; are vectors of acceleration and the position
of the centre of gravity m; of the particle i, respectively.
Vector F; is the sum of all forces acting on the centre of
gravity of the particle.

If we restrict ourselves to contacts with j
(i=1,2,...,nc) neighbor particles, resultant force can be
described as the sum of direct contact forces between the
particle i and another particle j

F = Zc: Fij )

j=Li#

The inter-particle contact force Fj; can be ex-
pressed as the sum of normal and tangential components

F, =F.; +F

i ©))

Regarding the contact, we focus to the normal
component F,j. The normal contact force between parti-
cles can be expressed as the resultant force reflecting vari-
ous interaction effects.

Normal contact of bonded particles comprises
contact of two spherical particles bonded by the interface
of finite size.

Geometry of two bonded deformable spheres i
and j with the radii R;and R; is shown in Fig. 1, a.
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Fig. 1 Geometry of contacting bonded particles and normal
contact model: a) bonded particles; b) spring model
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The location of spheres is characterised by the
central points O; and O; referring to local Cartesian coordi-
nates X, y, z where axis Oz points the normal direction. The
centres of spheres are defined by the coordinates z; and z;,
respectively. The initial distance between surfaces of inter-
acting spheres is denoted by L..

The spheres are assumed to be connected by the
interface material of finite size termed usually a bond. Ge-
ometry of the bond is circular cylinder bounded by spheres
surfaces. The bond radius Ry, is defined by the minimal
radius of contacting particles and may be characterized by
fraction factor 1 (0 <1 <1)

)

The cylinder length is denoted by L. Estimation it
of requires broader discussion which will be presented
below.

The material of each particle and apparent bond is
assumed isotropic and elastic. Elasticity properties of the
particles and bond are characterised basically by the elas-
ticity modulus E;, Ejand E;,. The shear moduli and Pois-
son’s ratios are specified in the same manner.

Motion of contacting spheres in time t is defined
by normal displacements of spheres centres uj(t) and u;(t).
Parameters u; and u; are assumed to be much smaller than
the radii R;and R; of the spheres and radius R, of the bond.

Deformation behaviour of normal particle-particle
contact is characterised by the normal inter-particle dis-
placement (particles overlap) h;j(t) which depends on time
and is expressed as

1y () =0, (1), 1)

Finally, the linear constitutive relationship relat-
ing forces and displacements

R.R.

R, =Amin(R,R, (4)

©)

Fn,ij = Kn,ij hij (t) (6)
here, F,; is the normal force component discussed in
Eq. (3). K,,jis the resultant normal stiffness reflecting var-
ious properties of contacting particles and the bond per unit
length. It may be obtained analytically or numerically by
conducting various tests. Thereby, test loading can be im-
posed by applying time-driven (Fig. 1, b) or force-driven
approaches.

2.2. Normal contact model with parallel bond

Most of developments consider the normal con-
tact model of bonded spherical particles where influence of
the interface material is evaluated by applying concept of
the parallel bond. This model was proposed by Potyondy
and Cundall [18].

Detailed analysis shows that it considers the sin-
gle point contact of spherical particles when the space be-
tween the spheres in the vicinity of contact point is ful-
filled by the interface material.

Geometry of the particles and the bond defined by
this model is shown in Fig. 2, a. The material bond is pre-
sented by the cylinder variable length of which L, is prede-
fined by its intersection with the sphere. Most of the con-
siderations [15-18] are restricted to the limit case of po-



rousless solid, where cylinder is defined by the maximum
cylinder radius R, = R covering entire sphere of radius R,
while the bond length Ly is equal to sum of contacting par-
ticles radii L, = 2R.
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Fig. 2 Normal contact model of bonded spherical particles
with interface: a) geometry; b) springs system

The contact model is assumed as direct normal
frictionless contact of two spheres while influence of the
interface material is considered as parallel spring
(Fig. 2 b). Consequently, the resultant normal force F,j;
acting in the bonded contact is comprised of two normal
force components

F

nii = Fonij T F

pn,ij bn,ij (7)

The first term Fy, 5 in Eq. (7) arises from particle-
particle contact, while the second reflects the influence of
the parallel bond. Separate particle-particle contact is pre-
sented in Fig. 3, a. Here, initial positions of particles i and j
are marked by dashed line. New positions after defor-
mation are denoted by O;' and Oy, respectively. Due to
rotational symmetry about z axis, contact surface between
particles is a plane, which is described by the area of the
circle in the Cartesian coordinate system x, y, z.

Formally, expression (7) may be simply trans-
formed to the constitutive relationship (6) relating forces
and displacements, where the bond properties may be
characterised by the resultant stiffness comprising contri-
bution of the particles and the bond

Ko = Kpnij + K ®)

pn.ij bn,ij

here Kpnjj is the resultant normal stiffness of contacting
particles given by expression

kik;
ki+kj

Kpn,ij -

©)

Individual stiffness k; and k; of individual contact-
ing particles are defined by Potyondy and Cundall [18] as
follows

ki =aER (10 a)
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k, =R, (10 b)

In Egs. (10, a) and (10, b) equations, parameters
Ei, Ri and E;, R;is the single particles elasticity moduli and
radii, respectively. Coefficient o depends on the amount of
the parts of equal division of the sphere. For full 3D spher-
ical particle a = 4 (Fig. 2, a).
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Fig. 3 Calculation scheme of two contacting particles:
a) geometry; b) springs system

Second term Fy,j5 in Eq. (7) arise from apparent
parallel bond and can be denoted as the cement behavior.
Illustration of parallel bond is given in Fig. 4, a.
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Fig. 4 Calculation scheme for parallel bond: a) geometry;
b) spring system

In the Fig. 4, a denoted parameters are described
previously in Fig. 2, a, while new positions of particles i
and j described in Fig. 3, a.

The second stiffness term K, j; in Eq. (8) reflects
behaviour of the parallel bond. It is considered as the stiff-
ness of a simple axially loaded rod, and is given by expres-
sion

E.A
L,
here Ey, A, and L, is the apparent elasticity modulus, the

area of the circular cross-section and the length of the
bond, respectively.

K (11)

bnjj =
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2.3. Interaction of particles via bond of the finite length

The main drawback of the previous model (7) re-
lies on the assumption of particle-particle contact. In reali-
ty this situation is rather exceptional, while particles inter-
action is transferred via bond of the finite length.

Modified model of normal contact for spherical
particles contacting via interface of the finite length L, = L.
is newly elaborated in this paper. Modification was carried
out by setting up supplementary sequential spring for
bonding material imposing real distance between contact-
ing particles. Modified model is illustrated in Fig. 5.
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Fig. 5 Modified normal contact model of bonded spherical
particles with interface: a) geometry; b) springs sys-
tem

The new model presents model of two parallel
springs which was already described by the above expres-
sions (7) and (8), where the stiffness of the parallel bond
Kbn,ij is calculated by Eqg. (11). When contacting spheres
radii are equal, the length of parallel bond is reduced by

extracting the interface length
L, =2R-L,

The essential difference of the new model is in
evaluation of the inter-particle stiffness. Thereby, defor-
mation of interface layer of thickness L. shaded by the
darkest gray colour in Fig. 5, a is evaluated by introducing
additional sequentially connected interface spring kc. This
stiffness is evaluated by the linear model and can be calcu-
lated by the following equation

(- EA
L,
where E.=Ep, A=A, and L. is the interface elasticity
module, the cross-section area and the length (distance
between contacting particles), respectively. Cross-section
area of interface can be calculated by circle area formula.

Finally, the resultant sequential stiffness Ky in
Eq. (7) comprises three terms and is obtained by formula

(12)

(13)

kikk

i™jhe

= e (14)
kK, +kk, +kk;

pn.ijc

where k; and k; is the single particles stiffness described by
the Egs. (10, a) and (10, b) expressions respectively.

3. Investigation of the bond properties

Influence of the normal contact interaction be-
tween two bonded spherical particles with interface layer
was examined by comparing two different analytical con-
tact models. Here contact without interface is considered
using Egs. (7)-(11) and the newly developed model with
interface using Egs. (12)-(14). Two equal spherical parti-
cles were assumed for investigation purposes.
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Fig. 6 Comparison of bond models by variation of the normal contact force against relative bond radius of various bond
properties: a) E,/E, = 0.2; b) Ey/E, = 0.5; ¢) Ep/E, = 1.0; d) E//E, = 2.0; €) Ey/E, = 5.0



To preserve reality, the model could be useful to
imitate concrete. The assumed radius of spherical particles
Ry = 7.5x10° m corresponds to the average radius of real
granite particles being frequently used as a filler material.
Initial gap interface adopted as real matrix of cement stone
with varying radius by the ratio Ly/R,.

Thereby, various parameters of the bond were in-
vestigated. The initial distance between the spherical parti-
cles is assumed to be fraction of the radius L. = 0.07R,,.
Variation of the normal contact force against relative bond
radius of various bond properties defined by ratios of elas-
ticity moduli EJ/E,=0.2, EJ/E, =05 EJ/E,=1.0,
Eo/Es = 2.0 and E,/E, =5.0 is considered. Simulation re-
sults are presented in terms of normal contact force ex-
pressed by Eq. (6). Assuming contact overlap h;; = 0.04R,,
this force reflects stiffness inter-particle contact.

Comparison of bond models by variation of the
normal contact force against relative bond radius of vari-
ous bond properties is presented in Fig. 6. Here the force is
given in the dimensionless form by the ratio
F= Fn/(EpRpx10'3), while bond radius is presented by the
ratio with respect to the particle radius Ry/R,. As the result
each part of the graph corresponds to the contact stiffness.

Numerical results show that the models are quite
identical for the higher values of elasticity ratio
(E/Ep < 1.0). Weakening of the bond above E,/E,>1.0
leads to considerable differences for small radius of the
bond.

4, Finite element simulation of normal interaction
4.1. FE model

Evaluation of the analytical models was per-
formed by conducting of the finite element analysis. Two
bonded spherical particles with the interface layer are in-
vestigated numerically by using the FEM ANSYS 12.1
Workbench software [21].

The computational domain was identical to those
used in analytical calculation as shown in Fig. 5. Geometry
of the FE model is defined parametrically and controlled
by the basic parameters such as the radius of the particles
Ri = Rj = R,, the radius and the length of the cylinder bond
Rpand Ly, respectively, and the initial distance between
contacting particles L.. Because of the axial symmetry the
quarter of the half spheres will be considered in computa-
tional model which is shown in Fig. 7.
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Fig. 7 Geometry of FE simulation model

Elasticity properties of the spheres and the bond
material are described by the elasticity modules E;, E;, and
Ey, respectively. Interface elasticity properties adopted by
the ratio E,/E;,, which is defined by values 0.2, 0.5, 1.0, 2.0
and 5.0. Poisson’s ratios for the spheres and interface for
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the simplification are constant, v; = v; = v, = v = 0.25.

The symmetric boundary conditions are specified
on the vertical Oyyz and the horizontal Oixz coordinate
planes for both spherical particles and the bond. Actually,
their motion was restricted into perpendicular directions.
The curved surfaces of the particles and interface cylinder
are free.

Loading was imposed by the motion of the central
sections yOix and yO;x of the spherical particles, which in
Fig. 7 shaded in gray, and controlled by the displacements.
Loading was restricted to maximum displacement value
Ui(t) = Uj(t) = U(t) = OOZRp

The volume domain of the particles and the bond
are discretised by the tetrahedron 10 nodes elements with
six degree of freedom, which are interconnected only by
nodes.

Generation of the FE mesh was performed on a
basis of the following strategy. Two regions were distin-
guished in the solution domain. The particles interface
zone, which was conditionally limited by the fictive
sphere, is covered by the finer mesh. Mesh is characterised
by the average element size equal to 0.007R,. Remainder
region is covered by the course mesh having average ele-
ment size equal to 0.07R,. The mesh for the model is rela-
tively small bond radius Ry/R, = 0.2 is shown in Fig. 8, a,
while refine zone is shown in Fig. 8, b. This model consists
of 1223504 nodes and 891960 elements. It should be noted
that by increase of the bond radius (R, > 0.5R;) the size of
finer elements zone was increased.

Connection type between spherical particles and
interface is assigned as bonded. This contact approach is
applied to all contact regions (surfaces, solids, lines, faces,
edges). In this contact no sliding or separation between
faces or edges is allowed.

b

Fig. 8 The FEM with mesh: a) general view; b) refined
zone

Numerical tests with coarser meshes were per-
formed to check influence of the element size. Results con-
firmed that the above illustrated mesh was quite sufficient
to satisfy convergence criteria. The density of the accepted
relatively dense mesh with the characteristic element size



was expected to be satisfactory for evaluation of exact so-
lution. Normal contact force F,; is relatively insensible to
mesh refinement.

4.2. Performance of the FE model

Several numerical tests were conducted to study
particles interaction behaviour. To limit the number of pos-
sible situations some of the model parameters have been
fixed for the all samples, i.e. the radius of the particles
Ri=R;=R,=7.5x10°m and the initial distance between
the spherical particles is assumed to be fraction of the radi-
us L. = 0.07R,.

On the basis of analytical results, see Fig. 6, only
the weakest bond was examined. The radius of the cylinder
bond is assumed equal to 0.2R,. The bond material proper-
ties are defined by ratios of elasticity moduli Ey/E, = 0.2.

The geometrically linear and nonlinear (large
strain and large displacements) models using the same pre-
viously described FE mesh were compared.

Calculation results are presented in Fig. 9. The
normal force is presented in the dimensionless form by the
ratio F = Fn/(EpRpx10'3). The displacement is presented by
the ratio with respect to particle radius h/R,,.
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Fig. 9 Force-displacement relationship for normal contact

Obtained results in Fig. 9 seem to be illustrating
well-known tendency observed by compering linear and
nonlinear contact models. The nonlinear solution exhibits
nonlinear geometric stiffening and reflects Hertz solution.
In the range of the small overlap differences are insignifi-
cant. Consequently, usage of geometrically nonlinear mod-
els is redundant. Because loading (maximum displacement
value) of particles is such a small that assumption of small
strain and small displacement is satisfied. Therefore, fur-
ther normal contact calculations of FE models were per-
formed by linear principle.

The most of simulation effort was put, however,
to examine influence of the bond parameters. The obtained
force-displacement relationship for elasticity module ratio
Ex/Ey = 2.0 and various radii ratios between the particles
and the bond Ry/R, equal to 0.2, 0.6 and 1,0 is shown in
Fig. 10.

From graphs shown in Fig. 10 it could be ob-
served, that for fully bonded equal particles, when
Rw/R, =1, the obtained 5.5% difference between the FE
and analytical models may be considered as insignificant-
ly. Normal forces at the maximum particles displacements
by the ratio R, /R, = 0.6 — differ about 11%. For quite small
bonds (R,/R,<0.2) difference between normal forces
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reach about 40%.
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Fig. 10 Normal force-displacement relationship for various
radii ratio between particles and bond

The character of obtained results may be ex-
plained on qualitative analysis of deformation behaviour.
Two-dimensional plots of directional deformation fields by
the z axis in the central section for various radii ratios
Ry/R, are shown in Fig. 11. It could be noticed that interac-
tion behaviour highly depends on the bond radius, while
the same tendencies observed in previously shown normal
force-displacement relationship (Fig. 10) are confirmed by
the three-dimensional continuum model. Firstly, transition
from Hertz contact (Fig. 11,a) to continuous cylinder
(Fig. 11, c) was clearly indicted. Secondly, assumption
(14) about uni-directional uniform deformation of the in-
terface layer is held through all of three plots.
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Fig. 11 Two-dimensional plot of directional deformation
by z axis [mm] for various bond-particles radius:
a) Ry/Rp = 0.2; b) Ry/R, = 0.6; ¢) Ry/R, = 1.0



In the calculations of this problem by the FE pro-
gram it have been encountered some accuracy problems.
Therefore, can be said, that not only the mesh size, but also
several other factors, such as the size of load increment,
definition of initial contact or solution algorithm contribute
to simulation results.

5. Evaluation of analytical and FE model results

The finite element results are explored to evaluate
approximate analytical models. Regarding very fine mesh
and three dimensional models we assume that FE results
are very accurate and maybe used for evaluation of approx-
imate analytical expressions (4-14). The FE calculations
are restricted to the mostly heterogeneous case, where
bond between particles is much lower than particles.

Detailed comparison of analytically and numeri-
cally obtained results of contact normal forces varying
radii ratio and elasticity moduli ratio of the particles and
the bond is given in Fig. 12. Here the dashed lines indicate
results obtained by two analytical models, while solid
curve indicate FE solution. Additionally the horizontal
dotted lines indicate interaction of two spheres without any
bond.
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Fig. 12 Comparison of bond normal forces and radii ratio
relationship: a) Ey/Ey = 2.0; b) Ey/E, = 5.0
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From Fig. 12 can be observed that analytical
models exhibit quite different behaviour in the range of the
small bond radii. Moreover neglecting of the interface size
yields solution bounded by contact model of unbounded
particles. Decreasing of the bond radius of the finite size
leads to decrease of contact stiffness. This fact obtained by
analytical model of the particles-bond with the finite size

and is confirmed by the FE calculations.

Comparison calculation results of the newly de-
veloped analytical model and FE numerical model gave
better coincidence, because newly developed model for
normal bonded contact estimates real distance between
contacting particles.

Finally, it could be stated, that evaluation of the
interface layer is necessary. It could be evaluated by addi-
tional sequential spring by expressions (13-14).

7. Conclusions

Basing on the calculation results of two analytical
models and the FE simulation the following conclusions
were drawn:

1. The numerical simulation of the normal con-
tact interaction between two spherical particles obtained by
the FEM using relatively fine mesh is assumed to be exact.

2. It was found that the model of contacting par-
ticles with the parallel bond proposed by Potyondy and
Cundall [18] gives overestimates contact stiffness, because
the bond volume overlaps the spheres.

3. The above model of contacting particles with
the parallel bond is suitable for the evaluation of contact
with interface, for the relatively strong bonds (E,/E;, < 1.0),
but for weaker bonds it is suitable for thick bonds with
relative radii (Ry/R, > 0.6). This model fails however for
the case relatively weaker slender interface bonds.

4. For the evaluation of interface, the new analyt-
ical model was suggested, where influence of interface of
the finite size is evaluated by additional sequential bond.
Accuracy of this model was confirmed by the finite ele-
ment analysis.

5. Further investigations are still required to
evaluate not only compression, but also shearing and bend-
ing of the bond.
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DVIEJU PER TARPIN] SLUOKSN]
KONTAKTUOJANCIU SFERINIY DALELIU
NORMALINIO KONTAKTO SAVEIKOS TYRIMAS

Reziume

Siame straipsnyje nagrinéjamas dviejy, per tarpinj
sluoksnj kontaktuojanciy, sferiniy daleliy normalinis kon-
taktas. Baigtinio dydzio jungiamajam sluoksniui jvertinti,
buvo pasiiilytas naujas analitinis hormalinio kontakto skai-
¢iavimo modelis, kuris jungiamojo sluoksnio dalj jvertina
kaip nuosekly elements.

Skaitiniai tyrimai buvo atlieckami analitiniu badu
ir baigtiniy elementy metodu (BEM) esant skirtingiems
jungiamojo sluoksnio spinduliams ir skirtingoms medziagy
savybéms.

Rezultatai rodo, kad atskiras jungiamojo tarpinio
sluoksnio standumo jvertinimas sumazina bendrg nagriné-
tos sistemos standumag, tai rodo ir BEM rezultatai.

S. Pilkavi¢ius, R. Kac¢ianauskas, A. Norkus

INVESTIGATION OF NORMAL CONTACT
INTERACTION BETWEEN TWO BONDED
SPHERICAL PARTICLES WITH INTERFACE LAYER

Summary

This paper presents investigation of normal con-
tact interaction between two bonded spherical particles
with interface layer. For the evaluation of the interface of
the finite size, the new analytical model involving sequen-
tially connected spring was suggested.

The bond having different radii and material
properties was examined analytically and by applying the
finite element method (FEM).

Result shows, that introducing of the stiffness of
interface layer reduces the total normal stiffness being con-
firmed by the FEM results.

Keywords: normal contact, bonded spherical particles,
interface layer.
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