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1. Introduction
Gear transmission system is commonly used in automobile, robotics, machinery, aerospace and other areas.
Scholars have done a lot of research on the nonlinear dynamic of gear transmission system [1-4]. Kahranman [5-7]
et al. studied the dynamic response of gear transmission system under different forms of excitation. Theodossiades [8,
9] et al. investigated dynamics of a gear-pair system involving backlash and time-dependent mesh stiffness under the
action of external excitation caused by torsional moments
and gear geometry errors, and investigated dynamics of
gear-pair systems driven by motors and presenting speeddependent moment resistance. Huang and Liu [10] treated a
spur gear tooth as a variable cross-section Timoshenko
beam to construct a dynamic model, being able to obtain
transient response for spur gears of involute profiles and investigated the dynamic responses of a single tooth and a
gear pair. Howard [11] et al. studied the influence of gear
tooth surface friction on system dynamics under various
conditions. Shyyaba and Kahranman [12] used a non-linear
time-varying dynamic model to investigate sub-harmonic
and chaotic motions exhibited by a typical multi-mesh gear
train. Litak and Friswell [13] examined the effect of tooth
shape imperfections and defects. Parey [14] and Eritenel
[15] et al. analyzed the changes impact of time-varying
mesh stiffness, friction coefficient, tooth bending, coincidence degree and modal damping parameters on the stability
of the boundary. Bonori and Pellicano [16] presented a
method for analysing nonlinear vibrations of spur gears in
presence of manufacturing errors. However, they rarely consider the influence of system parameters perturbation on the
system dynamics. In recent years, some scholars have
started to study the gear system as a stochastic system [1719].
Chaotic vibration is a unique form of nonlinear dynamics system. In some cases, chaos is harmful. So we just

have to adopt some methods to eliminate the chaotic vibration. Chaos control has attracted wide attention of scholars
whom have proposed a lot of different control methods at
home and abroad. The typical methods are mainly OGY
method [20], adaptive control method [21], parametric perturbation method [22], periodic excitation method [23], continuous feedback control method [24] and so on. Because of
the nonlinear variable factors such as gear clearance [9],
meshing stiffness [13], time-varying mesh parameters [25],
turbulent flow [26], the gear system generates the strong
nonlinear vibration. In a certain parameters region, the system is characterized by chaotic vibration. However, chaotic
vibration for the working performance and reliability of the
transmission system is harmful. Therefore, the chaotic vibration of gear transmission system is required to be effective and feasible control. However, research on how to effectively control chaos in the gear transmission system is
comparatively less.
This paper discusses the bifurcation and chaos in
the single degree of freedom spur gear transmission system
with stochastic perturbation of gear backlash, gear damping
ratio, meshing frequency meshing stiffness and input torque
fluctuation, and uses feedback control method, non-feedback control method to control chaos.
2. Dynamic model and deferential equations of motion
The stochastic non-linear dynamic model of a single degree of freedom gear transmission system is illustrated
in Fig. 1. The lumped mass method is introduced to establish the torsional vibration model. The model is just considered the torsional vibration of gear, ignoring the transverse
and axial elastic deformation of transmission shaft, tooth
surface friction, as well as the supporting system of elastic
deformation and other factors. The basic parameters of a
gear pair are shown in Table [17].
Table

Parameters of gear pair

35

Modulus m,
mm
3

Pressure angle
α, °
20

Coefficient of
addendum ha
1

Coefficient of tip
clearance c
0.25

Tooth width B,
mm
20

58

3

20

1

0.25

20

Gear pair

Teeth Z

Driving gear
Follower gear

According to the Newton's rule, the dynamic equations of the system are given by:
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T1  I11   ch  ch  Rb1 Rb11  Rb 2 2  e    k   Rb1 f  Rb11  Rb 2 2  e     F ;


T2   I 22   ch  ch  Rb 2 Rb11  Rb 22  e    k   Rb 2 f  Rb11  Rb 2 2  e    . 




In Eqs. (1), (2) and (6), a dot(·) denotes differentiation with the time. In the system, T1 and T2 are the torque
for the role in driving and follower gear, Rb1 and Rb2 are the
base circle radius of driving and follower gear, ch is the gear
pair meshing damping. chΔ is the gear pair meshing damping
stochastic perturbation. θ1 and θ2 are the torsional vibration
displacement. e(τ) is the gear integrated error shown in
Fig. 2, τ is time. k(τ) is the gear pair time-varying meshing
stiffness. I1 and I2 are the driving and follower gear rotation
inertia. FΔ is the input torque stochastic disturbance.



(1)

Fig. 1 A single degree of freedom stochastic non-linear dynamic model of gear transmission system

Fig. 2 The transmission error of the gear transmission system
Gear meshing force is mainly composed of the
elastic meshing force F1 caused by time-varying meshing
stiffness, whereby the viscous meshing force F2 caused by
the gear dynamic load and meshing damping. The expression is:

F1  k   f  Rb11  Rb 2 2  e    ;



F2   ch  ch  Rb 2 Rb11  Rb 2 2  e  






.


n 

mm
kav
; me  1 2 ,
m1  m2
me

(3)
(4)

in Fig. 3, b is the non-dimensional gap, ωh is the meshing
frequency, ωe is the meshing frequency of the gear pair.
Clearance nonlinear function is:









x  b  b ;
 b  b  x  b  b ;
x  b  b ,

Fig. 3 Gear side clearance and force diagram
Then Eq. 1 is rewritten in non-dimensional form:

where be is the given nominal size; me is the equivalent
mass; m1 and m2 are respectively the driving and follower
gear quality; ωn is the natural frequency of the system; kav is
the average mesh stiffness of the gear pair. Let t = ωnτ,
b  b be , h  e n . 2b is the gear clearance, as shown

 x  b  b ,

f  x   0,

 x  b  b ,

bance; b  b / be ; b  b / be is the backlash stochastic
disturbance.

(2)

In order to eliminate the rigid body displacement,
the system is treated by non-dimensional. Introduce the generalized coordinates relative of gear meshing line to the system. Suppose that

x   Rb11  Rb 22  e    / be ;

where b is the dimensionless backlash stochastic distur-

(5)

x  2      x  k t  f  x   Fm  Fh t   F ,

(6)

where the non-dimensional quantities Fh  t   Fh  t  be ,

Fm  Fm me ben2 , F  F / mc1ben2 ,   ch 2men ,

k  t   k  t  men2 have been introduced. Fh  t  is equiv-

alent internal error excitation caused by gear integrated error.
Fm is gear equivalent external incentive.
If the stiffness and gear meshing error take the
first-order harmonic component, there are:

k  t   1   cos  h  Δ  t  h  ;

(7)

Fh  t   Fah1h2 cos  h    t  h  ,

(8)

where the non-dimensional quantities Fah1  e be ,
  ka kav ,    / n have been introduced. e is dimensional error amplitude; ka is the time-varying meshing
stiffness; ωΔ is the meshing frequency stochastic disturb-
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ance. Considering the relationship between meshing stiffness and meshing error, let meshing phase angle
 h   h   , φh = 0, φh is the variable stiffness initial phase.

z1  z2 ;
z2  Fm  Fah1 h   

2



cos  h    t   2      z2  1        cos  h    t   f  z1   F , 


where εΔ is the non-dimensional time-varying meshing stiffness stochastic disturbance,    k a kav , k a  is the timevarying meshing stiffness stochastic disturbance.
3. Nonlinear dynamic analysis
3.1. Influence of damping ratio on the system movement
characteristics
The gear transmission system, with parameters
Fm = 0.053, Fah1 = 0.1,  h = 1.2, b = 1.0, ε = 0.09, has
been chosen to be analyzed. Non-dimensional stochastic
 
perturbation
obeys
normal
distribution



Let z1  x , z 2  x , Then Eq. 2 is transformed into
the state equation:



(9)

In conjunction with Fig. 4 and Fig. 5, we can see
that with the bifurcation parameter ζ increasing, the motion
system first is chaotic motion. Under different gear damping
ratio ζ = 0.001, 0.02, 0.06 and 0.1, chaotic attractor is not
the same shape, as shown in Fig. 5, a-d. When ζ = 0.128, the
gear system will be from chaotic motion to periodic 2 motion with a noisy disturbance through inverse period doubling bifurcation. Taken ζ = 0.2, the Poincaré map of the
system is shown in Fig. 5, e. With the bifurcation parameter
ζ increasing, as ζ = 0.218, the gear system will be from periodic 2 motion to periodic 1 motion with a noisy disturbance through inverse period doubling bifurcation. Taken
ζ = 0.25, the Poincaré map of the system is shown in
Fig. 5, f.

N 0, 0.0000052 , and in the range of (-0.00002, 0.00002).





  obey normal distribution N 0, 0.012 , and in the range
of (-0.04, 0.04). F and   obey normal distribution





N 0, 0.0012 , and in the range of (-0.004, 0.004). Stochastic variables meet 3σ theory. Taken from the initial state
z1(0) = 0, z2(0) = 0. Gear damping ratio ζ is taken as bifurcation parameters. Numerical simulation of the system is resolved by using a 4-5 order variable step-size Runge-Kutta
numerical integration algorithm. So we can get the bifurcation and Poincaré diagrams of system in Fig. 4 and Fig. 5.

a

Fig. 4 Bifurcation diagram of the system with stochastic
perturbation

b

c

d
e
f
Fig. 5 Poincaré map of the system for different ζ values: a - ζ = 0.001, chaos; b - ζ = 0.02, chaos; c - ζ = 0.06, chaos;
d - ζ =0.1, chaos; e - ζ = 0.2, period 2; f - ζ = 0.25, period 1
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3.2. Influence of meshing stiffness on the system
movement characteristics
Let Fm = 0.063, Fah1 = 0.02,  h = 1.2, b = 1.0,
ζ = 0.34. Non-dimensional stochastic perturbation  Δ





obeys normal distribution N 0, 0.0000052 , and in the
range of (-0.00002, 0.00002).   and   obey normal dis-



bifurcation parameter ε increasing, as ε = 1.885, the gear
system will be from periodic 1 motion to periodic 2 motion
with a noisy disturbance through Hopf bifurcation. Taken
ε = 2.0, the Poincaré map of the system is shown in Fig. 7, b.
When ε = 2.065, the gear system will be from periodic 1 motion to chaotic motion. Taken ε = 2.28 and 2.51, the Poincaré map of the system is shown in Fig. 7, c and Fig. 7, d,
which are two similar types of chaotic attractors.



tribution N 0, 0.012 , and in the range of (-0.04, 0.04).





F obey normal distribution N 0, 0.0012 , and in the

range of (-0.004, 0.004). Stochastic variables meet 3σ theory. Taken the initial state z1(0) = 0, z2(0) = 0. The meshing
stiffness ε is taken as bifurcation parameters. Numerical
simulation of the system is resolved by using a 4-5 order
variable step-size Runge-Kutta numerical integration algorithm. So we can obtain the bifurcation and Poincaré diagrams of the system in Fig. 6 and Fig. 7.
From Fig. 6 and Fig. 7, we can see that with the bifurcation parameter ε increasing, the motion system first is
periodic 1 motion with a noisy disturbance. Taken ε = 1.7,
the Poincaré map of system is shown in Fig. 7, a. With the

a

b

Fig. 6 Bifurcation diagram of the system with stochastic
perturbation

c

d

Fig. 7 Poincaré map of the system for different ε values: a - ε = 1.7, period 1; b - ε = 2.0, period 2; c - ε = 2.28, chaos;
d - ε = 2.51, chaos
3.3. Influence of meshing frequency on the system
movement characteristics
The gear transmission system, with parameters

Fm = 0.05, Fah1 = 0.05, ε = 0.08, ζ = 0.04, b = 1.0, has
been chosen to be analyzed. Dimensional stochastic perturbation   obeys normal distribution N 0, 0.0000052 ,





and in the range of (-0.00002, 0.00002).   and   obey





normal F distribution N 0, 0.012 , and in the range of



2



(-0.04, 0.04) obey normal distribution N 0, 0.001 , and in
the range of (-0.004, 0.004). Stochastic variables meet 3σ
theory. The meshing frequency ω is taken as the bifurcation
parameter. Supposing the initial point of the system is
z1(0) = 0, z2(0) = 0. We applied 4-5 order variable step-size
Runge-Kutta method to the numerical simulation of the gear
transmission system, the bifurcation and Poincaré diagrams
of the system is illustrated in Fig. 8 and Fig. 9.
Seen from Fig. 8 and Fig. 9, with the bifurcation
parameter ω increasing, the motion system first is periodic 1
motion.

Fig. 8 Bifurcation diagram of the system with stochastic
perturbation
Taken ω = 0.2, the Poincaré map of the system is
shown in Fig. 9, a. When ω = 0.9, the gear system will be
from periodic 1 motion to periodic 2 motion with a noisy
disturbance through period doubling bifurcation. Taken
ω = 0.92, the Poincaré map of the system is shown in
Fig. 9, b. When ω = 1.04, the gear system will be from periodic 2 motion to periodic 1 motion by inverse period doubling bifurcation. Taken ω = 1.06, the Poincaré map of the
system is shown in Fig. 9, c. When ω = 1.10, the gear system will be again from periodic 1 motion to periodic 2 motion through period doubling bifurcation. Taken ω = 1.2, the
Poincaré map of the system is shown in Fig. 9, d. With the
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bifurcation parameter ω increasing, as ω = 1.40, the gear
system will be from periodic 2 motion to chaotic motion.
Taken ω = 1.42, the Poincaré map of the system is shown in
Fig. 9, e. When ω = 1.92, the gear system will be from chaotic motion to periodic 2 motion. Taken ω = 1.94, the Poincaré map of the system is shown in Fig. 9, f. As ω = 2.0, the

a

gear system will be from periodic 2 motion to periodic 1
motion. Taken ω = 2.10, the Poincaré map of the system is
shown in Fig. 9, g. In the Fig. 9, b, Fig. 9, c, Fig. 9, d,
Fig. 9, f and Fig. 9, g, Poincaré maps are point set due to
stochastic perturbation parameters.

b

c

d
e
f
g
Fig. 9 Poincaré map of the system for different ε values: a - ε = 1.7, period 1; b - ε = 2.0, period 2; c - ε = 2.28, chaos;
d - ε = 2.51, chaos
trix. F is a smooth nonlinear vector function. y is the output
of the system. The linear feedback controller of the system
is W  G  y1  y2  . G is the feedback gain matrix. Then, the

4. Chaos control
4.1. Feedback control

controlled system is:

4.1.1. Linear control method

X  F  X  x , t  W .

The n dimensional system is:

X  F  X  t  , t  ; y  KX .

(10)

In the formula, X is the state variable of n dimenT
sion system, X  x1 , x2 , , xn  , K is a 1 n constant ma-

z1  z2  g  z1  z2  ;
z2  Fm  Fah1 h   

2

In the gear transmission system, if G   g , 0 , g
is the control parameter, z is the system output, the equation
of the controlled system is:
T



cos  h    t   2      z2  1       cos h    t  f  z1   F .

By the analysis of Fig. 5, when ζ = 0.02, the system appears chaos. By introducing the linear feedback controller control, the other parameters unchanged, using 4-5
order variable step Runge-Kutta method to carry on numerical simulation, and to get he bifurcation diagram of the
controlled system, as shown in Fig. 10. By selecting different control parameter, the chaotic motion of the system can
be suppressed to different periodic orbits. When g 
(0, 0.53), the system is suppressed to the periodic 2 motion
with a noisy disturbance. Taken g = 0.5, the phase portrait,
time course diagram and the Poincaré map of the controlled
system are shown in Fig. 11. When g > 0.53, the system is
suppressed to periodic 1 motion with a noisy disturbance.
Take g = 0.8, the phase portrait, time course diagram and

(11)

(12)

the Poincaré map of the controlled system are shown in
Fig. 12.

Fig. 10 Bifurcation diagram of the controlled system
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a
b
c
Fig. 11 a - Phase portrait; b - time course diagram; c - poincaré map of the controlled system (g = 0.5)

a
b
c
Fig. 12 a - Phase portrait; b - time course diagram; c - poincaré map of the controlled system (g = 0.8)
4.1.2. Nonlinear control method
The definition of an n-dimensional non-linear chaotic system is as follows:
 x  F  X  t  ,t  ;

 y  DX ,

(13)

where, F is a smooth nonlinear vector function, X is system

z1  z2  kz1 z1 ;
z2  Fm  Fah1 h   

2

state variable, X = [x1, x2, ..., xn]T. y is the output of the system. The constant matrix D is 1 × n. The nonlinear feedback
controller of the system is U = Ky|y|. Where K is a feedback
gain matrix. The nonlinear feedback controller is supplemented by the system.Then the controlled system is:

x  F  X  x , t  U .

If K = [k, 0]T, z is the system output, the equation
of the controlled system is:



cos  h    t   2      z2  1       cos h    t  f  z1   F .

From the Fig. 7, we can see that when ε = 2.51, the
system is chaotic vibration. By introducing the nonlinear
feedback controller, using 4-5 order variable step RungeKutta method to carry on the numerical simulation, the bifurcation diagram of the control system is shown in Fig. 13. By
selecting different control parameter, the chaotic motion of
the system is well controlled to the stable periodic orbits.
Taken k = 0.04, the system will be controlled to the periodic
2 motion with a noisy disturbance, which the phase portrait,
time course diagram and Poincaré map of the controlled system are shown in Fig. 14.

(14)

(15)

Fig. 13 Bifurcation diagram of the controlled system

a
b
c
Fig. 14 a - Phase portrait; b - time course diagram; c - poincaré map of the system (k = 0.04)
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Taken k = 0.07, the system will be controlled to the
periodic 1 motion with a noisy disturbance, which the phase

portrait, time course diagram and Poincaré map of the controlled system are shown in Fig. 15.

a
b
c
Fig. 15 a - Phase portrait; b - time course diagram; c - poincaré map of the system (k = 0.07)
4.2. Non-feedback control
4.2.1. Periodic signal method
A periodic signal as a driving force in the state equations, the controlled equation of the system is:
z1  z2 ;
z2  Fm  Fah1 h   

2


 (16)
cos  h    t   2      z2  1        cos h    t  f  z1   F - k cos 1t  .

From the above Fig. 8, when ω = 1.8, the initial
movement of the system is chaotic motion. By introducing
the periodic signal method, using 4-5 order variable step
Runge Kutta method to carry on the numerical simulation,
the bifurcation diagram of the control system is illustrated
in Fig. 16. When ω = 1.8 and k = 0.26, the system is controlled to be stable periodic 2 motion with a noisy disturbance. The phase portrait, time course diagram and Poincaré
map of the controlled system are shown in Fig. 17. While
ω1 = 1.8 and k = 1.5, the system is controlled to be stable
periodic 1 motion with a noisy disturbance. The phase portrait, time course diagram and Poincaré map of

the controlled system are shown in Fig. 18.

Fig. 16 Bifurcation diagram of the controlled system

a
b
c
Fig. 17 a - Phase portrait; b - time course diagram; c - poincaré map of the controlled system with stochastic perturbation
(k = 0.26)

a
b
c
Fig. 18 a - Phase portrait; b - time course diagram; c - poincaré map of the controlled system with stochastic perturbation
(k = 1.5)
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4.2.2. Plus a constant load method
A constant load applied on the state equation, the controlled equation of the system is

z1  z2 ;
z2  Fm  Fah1 h   

2



cos  h    t   2      z2  1       cos h    t  f  z1   F - F .

Seen from Fig. 8, when ω = 1.8, the initial movement of the system is chaotic motion. By introducing the
plus a constant load method, using 4-5 order variable step
Runge-Kutta method to carry on the numerical simulation,
the bifurcation diagram of the control system is illustrated
in Fig. 19. As F = 0.06, the system is controlled to be stable
periodic 2 motion with a noisy disturbance. The phase portrait, time course diagram and Poincaré map of the controlled system are shown in Fig. 20. While F = 0.6, the system is controlled to be stable periodic 1 motion with a noisy
disturbance. The phase portrait, time course diagram and
Poincaré map of the controlled system are shown in Fig. 21.

a

(17)

Fig. 19 Bifurcation diagram of the controlled system

b

c

Fig. 20 a - Phase portrait; b - time course diagram; c - poincaré map of the controlled system with stochastic perturbation
(F = 0.06)

a

b

c

Fig. 21 a - Phase portrait; b - time course diagram; c - poincaré map of the controlled system with stochastic perturbation
(F = 0.6)
4.2.3. Phase method

original signal is as a driving force in the state equations of
the system. Thus, the control equation of the system is:

The periodic signal with phase different from the
z1  z2 ;
z2  Fm  Fah1 h   

2


 (18)
cos  h    t   2      z2  1       cos h    t  f  z1   F - k cos 2t    .

In the same way, seen from Fig. 8, when ω = 1.8,
the initial movement of the system is chaotic motion. By
introducing the phase method, using 4-5 order variable step
Runge Kutta method to carry on the numerical simulation,
the bifurcation diagram of the control system with k = 1.2,
ω2 = 1.8, 0.9 and 0.6, φ = 10 are shown in Fig. 22. In

Fig. 22, a, taken ω2 = 1.8 the system is controlled to be stable periodic 1 motion with a noisy disturbance. The phase
portrait, time course diagram and Poincaré map of the controlled system are shown in Fig. 23. In Fig. 22, b, taken
ω2 = 0.9, the system is controlled to be stable periodic 2
motion with a noisy disturbance. The phase portrait, time
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course diagram and Poincaré map of the controlled system
are shown in Fig. 24. In Fig. 22, c, taken ω2 = 0.6, the system is controlled to be stable periodic 3 motion with a noisy

a

disturbance. The phase portrait, time course diagram and
Poincaré map of the controlled system are shown in Fig. 25.

b

c

Fig. 22 Bifurcation diagram of the controlled system

a

b

c

Fig. 23 a - Phase portrait; b - time course diagram; c - poincaré map of the controlled system with stochastic perturbation
(k = 1.2, ω2 = 1.8, φ = 10)

a

b

c

Fig. 24 a - Phase portrait; b - time course diagram; c - poincaré map of the controlled system with stochastic perturbation
(k = 1.2, ω2 = 0.9, φ = 10)

a

b

c

Fig. 25 a - Phase portrait; b - time course diagram; c - poincaré map of the controlled system with stochastic perturbation
(k = 1.2, ω2 = 0.6, φ = 10)

245
5. Conclusions
In the paper, considering stochastic perturbation of
gear backlash, gear damping ratio, meshing frequency
meshing stiffness and input torque fluctuation, a single degree of freedom spur gear transmission system mechanics
model and dynamical equations are established according to
the Newton's rule. Utilizing 4-5 order variable step-size
Runge-Kutta algorithm, the differential equations of motion
of the gear transmission system are solved numerically.
Nonlinear dynamic characteristics especially bifurcation
and chaos are analyzed respectively with mesh, mesh stiffness, damping ratio and frequency changing. In order to
control the chaotic vibration in gear transmission system occurs, the article has the use of feedback control of linear and
nonlinear, as well as three kinds of non-feedback control of
the applied periodic signal method, a constant load method
and phase method for the suppression of chaotic motion to
the stable periodic orbits. In the subsequent study, we will
use the experiments to verify the validity of such methods,
and popularize these methods to the higher dimensional systems.
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Jingyue Wang, Haotian Wang, Lixin Guo
ANALYSIS OF NONLINEAR DYNAMICS AND
CHAOS CONTROL IN GEAR TRANSMISSION
SYSTEM WITH STOCHASTIC PERTURBATION
Summary
In order to study the chaotic characteristics and
control chaotic vibration in the gear transmission system.
The dynamical equation and the state equation of gear transmission system are established by Newton's rule under considering stochastic perturbation of gear backlash, gear
damping ratio, meshing frequency meshing stiffness and input torque fluctuation. The complex dynamics characters of
gear transmission system are investigated. Five methods of
controlling chaos are used to guide chaotic motions towards
regular motions. Numerical simulation shows that the period doubling bifurcation, Hopf bifurcation and chaotic vibration exists in the gear transmission system. The effectiveness and feasibility of two kinds of feedback control method
and three kinds of non-feedback control method to get rid of
chaos by stabilizing the related unstable periodic orbit are
verified.
Keywords: bifurcation, dynamics, chaos theory, control,
feedback, computer simulation.
Received November 07, 2015
Accepted April 14, 2017

