
500 

ISSN 13921207. MECHANIKA. 2017 Volume 23(4): 500505 

A volume deformation model for brittle rock based on fractional order 

calculus 

Mingming He, Ning Li, Yunsheng Chen, Caihui Zhu 
Institute of Geotechnical Engineering, Xi’an University of Technology, 710048, Xi’an, China,  

E-mail: 807658619@qq.com 
 

  http://dx.doi.org/10.5755/j01.mech.23.4.15119   

 

1. Introduction 

 
The characteristics of rock masses play a key role 

in the long-term stability of geotechnical engineering. To 

understand deformation properties of rock as engineering 

materials, it is necessary to start with the behavior of intact 

rock. In the past few years, greater attention is focused on 

the deformation behavior of rock under varying loading 

scenarios. The reported literature has shown that there has 

been some progress in the description of the deformation 

behavior of rock [1-3].  

For rock engineering, understanding the 

deformation behavior of brittle rock is much necessary due 

to the important influence on brittle rock characteristics 

and the safety of rock engineering. In recent, deformation 

problem of brittle rock has drawn much attention of 

researchers [4-6]. Liu et al [4] carried out a series of 

laboratory tests to assess the effects of confining pressure 

on the mechanical properties and deformation evolution of 

brittle rock samples subjected to cyclic loading. Results 

from the tests indicated that the level of confining pressure 

had a significant influence on the deformation evolution of 

the sandstone samples tested. Lajtai et al [5] investigated 

the effect of strain rate on deformation for brittle limestone 

ductile salt rock. The results showed an increase in 

compressive deformation with increasing strain and 

stressing rate, although the rate effect was very small. 

Chen [6] presented a non-local analysis of the dynamic 

damage accumulation processes in brittle solids. The 

results indicated that the model reproduced, qualitatively, 

the brittle behaviour of rock under blasting conditions. 

However, the volume deformation of brittle rock can 

reveal very abnormal phenomena even under the condition 

of compression and tension. Many changes of volume 

deformation are so strange that its mechanism is still 

unclear. For example, during the beginning stage of a 

constant-strain-rate tension, the volume strain shows a 

small reduction, which is beyond understanding because 

on the base of the classical mechanics there could be not 

the reduction of volume strain in stretching process. 

Though a large number of tests have been done to 

investigate the abnormal phenomena on polyethylene 

[7-9], little attention was paid to the mechanism analysis of 

the abnormal phenomena on brittle rock mentioned above.  

In elastic mechanics using Poisson’s ratio and 

axial strain to calculate volume strain is the most common 

method for brittle rock. However, it is shown that the 

Poisson’s ratio formula is also complicated and rarely has 

successful application [10], which implies that using the 

Poisson’s ratio to describe the volume strain is not a 

satisfactory approach. The volume strain of brittle rock 

shows a strong time dependent nature, while it is proven 

that the fractional calculus could accurately describe the 

complex physical process having memory and the time 

dependence, and the fractional models enjoy the advantage 

of having fewer parameters and simple form. Therefore, 

fractional calculus can be employed to study the complex 

volumetric deformation response in brittle rock. 

Fractional calculus allows one to define precisely 

non-integer order integrals or derivatives. Nowadays, it has 

received considerable attention in the fields of 

electromagnetic [11], continuum mechanics [12], signal 

process [13-15], dynamics [16, 17], and other fields 

[18-20]. The application of viscoelasticity is regarded as 

the most successful one. For example, a series of 

researches on viscoelastic dampers have been finished by 

Park [21], Lewandowski [22] and Rossikhin [23-26]. In 

other cases, for a viscoelastic fluid, Shan [27], Ezzat [28] 

and Mahmood [29] have employed fractional calculus in 

their studies. However, these efforts were more focused on 

the stress-strain-time relationship and until now it is still 

unclear whether fractional calculus can be used to 

represent the volume strain. 

In this paper, firstly the mechanism of 

complicated volume strain in brittle rock is analyzed by the 

viscoelastic theory. Then, we present a fractional 

viscoelastic volume strain model and the volume strain 

formulas are derived under a constant-strain-rate loading, 

respectively. At last, some experimental data of complex 

volume deformation in the tension and triaxial 

compression of brittle rock are employed to check the 

model. 

 

2. The fractional volume strain model 

 

2.1. Basics of fractional calculus 
 

A fractional calculus can be defined by different 

ways, among which is the Riemann–Liouville fractional 

calculus. Definition 1. The Riemann–Liouville fractional 

integral of the function f(t) with the order r∈(0,1) is defined 

by [30]: 
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Definition 2. The fractional derivative of the function f(t) 
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with the order r∈(a-1, a) of the function f(t) is defined by 

[30]: 
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2.2. The Abel dashpot: a fractional derivative element 
 

It is well known from viscoelastic theory that the 

deformation of brittle rock is controlled by elastic 

deformation and viscoelastic deformation. The total strain 

is stated as: 

= ,
e ve

      (4) 

where εe and εve are the strains of the Hooke body and the 

viscoelastic body, respectively. When subjected to an 

applied stress, brittle rock may be deformed by elastic 

deformation or viscoelastic deformation or both. Then, the 

total volume strain is stated as: 

,
e ve

v v v
          (5) 

where, e

v
 and ve

v
 are the volume strains of the Hooke body 

and the viscoelastic body, respectively. Under tension or 

compression loading, the elastic deformation increases and 

leads to an increase or decrease in volume, while the 

viscoelastic deformation will decrease and result in a 

time-dependent volume shrinkage in accordance with the 

viscoelastic theory. In other words, when subjected to an 

applied loading, e

v
 could be positive or negative and ve

v
 is 

always negative, where the volume increase is positive. In 

short, when subjected to an applied stress, brittle rock may 

deform by the combined effects of elastic deformation and 

viscoelastic deformation, which are the basic causes of the 

complex volume deformation in brittle rock. 

The volume strain-time curve of stress relaxation 

is similar to its stress-time line, which can be described by 

fractional model. Considering that ve

v
 is the sum of the 

responses to excitations imposed at all previous times and 

has time-dependent property, we characterize it through a 

fractional integral expression: 
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where λ and r are material constant and differential order, 
respectively. When ε(t)=νot, where νo represents constant 

strain rate, based on Eq. (3) and Eq. (6) can be expressed 

as: 
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It should be noted that we put a negative sign on the right 

side of Eq. (7) because the volume variation is always 

decreasing under the condition of tension or compression. 

 

2.3. Volume deformation model  
 

It is well known the constitutive relation of 

generalized Hooke's law is written as: 
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here σ1, σ2, ε1, ε2, E, and v, are the longitudinal stress of the 

Hooke body, the lateral stress, the longitudinal strain, the 

lateral strain, the Young’s modulus, and the Poisson's ratio, 

respectively. 

If σ1≠0, σ2=σ3=0, Eq. (8) is rewritten as: 

2 1
.       (9) 

If σ1≠0, σ2=σ3≠0, Eq. (8) is rewritten as:  
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Assuming a constant -μ for the ratio of ε2 to ε1, Eq. 

(9) and Eq. (10) can be rewritten as: 
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1. For the Hooke body (H), the volume strain is 

rewritten as: 

1
(1 2 ) ,

e

v
                  (12) 

2. Using Eq. (5), Eq. (7) and Eq. (12), the total 

volume strain is rewritten as: 
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Now, let us turn to discuss the meaning of λ and r 

in the fractional volume model. When r is fixed, the larger 

λ in Eq. (13) means the more volume strain variation, 

effected by the combined effects of variable viscous and 

elastic. r represents the time dependence of the volume 

variation. The volume strain curves from Eq. (13) are 

plotted in Fig. 1. If r>0, the r illustrates that there is one 

rapid volume variation from the combined effects in the 

initial phase of loading and the rate of volume change will 

be closer and closer to a constant with r increased to 1. 

While r<0, the r illustrates that there is one slow volume 

increasing from the combined effects in the initial phase of 

loading. It is observed from Fig. 1 that under the 
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conditions of tension and compression, r > 0 and r < 0, the 

volume strain is increasing with axial strain, which is 

obviously analogous to the experimental plots of volume 

strain during tension and compression. 

If -0.9< r < 1 and ε> 0, a volume curve, shown in 

Fig. 1, may be plotted schematically based on Eq. (13). 

The shape of the curve in Fig. 1 illustrates that the 

fractional volume strain model can characterize the small 

compaction during the beginning stage of tension and 

compression. From the above analysis, we know that 

several complex volumetric deformations should be 

capable of being described by the fractional volume strain 

model. Of course, it requires further verification through a 

large number of tests. 

 

 
Fig. 1 Curves of εv-ε1 under a constant longitudinal strain 

rate 

3. Experiment  

 

The tests were conducted on a WDT-1500 

reactive material testing machine shown in Fig 2. The 

WDT-1500 controller consisted of hardware component 

and software applications. It consists of four parts: a 

DOLI’s digital servo controller, a dynamic loading system, 

a self-balanced pressure chamber and a data acquisition 

system. The hydraulic station provides the power, the 

computer measurement and control system are used to 

control the electric-hydraulic servo valve, and the host runs 

the experiment under the control of the computer. The 

maximum axial force used was 1500 KN, the highest 

confining pressure applied was 80 MPa, the highest 

frequency was 10 Hz, and the highest amplitude was 

0.5 mm.  

 

 
 

Fig. 2 WDT-1500 testing machine 

To ensure the similarity of the tested samples as 

much as possible, as shown in Fig 3, the sandstone samples 

with almost the same content of impurity and without 

cracks were selected. The sandstone samples were cut into 

circular cylinders 50 mm diameter ×100 mm length, and 

the evenness of the head faces was controlled to 0.02 mm. 

The samples were prechecked by ultrasonic means with a 

velocity limit of 3752±30 ms-1. Therefore, we assumed that 

the effect on the test results would be minimal. The 

brittleness λo can be formulated as follows [31]: 
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where σc is the uniaxial compressive strength and σt is the 

tensile strength. The obtained average uniaxial 

compressive strength and tensile strength are 75.42 MPa 

and 6.15 MPa, respectively. Hence, the brittleness λo is 

0.849. 

 

 
 

Fig. 3 Sandstone sample 

 

To investigate the volume deformation properties 

of rock samples under different conditions, the samples 

were divided into three groups, each subjected to a 

different loading scheme:  different confining pressures, 

different strain rates, and different temperatures. Tests 

were conducted on sandstone samples with confining 

pressures ranging from 0, 5, 10 and 15 MPa, strain rates of 

0.005/s, 0.0005/s and 0.0001/s and temperatures of 80 oC, 

20 oC and -5 oC. 

 

4. Experimental results and model validation 
 

In this section, we have done a series of 

experiments in triaxial compression and uniaxial tension 

tests on brittle rock samples under the constant-strain-rate. 

During compression in different confining pressure and 

tension in different strain rate and different temperature, 

the volume strain is always characterizes negative and 

positive dilatancy shown in Fig. 4, Fig. 5 and Fig. 6. The 

fractional volume strain model will be validated by this 

experimental data. 

 

4.1. Triaxial compression tests under the constant 

longitudinal strain rate 
 

In order to check the fractional volume strain 

model, Eq. (13) is employed to fit some triaxial 

compression tests, in which the longitudinal strain rate is 

constant. We have done a series of experiments in triaxial 

compression on brittle rock samples. During compression 

in different confining pressure, the volume strain is always 
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characterizes negative and positive dilatancy. The 

responding experimental results are revealed in Fig. 4. 

These test data are fitted by Eq. (13) and the fitting results 

are shown in Fig. 4. Clearly, the volume strain model can 

give relatively good simulations for the measured volume 

strain- longitudinal strain under triaxial compression. 

Moreover, it is discovered that the order r increases with 

the increasing of confining pressure in the triaxial 

compression of the brittle rock samples. 
 

 
Fig. 4 Curves of εv-ε 1for brittle rock samples at different 

confining pressures 

4.2. Uniaxial tension tests under the constant longitudinal 

strain rate 
 

The volume change under uniaxial constant 

-strain-rate tension is investigated at room temperature in 

brittle rock samples. The curves in Fig. 5 show the 

influence of strain rate on the volume strain. Also it is 

found from Fig. 5 that the volume strain depends on 

longitudinal strain rate, which implies that the dilatancy 

phenomena of volume deformation depend on longitudinal 

strain rate. From these experimental results, it is found that  

 

 
Fig. 5 Curves of εv-ε 1 curves for brittle rock samples at 

different strain rates 

the negative dilatancy increase with the strain rate 

decreased, and the positive dilatancy decreasing. Eq. (13) 

is used to fit the experimental data of uniaxial tensile on 

brittle rock samples and the result is shown in Fig. 5. It is 

found that the volume strain model can depict the small 

volume compaction and the order r increase with the strain 

rate decreased, which implies that the order is helpful to 

reveal the influence of strain rate on volume strain change. 

From these results, it is known that the volume strain 

model can depict the small compaction during the 

beginning stage of uniaxial tension. 

The volume change under uniaxial constant 

-strain-rate tension is investigated at different temperatures 

in brittle rock samples. The curves in Fig. 6 show the 

influence of strain rate on the volume strain. Also it is 

found from Fig. 6 that the volume strain depends on 

temperature, which implies that the dilatancy phenomena 

of volume deformation depend on temperature. From these 

results, it is found that the negative dilatancy increase with 

temperature increasing, and the positive dilatancy 

decreasing. Eq. (13) is used to fit the experimental data of 

uniaxial tensile and the fitting result is shown in Fig. 6. It 

is discovered that the material constant λ and μ change 

with temperature, which implies that the material constant 

is helpful to reveal the influence of temperature on volume 

strain change.  

 

 
Fig. 6 Curves of εv-ε 1for brittle rock samples at different 

temperatures 

4. Conclusion 

 

In this paper, we present experimental investiga-

tion of volume deformation properties of brittle rock 

samples in triaxial compression and uniaxial tension tests 

in different strain rate and different temperature in the 

laboratory. Through the viscoelasticity mechanics theory, 

and found that the combined effects of elastic deformation 

and viscoelastic deformation is the basic reason of causing 

the negative and positive dilatancy phenomena in the 

volume deformation of brittle rock. In order to describe 

accurately the volume deformation through a fractional 

model, volume strain model is presented, in which the 

variation of volume strain resulted from the combined 

effects is characterized through a fractional order calculus 

expression. Comparing with some test data, the results 

show that the fractional volume strain model can describe 

the dilatancy phenomena in the volume deformation of 

brittle rock. 
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Mingming He, Ning Li, Yunsheng Chen, Caihui Zhu 

A VOLUME DEFORMATION MODEL FOR BRITTLE 

ROCK BASED ON FRACTIONAL ORDER CALCULUS 

S u m m a r y 

In compression and tension of brittle rock, the 

dilatancy phenomena of volume deformation were often 

observed. This paper presents experimental investigation 

of volume deformation properties of brittle rock samples in 

triaxial compression and uniaxial tension tests in different 

strain rate and different temperature in the laboratory. 

Based on the viscoelasticity mechanics principle, it is 

found that the combined effects of elastic and viscoelastic 

are the basic reason of causing the dilatancy in brittle rock. 

Moreover, In order to depict the dilatancy phenomena of 

volume deformation through a simple model presented and 

have a correct modelization of mechanical behaviors, a 

volume deformation model is proposed, in which the 

variation of volume deformation resulted from the 

combined effects is characterized through a fractional 

order calculus expression. Comparison between fitting 

results and experimental results reveals the presented 

model can describe the dilatancy phenomena of volume 

deformation of brittle rock. 

 

Keywords: Volume deformation; dilatancy phenomena; 

Brittle rock; Fractional calculus; Mode. 
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