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Nomenclature 

 

A - axial temperature gradient, Km
-1

; a - half width of 

channel, m; tesla; B - applied magnetic field, Wb m
-2

; 

(Cp)f -, specific heat of main fluid, J K
-1

 kg
-1

; (Cp)nf  - spe-

cific heat of nanofluid, J K
-1

 kg
-1

; (Cp)nf - specific heat of 

solid nanoparticle, J K
-1

 kg
-1

; E - electrical field, N/C;  

Ha - Hartman number of main fluid, ))//(( 5.0
ffBa  ; 

kf - conductivity of main fluid, W m
-1

 K
-1

; knf - conductivity 

of nanofluid, W m
-1

 K
-1

; ks - conductivity of solid nanopar-

ticle, W m
-1

 K
-1

; k
*
 - mean absorption coefficient; P – Pres-

sure, Pa; Pe - Peclet number, Pr Re; Pr - Prandtl number, 

   ; qr - radiation heat flux, (  3 3 *

bT / k T / y    );  

R - radiation parameter, fb kkT  3/16
3

 ; Re – Reynolds 

number, 0 f fu a  ; S - total entropy generation rate;  

S - local entropy generation; T - temperature, K; Tb - aver-

age temperature of the nanofluid, K; u - axial velocity 

component, ms
-1

; u0- average velocity of the fluid, ms
-1

;  

v - transversal velocity, ms
-1

; x - axial coordinate, m;  

y - transversal coordinate, m; 

Greek symbols – 

  - electrical efficiency of power generator, 0E u B ; 

  - nanoparticle volume fraction;    - dynamic viscosity 

of main fluid, kg m
-1

 s
-1

;    - dynamic viscosity of solid 

nanoparticle, kg m
-1

 s
-1

;     - dynamic viscosity of nano-

fluid, kg m
-1

 s
-1

; ρf  - density of main fluid, kg m
-3

; 

   - density of solid nanoparticle, kg m
-3

;     - density of 

nanofluid, kg m
-3

;    - electrical conductivity of fluid,  

Ω
-1

 m
-1

;    - electrical conductivity of solid nanoparticle, 

Ω
-1

 m
-1

; nf - electrical conductivity of nanofluid, Ω
-1

 m
-1

; 

σ
* 
- Stefan-Boltzmann constant 

 

1. Introduction  
 

Nowadays, the importance of the energy man-

agement from the point of view of generation and utiliza-

tion are more pronounced than the olden times. One of the 

ways of preservation of the energy resources is the opti-

mum design of the power generators and energy conver-

sion systems. Most recently studies have been focused on 

the problem of the entropy minimization in different fields 

of engineering, namely, in heat and mass transfer process-

es. Significance of entropy minimization from thermody-

namics viewpoint is equal to the concept of the availabil-

ity, maximization and optimal conditions in energy utiliza-

tion and production. Bejan [1, 2], developed the entropy 

generation minimization method and introduced its appli-

cations in engineering sciences. Al¨boud-Saouli et al. [3], 

studied the effects of viscous dissipation and magnetic 

field on the local entropy generation rate for laminar fluid 

flow through two parallel plates. They concluded that the 

entropy-generation increases with Hartman and Brinkman 

numbers. Entropy minimizations in MHD channels have 

been considered by some researchers as power generation 

tools. Ibanez et al. [4, 5], minimized the global entropy 

generation rate for viscous flow between two parallel plane 

walls of finite separation distances. They evaluated entropy 

generation for two simple cases of flows. They show that a 

minimum global entropy generation rate using asymmetric 

convective cooling is possible. The second low analysis of 

plasma flow in MHD generator was investigated by Saidi 

and Montazeri [6]. They considered the linearly variable 

cross section for the MHD channel, and presented the sec-

ond low efficiency and the electrical efficiency of power 

generation. They concluded that in generator using plasma 

as a flowing fluid, the influence of the ohmic dissipation is 

not considerable on the entropy generation and the power 

generation availability. They attributed this to the low con-

ductivity of plasma compared to the liquid metal. Habibi 

Matin et al. [7] and Dehsara et al. [8] investigated the sec-

ond law analysis of MHD flow of nanofluid over a stretch-

ing sheet in the regular and porous mediums. They showed 

that adding nano particles to the base fluids in forced, natu-

ral, and mixed convection would cause a reduction in shear 

force and a decrease in stretching sheet heat transfer coef-

ficient. Jankowski [9], investigated the influence of the 

cross section of the MHD channel on the entropy genera-

tion rate. He suggested that in adiabatic flow, the circular 

cross section is an optimum shape for the entropy genera-

tion minimization. Chen et al. [10], numerically investigat-

ed the local entropy generation rate for mixed convection 

flow in a parallel vertical plates. Furthermore they used the 

semi-analytic method (DTM) to validate their solution. 

They concluded that minimum entropy generation rate 

occurs near the centerline of the channel. Hung [11], has 

taken into account the effects of viscous dissipation on 
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entropy generation of non-Newtonian fluids in channels. 

He divided the main irreversibility into two parts, heat 

transfer irreversibility and friction irreversibility. The total 

entropy generation minimization for a thermally fully de-

veloped MHD flow in a microchannel with conducting 

walls of finite thickness was investigated by Ibáñez and 

Cuevas [12]. The importance of each has been discussed. 

For the best of authors’ knowledge, the entropy generation 

minimization of a nanofluid flow in MHD power generator 

channel has not been investigated. The purpose of using 

the nanoparticles is to increase the effective electrical and 

thermal conductivity of the nanofluid.  

In the present work, the entropy generation mini-

mization of the nanofluid flow in MHD channel formed by 

two parallel isothermal plates is considered. We have con-

sidered the nanofluid as a homogeneous with average 

physical properties of the nanoparticles and the base fluid. 

Considering this assumption the nanofluid from macro-

scopic viewpoint is similar to a single phase fluid. The 

main fluid is air with added Al2O3, Cu and Ti, nanoparti-

cles with different volume fraction. For evaluating global 

entropy generation, the velocity and the temperature fields 

have been obtained analytically by solving the energy and 

momentum equations assuming fully developed flow. The 

total entropy generation is evaluated by integrating the 

local entropy generation over the whole volume of chan-

nel. Minimization of the entropy generation versus several 

parameters such as electrical efficiency, radiation parame-

ter, nanoparticles volume fraction, the axial temperature 

gradient, Hartman and Peclet numbers have been presented 

and discussed. 

 

2. Formulation of the problem 

 

The total entropy generation minimization of 

nanofluid magneto-hydrodynamic (MHD) flow through a 

two parallel isothermal plate’s channel with thermal radia-

tion flux included is considered. The assumption of iso-

thermal plates for the channel is true when the thickness of 

the plates is very small in comparison of the height of the 

channel otherwise conduction heat losses from the plates 

must be incorporated. Governing fully developed momen-

tum and energy equations assuming constant physical 

properties are as follow: 

Momentum: 

2 2
2

2 2nf nf nf

u u P u u
u v B u

x y x x y

    
  

    

  
      

   
(1); 

Energy: 

 
2

2 2

22

2 2

p nfnf

r r
nf nf

T T T T
C u v k

x y x y

q qu u
B u

x y x y

  


   

  
 

   

  
     

   

     
                

2∂

, (2) 

where u and v are the velocity components in x and y di-

rections respectively as shown in Fig. 1.   is the pressure 

T; is the temperature field; ρnf, μnf, nf, knf, and (ρCp)nf  are 

effective density, effective dynamic viscosity, effective 

electric conductivity, effective thermal conductivity and 

effective heat capacitance of the nanofluid, respectively 

and defined as following [13, 14]: 

 1nf f s      ; (3) 

 
2 5

1

f

nf .








; (4) 

 1 3nf f    ; (5) 

 
 

2 2

2 2

s f f snf

f s f f s

k k k kk

k k k k k





  


  
; (6) 

      1p p pnf f s
C C C       , (7) 

where   is defined as nanoparticles volume fraction. 

Subscripts s and f denote nanoparticles and the 

main fluid properties respectively. B is a transverse mag-

netic field that we assume to be applied in the x direction 

and qr is the thermal radiation flux. We assume that the 

flow is hydro-dynamically and thermally fully developed 

in the x direction that is v = 0, 0u x   , 2 2 0T x   , 

and 0rq x   . Therefore the momentum and energy 

equations can be rewritten as follow: 

 
 

2
2

2 5 2
1 3 0

1

f

f.

P u
B u

x y

 
 

 
    


; (8) 

     
 
 

   
 

2

2

2

22

2 5

1

2 2

2 2

1 3
1

p pf s

s f f s

s f f s

f r
f .

T
C C u

x

k k k k T

yk k k k

qu
B u

y y


   



 



 
  

  

  

  
 

  

 
     

  
, (9) 

with the following boundary conditions: 

  0u y a  ; (10) 

 0 0
u

y
y




  ; (11) 

  1T y a T  ; (12) 

  2T y a T   . (13) 

The effective velocity of the nanofluid through 

channel is due to two elements, the velocity of the inlet 

flow and the influence of the Lorentz force. The interaction 

between the magnetic field and the electrically conducting 

fluid flow produces a resistive force against the fluid flow-

ing known as Lorentz force. By definition η = E/u0B, the 

electrical efficiency of the MHD power generator [6], 

where E is delivered electric field and u0 is the mean veloc-

ity of the fluid in the cross section of the channel. The 

temperature difference within the flow are assumed to be 

sufficiently small such that T
4
 may be expressed as a linear 

function of temperature, i.e, 4 3 44 3b bT T T T  . 
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Fig. 1 Schematic of the physical model and coordinate system 
 

Also the thermal radiation flux considering diffu-

sion method of radiation transfer can be written as follow: 

3

3
r b*

T
q T

yk

 





   (14) 

where Tb is the bulk temperature that is the average tem-

perature of the nanofluid, *
 and k

*
 are Stefan-Boltzmann 

constant and mean absorption coefficient, respectively. By 

applying the dimensionless variables as following, Eqs. (8) 

and (9) are normalized: 

 

0 0

2

0
0 0 2

0

; ; ; ;

; ; ;nf nf

nf nf

y x uTY X T u
a a T u

uPP T P
P k a

 



   

    (15) 

 
 

2
2

2 5 2

0

1
1 3

1
.

f

u a P
Ha u

u XY

 


 
  


; (16) 

 
 
 

 
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2
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2

1 1

1 3

1

2 2

2 2

1 3

2 2

2 2

p s

p f

f

s f f s

s f f s

s f f s

s f f s

C T
Pe u R

YC

B u

u

Yk k k k

k k k k

Ha u .
k k k k

k k k k

 
 



  












 
     
 
 

   

 
       

  


 

  

  

 (17) 

Subject to the boundary conditions: 

 1 0u Y   . (18) 

Pe and Ha are Peclet number and Hartmann num-

ber, respectively. We considered that the flow is thermally 

fully developed in the x direction that is, T X A   , 

where A is the axial temperature gradient and assumed to 

be constant Snyder [15]. By integrating Eqs. (16) and (17) 

along with the boundary conditions, as mentioned in rela-

tions through (18) to (21), the following velocity and tem-

perature profiles are obtained: 

   

   
0 0 0

0 0 0

Ha Cosh Ha Cosh Ha Y
u

Ha Cosh Ha Sinh Ha

  



; (22) 

 

 

1
02

0

232
0 4 52

0

2

2 ,
22

T AX Cosh Ha Y
Ha

Cosh Ha Y Y Y
Ha




 

  

     (23) 

wherein, the coefficients are as follows: 

      

   

 

   
 

 

 
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0 1 0

1 3

2 2

0 1

2 4

2 2 0

3 2 0 1

1 2
4

1 2 1
5 02

32
02

0

;
1

;
4 1

;
1

;
2

2

2

2
22
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C

R

Ha C
C

R

Cosh Ha
C Ha C

R

T T

T T
Cosh Ha
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Cosh Ha .
Ha
















 
 

 

 



  
  

 


 



   



  


 (24) 

In the above relations parameters are defined as: 

  

   

 

 

   

 

2 5

0

0
1

0 0 0

1 0

2

1
3

2 2

0 1

4

1

1 3 1 ;

;

;
1

;
2 1

;
4 1

.
Ha Ha

Ha
C

Ha Cosh Ha Sinh Ha

A PeC Cosh Ha
C

R

A PeC
C

R

Ha C
C

R

.
C

 




  



 
 







 





 



(25) 

The properties of the nanoparticles and the basic 

fluid used in this investigation at T = 1000 Kelvin are gi-

ven in Table. Radiation parameter (R), Ha and Pe num-

bers,  are defined as following: 

 0
316

; ;
3

p f

b

f ff

f

u a CB a
Ha Pe Pr Re R T

k k k

 








    . (26) 
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3. Entropy generation 

The local entropy generation rate produced in 

channel has four different sources, heat flow, ohmic dissi-

pation and viscous dissipation. The local entropy genera-

tion rate can be written as Groot and Mazur [16]: 

 

2 2
2

2
2

0

2

T T u
X Y Y Ha

S u
T TT

  
  




                   
    . (27) 

The first term on the right hand side of the above 

equation represents the entropy generation produced by 

heat flow, the second term suggests the entropy generation 

duo to viscous dissipation and the last terms account for 

ohmic dissipation. To evaluate the total entropy generation 

rate it is necessary to integrate the local entropy generation 

rate  ̇, over a unit volume of the channel. We use the 

Simpson numerical technique for integrating over a unit 

volume. The total entropy generation rate S is obtained 

versus non-dimensional parameters such as Ha, η, R, Pe, 

 , A and temperatures of the upper and the lower walls of 

the channel. Although a vast range of the above parameters 

can be selected for minimization, our minimization is ac-

complished for arbitrary values of governing parameters. 

Entropy is minimized respect to one parameter whereas 

other parameters are kept constant.  

 

4. Results and discussion 

 

In the present paper we focus on the entropy gen-

eration minimization of nanofluid MHD flow in channel. 

The minimum entropy conditions provide possibility of 

reaching to the maximum available work or in the other 

word increases the exergy of the power generation sys-

tems. We attempt to find the optimum conditions for MHD 

channel power generator versus governing physical param-

eters such as, electrical efficiency  , volume fraction of 

nanoparticles,  , radiation parameter  , axial temperature 

gradient  , dimensionless    and    numbers. Fig. 2 

shows the effect of    axial temperature gradient on the 

total entropy generation rate with three values of electrical 

efficiency. As the axial temperature gradient increases, 

first, the entropy generation decreases and approaches the 

minimum value near axial temperature gradient A ≈ 60 and 

then increases. For η = 2, the minimum entropy generation 

shift to upper value of the axial temperature gradient. In 

Fig. 3 the total entropy generation rate is plotted versus 

radiation parameter in the presence of three values of na-

noparticles volume fraction. As it can be seen in this fig-

ure, when the volume fraction is 0   for R ≈ 1 the total 

entropy generation rate is at the minimum value while 

when the volume fraction increases value of radiation pa-

rameter in which entropy generation rate is minimized 

increases. Fig. 4 shows the total entropy generation versus 

temperature of the bottom wall of the channel at three dif-

ferent values of the upper wall temperatures. From this 

figure, it is clear that for each value of the upper wall tem-

perature, there is a minimum value for total entropy gener-

ation. As the temperature of the lower wall increases, this 

minimum value tends to happen at higher temperature.  

Furthermore,  the  minimum value of the total ent- 

 

Fig. 2 Total entropy generation versus the axial tempera-

ture gradient for different electrical efficiencies at 

Ha = 5, 0  , R = 1, Pe = 10, T1 = 300, T2 = 1500 

 

 

Fig. 3 Total entropy generation versus the radiation  

parameter for different values of nanoparticles 

(Al2O3) volume fraction at Ha = 0.15, η = 5, 0  , 

A = 10, Pe = 1, T1 = 300, T2 = 1500 
 

 

Fig. 4 Total entropy generation versus upper wall tempera-

ture for different bottom wall temperatures at 

Ha = 0.15, η = 5, 0 0001.  , A = 10, Pe = 10, 

R = 1 
 

ropy generation when the upper and the bottom walls are at 

the same temperature get closer to the corresponding tem-

perature under consideration. The total entropy generation 
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has been plotted in Fig. 5 for various values of Pe and 

radiation parameter. As it is observed from this figure, 

there is an optimum value for entropy generation for each 

particular Pe. The interesting point which should be men-

tioned is that, at higher values of   (radiation parameter), 

the minimum value of entropy generation occurs at higher 

values of     . Fig. 6 shows the nanoparticles volume frac-

tion effect on the total entropy generation rate for three 

values of    . As it can be seen from this figure, the opti-

mum value of 0.2% volume fraction of the nanoparticles 

added would minimizes the total entropy generation rate 

and when Ha increases value of volume fraction in which 

entropy generation rate is minimized increases.  

 Fig. 7 shows the influence of the   ,  on the total 
 

 

Fig. 5 Total entropy generation versus Pe for different 

values of radiation parameter at Ha = 0.15, η = 5, 

0  , A = 90, Pe = 7, T1 = 300, T2 = 1000 

 

 
Fig. 6 Total entropy generation versus Ha for different 

values of nanoparticles (Al2O3) volume fraction at 

η = 1, A = 10, R = 1, Pe = 3, T1 = 300, T2 = 1500 
 

Table 

Thermo-physical properties of air and nanoparticles at 

1000 K 
 

Physical prop-

erties 

Fluid 

phase (air) 
Ti Al2O3 Cu 

, kg m
-3

 0.3529 4500 3970 8933 

Cp, J kg
-1

 K
-1

 1142 675 1225 451 

k, W m
-1

 K
-1

 0.06754 20.7 10.5 352 

μ, kg m
-1

 s
-1

 0.0000415 - - - 

entropy generation for three types of nanoparticles as Tita-

nium (Ti), Alumina (Al2O3), and copper (Cu). It can be 

observed that for Ha ≈ 0.17, the total entropy generation 

rate is minimized regardless of the type of the nanoparti-

cles. However as the Hartman number increases the speci-

fied value, type of the nanoparticles in entropy generation 

is clearly pronounced. 
 

 

Fig. 7 Total entropy generation versus Ha for different 

types of nanoparticles at η = 2, A = 20, 0 001.  , 

R = 1, Pe = 10, T1 = 300, T2 = 1000 

 

5. Conclusions 

In this work the total entropy generation is mini-

mized for nanofluids flow in power generator channel. The 

velocity and temperature profiles assuming constant physi-

cal properties are obtained analytically and then the local 

entropy generation rate is provided. Total entropy genera-

tion rate is obtained by integrating the local entropy gener-

ation over unit volume. Following concluding remarks 

could be made from results: 

1. It is possible to minimize the total entropy 

generation rate of nanofluid flow in MHD channel with 

two parallel isothermal plates. 

2. When Ha increases beyond a specific value 

for the present condition of variables the effect of nanopar-

ticles materials on entropy generation rate is significant. 

3. Entropy minimization takes place when both 

plates are almost at the same temperature. When this same 

temperature value is higher, minimum value of entropy 

tends to take place at higher temperature. 

4. There is a minimum value for the total entropy 

generation rate versus the axial temperature gradient A and 

this minimum value increases with increase of the electri-

cal efficiency of power generator η. 

5. The total entropy generation rate is minimized 

versus the nanoparticles volume fraction and value of the 

volume fraction in which the entropy generation is mini-

mum, increases with increase of Ha. 
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M. Habibi Matin, R. Hosseini, M. Simiari, P. Jahangiri 

NANOSKYSČIO SRAUTO ENTROPIJOS 

GENERAVIMO MINIMIZAVIMAS MHD KANALE 

ATSIŽVELGIANT Į ŠILUMOS SKLIDIMO POVEIKĮ 

R e z i u m ė 

Šio darbo tikslas – atsižvelgiant į šilumos sklidi-

mo poveikį minimizuoti nanoskysčio magnetohidrodina-

minio srauto, tekančio kanalu, suformuotu dviejų lygiagre-

čių izoterminių plokštelių, bendrąją entropiją. Oras yra 

pagrindinis fluidas, o tiriamos trijų rūšių nanodalelės: 

Al2O3, Ti ir Cu. Greičio ir temperatūrų laukai randami 

analitiškai iš momentų ir energijos lygčių sprendinių. Ap-

skaičiuoti lokaliosios ir bendrosios entropijos generuotų 

reikšmių koeficientai, o po to visa apibendrinta entropija 

yra pavaizduota grafiškai vyraujančių nedimensinių para-

metrų atžvilgiu. Tiriamas elektrinis efektyvumas, spindu-

liavimo parametrai, nanodalelių tūrio frakcija, Hartmano ir 

Pekle skaičiai. Rezultatai rodo, kad kaip tik šiomis sąly-

gomis gali būti optimizuojamas entropijos dydis. 

 

M. Habibi Matin, R. Hosseini, M. Simiari, P. Jahangiri 

 

ENTROPY GENERATION MINIMIZATION OF 

NANOFLUID FLOW IN A MHD CHANNEL  

CONSIDERING THERMAL RADIATION EFFECT 

 

S u m m a r y 

 

The purpose of this article is the total entropy 

generation minimization of the nanofluid magneto-

hydrodynamic (MHD) flow through a channel formed by 

two parallel isothermal plates considering thermal radia-

tion effect. Air is the main fluid and three types of nano-

particles such as Al2O3, Ti and Cu are examined. The ve-

locity and temperature fields are obtained from solution of 

the momentum and energy equations analytically. The 

local and total entropy generation rates are calculated and 

then the total entropy generation rate is presented graph-

ically versus governing dimensionless parameters. Electri-

cal efficiency, radiation parameter, nanoparticles volume 

fraction, Hartman and Peclet numbers are considered in 

this work. The results show that there are conditions in 

which the total entropy generation rate could be optimized. 

 

Keywords: Entropy generation; channel; Minimization; 

Nanofluid; MHD. 

 

Received April 25, 2012 

Accepted August 21, 2013 

http://dx.doi.org/10.1016/j.apenergy.2006.07.007
http://dx.doi.org/10.1016/S0017-9310(02)00420-9
http://dx.doi.org/10.1016/j.icheatmasstransfer.2005.12.003
http://dx.doi.org/10.1016/j.icheatmasstransfer.2005.12.003
http://dx.doi.org/10.1016/j.energy.2006.12.002
http://dx.doi.org/10.1299/jtst.7.104
http://dx.doi.org/10.5755/j01.mech.18.5.2694
http://dx.doi.org/10.1016/j.ijheatmasstransfer.2009.03.016
http://dx.doi.org/10.1016/j.ijheatmasstransfer.2009.03.016
http://dx.doi.org/10.1016/j.icheatmasstransfer.2010.12.016
http://dx.doi.org/10.1016/j.icheatmasstransfer.2010.12.016
http://dx.doi.org/10.1016/j.icheatmasstransfer.2008.06.005
http://dx.doi.org/10.1016/j.icheatmasstransfer.2008.06.005
http://dx.doi.org/10.1016/j.energy.2010.06.035
http://dx.doi.org/10.1016/j.euromechflu.2009.05.006
http://dx.doi.org/10.1016/j.jcis.2005.02.025
http://dx.doi.org/10.1115/1.3688746

