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Nomenclature 

 

B - volume expansion coefficient,1/K;  CD- drag coefficient; 

d - cylinder size, m; F- drag force, N; g - gravitational accel-

eration, m/s2; Gr - Grashof number; H - Channel width, m; 

h - Local convective heat transfer coefficient, W/(m2K);  

k - fluid thermal conductivity, W/(m2K); Ld – downstream 

distance, m; Lu – upstream distance, m; ns- direction normal 

to the cylinder surface;  Nu- average total Nusselt number; 

p- pressure, Pa; P - dimensionless pressure; Pr - Prandtl 

number; Re - Reynolds number; Ri - Richardson number; S 

– gap distance, m; T - temperature, K; U - dimensionless 

stream-wise velocity;  u – stream-wise velocity, m/s;  V - 
dimensionless cross-stream velocity; v - velocity cross-

stream velocity, m/s; X- dimensionless stream-wise coordi-

nate; Y- dimensionless cross-stream coordinate; y- cross-

stream coordinate, m.   

greek letters– 
η – dynamic viscosity, Pa s; 𝜌 – fluid density kg/m3; β – 

blockage ratio; θ - dimensionless temperature;     

subscript–  

in - inlet; out - outlet; w – wall; max - maximum; ave – av-

erage; c – critical. 

 

1. Introduction 

 

The flow over Bluff bodies occurs in many engi-

neering applications such as the cooling of electronic com-

ponents, heat exchangers, and mechanical fields. One of the 

fundamental configurations that can be used as bluff body is 

circular obstacle [1-5]. By reviewing literature, it reveals 

that it has not been studied enough especially in mixed con-

vection heat transfer. Amir Nejat et al. [1] numerically in-

vestigated the flow of power-law fluids around series of tan-

dem arrangement of two cylinders, the lattice Boltzmann 

method has been used to solve the governing equations. This 

work is only limited for hydrodynamic effect, the obtained 

results showed that the total drag coefficient of each cylin-

der increases by increasing the distance between the cylin-

ders. Chaitanya N.S.K. et al. [2] carried out a numerical in-

vestigation of forced convection of Newtonian and Non-

Newtonian fluids across a pair of identical circular cylinders 

in side-by-side arrangement, this investigation based by 

solving the continuity, momentum and energy equations 

along with the appropriate boundary conditions. The results 

showed that the total drag coefficient decreases and average 

Nusselt number increases with Re number for all distances 

studied between the cylinders. Also, Amir Nejat et al. [3] 

studied numerically by solving the governing equations 

(continuity, momentum and energy) heat transfer and flow 

field of Newtonian and non Newtonian around two cylin-

ders with different cross-sectional form (elliptical and cir-

cular), they have found that the tandem of elliptical cylin-

ders with aspect ratio of 0.5 can be more efficient than cir-

cular cylinders. Iman Harimi, et al. [4] forced convection 

heat transfer from two and three isothermal circular cylin-

ders in tandem arrangement is studying numerically, the 

governing equations are solved for laminar unsteady flow 

regime by using finite element method, the research studied 

the effect of distance between cylinders. It is found that the 

force coefficients and the wake structure behind the cylin-

ders depend strongly on the value of the spacing ratio. H. 

Sayehvand et al. [5] numerical investigation of forced con-

vection heat transfer from two tandem circular cylinders 

embedded in a porous Medium, it is found that by increasing 

the distance between the tandem cylinders, the total heat in-

creases.  

The flow pattern even becomes more complicated 

around the cylinders when the boundary layer separations 

are further influenced by heat transfer. It should be men-

tioned that for the low to moderate Re number, the thermal 

buoyancy effect can significantly muddle the flow field [6 - 

10]. The principal parameter that controls a relative effect 

of buoyancy is the Richardson number Ri, defined as  

Ri = Gr / Re2, where, Gr is Grashof number, and Re is Reyn-

olds number. This number determines the relative im-

portance of forced and natural convection. The free convec-

tion dominates over the forced convection when Ri > 1, and 

the forced convection dominates when Ri < 1. Both the free 

and forced convection dominate equally when Ri is nearly 

approached to 1. 

Manu K. et al. [6] the numerical investigation of 

effect of cross-buoyancy mixed convection of flow field and 

heat transfer characteristics a long semi-circular cylinder in 

a confined channel has been studied in laminar regime by 

solving the governing equations, the results have been pre-

sented and discussed for range of conditions: Re = 1 to 40, 

Ri = 0 to 4, Pr = 0.71 to 50, β = 16.6% to 50%, they found 

that, the drag coefficient increases with Ri number and/or 

blockage ratio. Sandip Sarkar et al. [7] they analyzed the 

combined effect of Pr number and Ri values on the wake 

dynamics and heat transfer past a circular cylinder in cross-

flow using finite element method. The computation carried 

out for Re = 80 to 180, Pr = 0.7 to 100, and Ri = 0 to 2. The 

results showed that the average Nusselt number decrease by 

increasing Ri number. H. Laidoudi et al. [8] they examined 

the effect of thermal buoyancy around symmetrically and 
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asymmetrically confined circular cylinder submerged in in-

compressible Poiseuille liquid, this work is achieved only at 

fixed blockage ratios, β = 20%. The governing equations 

have been solved by the package ANSYS-CFX, the results 

are presented in terms of streamlines and isotherms con-

tours.  Also, the total drag coefficient and heat transfer rate 

are computed for Ri = 0 to 4 and Re = 10 to 40 at Pr = 1. 

The obtained results showed that the total drag coefficient 

increases and Nusselt number decreases with increasing 

Richardson number. Moreover, the eccentricity factor has 

the tendency to increase the heat transfer rate. Chatterjee D. 

et al. [9] numerical simulation of two-dimensional mixed 

convection around a two equal tandem square cylinders is 

carried out to understand the effect of thermal buoyancy and 

Pr number over those obstacles, the distance between cylin-

der is fixed at the value S = 4d. For that purpose, the gov-

erning equations have been solved by using finite element 

method in these rang of conditions: Re = 1 to 30, Pr = 0.7 to 

100, Ri = 0 to 1, and β = 10%. It is found that the flow is 

completely steady for chosen ranges of parameters. Gener-

ally, the drag coefficient and Nusselt number of first cylin-

der is always higher than the second one. Sarkar S. et al. [10] 

Numerical results of mixed convective heat transfer from 

two identical cylinders in a uniform upward flow has been 

demonstrated at Re = 100. The effect of aiding and opposing 

buoyancy is brought about by varying Richardson numbers. 

The governing equations are also solved by finite element 

method. The Strouhal number, drag coefficient and Nusselt 

number studied for different distance between the tandems, 

under buoyancy effect, the cylinders are found to oscillate 

at the same frequency. Moreover, Maximum heat transfer is 

found at the front face of second cylinder.  

From the above survey, it is observed that there are 

limited resources on the coupled fluid flow and heat transfer 

over tandem circular cylinders under superimposed thermal 

buoyancy. Additionally, there is no reported work on mixed 

convection heat transfer for wide range of Richardson num-

ber over tandem circular cylinders with different distance 

between them at low Reynolds number. 

 Such structure (tandem circular cylinders) has 

many practical applications, such as using tandem tube in 

novel heat exchangers, cooling of electronic components, 

solar extraction system, cooling towers, oil and gas pipe-

lines, etc. the objective of this research is to study the effect 

of thermal buoyancy on the fluid flow, heat transfer and 

other parameters such as drag coefficient, Nusselt number, 

and streamlines in laminar regime. To achieve this purpose, 

comprehensive numerical study is performed to investigate 

the laminar mixed convection heat transfer around a tandem 

circular cylinders using Newtonian fluid.    

 

2. Governing equation  

 

The flow is assumed steady, two-dimensional, 

laminar and incompressible, for which the governing con-

servation dimensionless equations of mass, momentum, and 

energy with constant thermo-physical properties along with 

Boussinesq approximation and negligible dissipation effect 

can be written in the following forms: 

 Continuity: 
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 Thermal energy:  
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In the above equations U, V, P, θ, Re, Ri and Pr are dimen-

sionless fluid velocities, temperature, pressure, Reynolds 

number, Richardson number, and Prandtl number (Pr = 0.1), 

respectively. The dimensionless forms of the variables are: 
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where Gr is the Grashof number which can be written as: 
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where g, B:  is the gravitational acceleration, the volumetric 

expansion coefficient respectively.  The drag coefficient is 

computed from: 

2

2
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where F is the total drag force exerted on cylinder surface. 

The heat transfer between the cylinder and the surrounding 

fluid is calculated by the Nusselt number. The local Nusselt 

number based on the cylinder dimension is given by: 

s

hd
Nu

k n


  


,        (10) 

where h is the local heat transfer coefficient, k is the thermal 

conductivity of the fluid and ns is the direction normal to the 

cylinder surface. Surface average heat transfer at each face 

of the cylinder is obtained by integrating the local Nusselt 

number along the cylinder face. 

 

3. Computational domain and boundary condition 

  

The schematic of the flow domain as well as the 

hydrodynamic boundary conditions are indicated in Fig. 1. 

The distance between the center of the first cylinder and the 

channel inlet, Lu is 10 times of the diameter of cylinder, d. 

The gap between the two cylinders centers measured by  
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S = (1.25 to 5)d which is considered to be a variable param-

eter; the distance between the center of the second cylinder 

and the channel outlet, Ld is 20 times of the cylinder diame-

ter. The height of channel is defined by the blockage ratio  

β = (d/H) = 0.2. 

 

 
 

Fig. 1 Geometry of the problem 

 

 At the inlet a fully developed velocity profile for 

laminar flow fluids with a constant temperature, this is given 

by: 

 
2

1 2 , 0,
max in

u U y v T T    .     (11) 

On the surface of the obstacle cylinder: The standard no-slip 

condition is used and the cylinder is maintained and heated 

with a constant temperature Tw. 

0, 0,
w

u v T T   .        (12) 

At the channel walls, the usual no-slip condition for flow 

and adiabatic condition for energy are used: 

0, 0,u v Adiabatic  .      (13) 

At the outlet Neumann boundary condition for field varia-

bles is employed: 
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4. Grid independency study and validation  

 

In order to obtain reliable and accurate results, it is 

imperative to choose prudently the grid number. For that 

purpose grid independence test was carried out with respect 

to average values of Nusselt numbers for both tandem cyl-

inders at Reynolds number of 10, and Richardson number 

of 0, three different meshes were generated viz. Mesh1, 

Mesh2, and Mesh3. Tab. 1 shows the meshes and corre-

sponding numbers of elements used in this study. Here CN 

is the numbers of nodes on the face of the cylinders. S = 5d.  

From Table 1 it is evident that the average Nusselt number 

of first cylinder shows variation of 0.0026%, and 0.001% 

whether the second have 0.015% and 0.010% with meshes 

Mesh1 and Mesh3. So for the present computations the grid-

independent situation was established for Mesh2 which is 

computationally economical for all different cases studied 

in this present work. All the computations are carried out in 

an Intel (R) Core (TM) 2 Duo CPU T5870 @ 2.0 GHz PC 

computer. 

 

Table 1  

Control volumes effects on fluid flow and heat transfer pa-

rameters Re = 10, Pr = 1, Ri = 0, S = 5d. 
 

Grid Elements CN Nu1 Nu2 

Mesh1 115064 200 2.26081 1.55778 

Mesh2 210372 310 2.26087     1.55794      

Mesh3 317764 400 2.26088     1.55824 

 

  The numerical solution procedure used herein has 

been validated by comparing the present values with the pre-

vious results on mixed convection heat transfer from tandem 

square cylinders. The mixed convection for fluid flow over 

two equal isothermal square cylinders placed in a tandem 

arrangement within a horizontal channel in the range of this 

condition as, 1 ≤ Re ≤ 30, for Pr = 10, and Ri = 0.25. The 

computed results are presented in Table 2. A good agree-

ment is observed between predictive results and the results 

of [9], the maximum deviation is about 2.36%. 

 

Table 2  

Comparison of Nu at different values of Re, Pr for a square 

cylinder, Ri = 0.25 
 

Re First cylinder Second cylinder  

Nu1 Nu1 [9] Nu2 Nu2 [9] 

1 1.79 1.8 1.8 1.3 

10 3.94 3.94 2.59 2.6 

30 6.37 6.4 3.78 3.83 

 

5. Results and discussion 

 

5. 1. Flow field 

 

In this part the effect of the Reynolds number, dis-

tance between the cylinders and the buoyancy strength 

(Richardson number) over the flow field which presented by 

streamlines and the flow characteristics as drag coefficient 

were investigated. Fig. 2 shows the steady streamlines for 

three different distance (S = 1.25d, 3d, and 5d) at Re = 20 

for different Ri number namely (Ri = 0, 2, and 4). Fig. 3 

illustrates the streamlines for the same distances at Ri = 2 

for different Reynolds number 10 and 40. Form Figs. 2 and 

3, it is observed that. For forced convection (Ri = 0) as 

shown in the Fig. 2, as usual the flow is found to be sym-

metric about the centreline for all distances S. Closed steady 

recirculation forms behind the obstacles, the recirculation 

length for both tandems increase with increasing the dis-

tance between the cylinders, this trend is in line with that 

seen for [3]. However, the flow field loses its symmetry 

when the thermal buoyancy is superimposed. The degree of 

asymmetry is increased with increasing in the value of Ri. It 

is also observed that the wake behind the cylinders vanished 

at all this due to the fact that as Ri increases for constant Re, 

the velocity of fluid particles behind the cylinder increases 

and moves toward the upper wall of channel. Consequently, 

the incoming flow will be accelerated underneath the con-

fined obstacles owing to the mass conservation principle.  

Furthermore, interesting observation is seen for 

this range of Ri > 1, a counter rotating region forms above 

the first cylinder. The region size increases along the 

stream-wise as well as transverse directions with Re and/ or 

Ri, this behavior can be explained as follow: above the value 
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1 of Ri, the free convection dominates over forced convec-

tion, and accordingly, most fluid flows below the cylinder. 

Hence, the mass flow rate becomes more beneath the cylin-

der than above it which reversals the flow above the first 

cylinder. Further, a second region appears over the first cyl-

inder when the distance between obstacles is increased 

and/or the Ri increases.  

Also a wake region is observed on the down wall 

of channel behind the second cylinder. This region is seen 

to be reduced in both directions by increasing the distance 

between the tandem obstacles. It is due to the thermal buoy-

ancy effect, which tows the flow toward the upper wall be-

hind the cylinders. 

 

 
 

Fig. 2 Streamlines around the cylinders at Re = 20, for at different Ri numbers and distance S (1.25d, 3d, and 5d)  

 

 
 

Fig. 3 Streamlines around the cylinders for Re = 1 and 40, at Ri = 2 for different distance S (1.25d, 3d, and 5d) 

 

One of the main parameter which effected by the 

thermal buoyancy as well as wall the distance between cyl-

inders is the drag coefficient. Wall proximity and buoyancy 

strength have different effect on the drag coefficient of the 

first and second cylinders.  Fig. 4 shows the variation of the 

drag coefficient with Reynolds number for two values of Ri 

and different distances S. from those graphs, in a whole the 

values of CD show the expected inverse dependence on Re 

for all distances. They also increase with an increase in the 

value of Ri number as shown in graph (a). Form graph (a) 

the value of the first cylinder is greater than the second for 

both values of Ri, but a different behavior is seen for the 

second cylinder when the gap between the obstacles is in-

creased as shown in the graph (b), and (c), this due to circu-

lation zones that are formed between to obstacles and make 

a negative drag coefficient for S = 3d, and 5d.  
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Fig. 4 Variation of drag coefficient with Reynolds number for Ri = 2, and 4, at different S (1.25d, 3d, 5d) 

 

5. 2. Heat transfer  

  

In this part the effect of gap distance (S), Richard-

son number (Ri), and Reynolds number (Re) on the mixed 

convection heat transfer over the cylinders is explained. Iso-

therm contours are shown in the Fig. 5. The isotherm pro-

files are the reflection of physical phenomena observed 

from the analyses of streamlines patterns. More crowding of 

temperature contours are observed near to the curved sur-

face of tandem cylinders compared to the flat surface 

 

That results in a higher value of Nusselt number on the 

curved surface. The crowding of temperature contours is 

found to be increased with increase in Ri and/or S this result 

indicates that the heat transfer is increasing with increasing 

Ri and/ or S. Also the isotherms are symmetric for Ri = 0, 

but the trend changes when the thermal buoyancy is super-

imposed. Furthermore, the thermal buoyancy influences the 

flow on the rear surface much more than that on the other 

surfaces of the cylinder. 

 
Fig. 5 Isotherms around the tandem cylinders for Ri = 0, and 2 at Re = 20 for the distance S = 1.25d, 3d, and 5d 

 

 
 

Fig. 6 Average Nusselt number of the tandem cylinders for different Reynolds numbers and Ri at S = 1.25d, 3d, 5d  

 

Fig. 6 presents the variation of average Nusselt 

number with Reynolds number for different Richardson  

Ri = 2 and 4 number at different value of S (gap between 

cylinder). As shown in Fig. 6, the average Nusselt number 

increases as usual with the Reynolds number for all dis-

tances due to the gradual thinning of the boundary layers 

with increasing Re. For S = 1.25d graph (a), it is observed 

that increase Ri from 2 to 4 increases the heat transfer rate 

for both cylinders for all value of Re number exception the 

first cylinder in the range 5 to 20 of Re, and this trend is seen 

for all gap distances S = 3d, and 5d this due to the recircula-

tion zone that is appeared over the first cylinder. However, 

form the graph (a) the value of Nusselt number of the first 

cylinder is greater than the second for both value of Ri, but 

this behavior changes when the distance between the tan-

dem obstacles increases, as shown in the graph (b), and (c). 

Moreover, an intersecting variation of Nu number is seen 

respect to gap distance, form all graphs (a), (b), and (c) it is 

depicted that in whole Nu increases slightly from S = 1.25d 
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to 3d and then again decreases to S = 5d, surely that is due 

to appearance of wakes around the tandem cylinders. 

 

6. Conclusions 

 

 The effect of mixed convection heat transfer of two 

isothermal tandem circular cylinders on the fluid flow and 

heat transfer for different gap spacing and buoyancy 

strength is investigated numerically in a horizontal plane 

channel. The main results are summarized as follow: 

 A counter rotating region appears over the first cyl-

inder and it increases by increasing Ri and/or Re. 

 A second region appears also when the distance be-

tween the cylinders is increased.  

 A wake zone forms behind the second cylinder and 

it is found to be decreased with increasing S. 

 The total drag coefficient for the first cylinder is 

greater than the second for S = 1.25d, but this behav-

ior changes for S = 3d and 5d. 

 The isotherm contours reflect the same physical be-

havior seen from the streamlines pattern. 

 The average Nusselt number increases with Re and/ 

or Ri for both cylinders for all gap distances excep-

tion for the first cylinder in the range of Re = 5 – 20. 

 The average Nusselt increases for S = 1.25d to 3d 

than again decreases for S = 5d.   

 The thermal buoyancy suppresses the recirculation 

zones behind the tandem cylinders. 

 The thermal buoyancy has tendency to increase the 

drag force coefficient and the average Nusselt num-

ber of the second cylinder more than the first.    

 The gap space has difference effect under aiding 

thermal buoyancy on the first and second cylinder. 
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H. Laidoudi, M. Bouzit 

MIXED CONVECTION HEAT TRANSFER FROM 

CONFINED TANDEM CIRCULAR CYLINDERS IN 

CROSS-FLOW AT LOW REYNOLDS NUMBER  

S u m m a r y 

Numerical simulations of mixed convective in-

compressible flow in a horizontal plane channel with adia-

batic walls over two isothermal tandem circular cylinders of 

equal size are presented to investigate the effect of wall 

proximity of obstacles, gap space (i. e. gap between two cyl-

inders), Reynolds number, and Richardson number. Com-

putations have been carried out by using package ANSYS-

CFX to solve the governing equations, for Reynolds num-

bers of 5 to 40, and Richardson number of 0 to 4. Results 

show that, gap space has different effect under aiding ther-

mal buoyancy on first and second cylinder in fluid charac-

teristics as well as heat transfer effect. 

             

Keywords: Steady flow, Thermal buoyancy, Flow suppres-

sion, Nusselt number Heat transfer, two tandem circular cyl-

inder, total drag coefficient.  
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