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Nomenclature 
 
A - channel cross-sectional area, m2; a - interfacial area 
concentration, m-1; CD - drag coefficient; D - diameter, m;  
f - friction coefficient; G - mass flux, kg/m2s; g - gravita-
tional constant, m/s2; h - specific enthalpy, J/kg; hfg - latent 
heat of vaporization, J/kg; k - thermal conductivity, 
W/(mK); l - length, m; M - source terms in balance equa-
tions; m - mass, kg; P - pressure, Pa; Δp - pressure drop, 
Pa; Pr - Prandtl number (Pr = μCP/k); Q - volumetric flow 
rate, m3/s; qV - volumetric heat flux, W/m3; Re - Reynolds 
number (Re = ρUl/μ); S - perimeter, m; T - temperature, K;  
t - time, s; u - velocity, m/s; x - coordinate, m; Wd - deposi-
tion rate of entrained droplets, kg/m2s; We - droplets en-
trainment rate, kg/m2s; We - Weber number. 
Greek symbols 
Γ - evaporation/condensation rate, kg/m3s; α - volume frac-
tion; δ - liquid film thickness, m; θ - angle of tube inclina-
tion, rad; μ - dynamic viscosity, kg/ms; ν - kinematic vis-
cosity, m2/s; ρ - density, kg/m3; σ - surface tension, N/m;  
τ - shear stress, N/m2; τe - evaporation relaxation time, s;  
τc - condensation relaxation time, s. 
Subscripts
D – droplet, h - hydraulic parameter, k - phase indicator, 0 
- initial conditions, 1 – gas, 2 - liquid film, 3 - entrained 
droplets, W - wall. 
 
1. Introduction 
 

Steam condensation inside vertical tubes is ap-
plied in various heat exchangers in power and chemical 
industry. For instance, an important task in the design of an 
air heater is to predict the pressure change along the 
downward flow of condensing steam inside the tube. This 
pressure change determines the pressure of condensate at 
the condensing tube outlet and the pressure drop that must 
be provided in order to remove the drained condensate 
from the outlet header to the condensate line for its re-
moval.  

For condensation inside vertical or near vertical 
tubes, annular flow is the dominant flow regime. To ana-
lyze this condensation mechanistic (phenomenological) 
models have often been used. One of these phenomeno-
logical models is the two-fluid model, in which the liquid 
film flowing adjacent to the wall and the gas phase flowing 
in the tube cross-section core comprise the two fluids. 
However, the two-fluid model is not complete because it is 
reported that in condensation the droplets entrain from the 
liquid film to the gas core and deposit from the gas core to 
the liquid film [1]. Thus, there is another fluid flowing 

inside the gas core, which is due to the entrained droplets 
(or the dispersed phase). This introduces the three-fluid 
model, which comprises the gas phase in the tube cross-
section core (k = 1), the liquid film flowing adjacent to the 
wall (k = 2) and the entrained droplets (dispersed phase, 
k = 3) flowing inside the gas phase (or vapor core). The 
three-fluid model functions reasonably well for condensa-
tion inside vertical tubes. 

To attain such goal, the conservation equations of 
mass, momentum and energy are written for each fluid 
(with the index k), then steady one-dimensional conditions 
are considered (the one-dimension is along the tube length 
or along the condensation direction). Apart from nine con-
servation equations (mass, momentum and energy equa-
tions for k = 1, 2, 3), another equation is obtained from the 
fact that the sum of the volume fractions of the three fluids 
must be unity. These ten equations are used to obtain ten 
unknowns (ten state variables). In the conservation equa-
tions, the interfacial transfer phenomena between the fluid 
pairs that are in contact and also between the liquid film 
and wall are calculated by suitable closure relations.  

The conservation equations along with volume 
fraction equation are changed, by some arithmetic opera-
tions, to ten first-order ordinary differential equations 
(ODEs) which give the derivatives of ten variables (pa-
rameters or state variables). These ten ODEs comprise a 
system of ODEs which should be solved together as they 
are coupled. When dealing with condensation, the ODE 
system is stiff. It means that while one of the state vari-
ables has a very limited range of variation (for example α), 
there is another state variable which varies in a large range 
(for example p) and so stiff ODE solvers should be used. 
Here for the solution of system of stiff ODEs, MATLAB 
stiff ODE solvers, namely ode23s and ode15s have been 
used. In the numerical procedure, the initial conditions are 
flow parameters at the inlet of the condensing tube (de-
pendent variables hk,0 , αk,0, uk,0, p0).  

The problem is that a downward flowing pure and 
saturated water vapor (steam) enters to a vertical tube with 
known initial conditions and condensation of the steam 
happens inside the vertical tube (Fig. 1). The flow regime 
is annular and entrainment and deposition are not negligi-
ble. Then a three-fluid model is developed to predict the 
pressure changes in the tube. Use of the previous correla-
tions for the steam-liquid film interfacial friction shows 
discrepancies between calculated and measured (experi-
mental) pressure changes. Although the correlation of Ste-
vanovic et al. [2] provides good agreement, it has some 
deficiencies. One of these deficiencies corrected in this 
paper is introduction of the friction stress between en-
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trained droplets and liquid film. Calculated pressure 
changes provide even much better agreement by taking the 
above correction into account. 

 

 
 

Fig. 1 Fluid streams in condensing vertical tube [2] 
 
2. Modeling approach 
 
2.1. Governing equations 

The     three-fluid   model  conservation equations  

have the following general form for steady one-
dimensional flow conditions [1, 2] 
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where M represents mass, momentum and energy source 
terms as presented below, and index k = 1 denotes gas 
phase, k = 2 liquid film and k = 3 entrained droplets. The 
volume balance is added as 
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(This means that the sum of volume fractions of the fluids 
must be unity). The above system of conservation equa-
tions is transformed into a form suitable for the numerical 
integration as follows [2] 
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The final set of balance equations are equations 
(5) - (8). These equations are implemented in the 

MATLAB code in the order of (5), (8), (7) and (6) and 
solved as an initial value problem where the initial condi-
tions are the parameters values at tube inlet.  

The source terms in conservation equations are as 
follows [2, 3]: 
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Momentum balance source terms: 
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Energy balance source terms: 
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2.2. Constitutive equations and comments 

The deposition rate Wd, is calculated at each posi-
tion from the relationship d dW k C= .  and C are esti-
mated from the following correlation (Sugawara correla-
tion [3]) 
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The entrainment rate We, is estimated from the 
following correlation (Sugawara correlation [3]) 
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The shear stress between the wall and liquid film 
is defined as 
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where the liquid film-wall interfacial friction coefficient 
and the liquid film Reynolds number are  
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for turbulent flow (Blasius correlation, [4, 5]), C = 0.079, 
n = 0.25, Re2 > 1600, and for laminar flow, C = 16, n = 1, 
Re2 ≤ 1600.   

The liquid film - gas phase shear stress is defined 
as 
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Correlations for gas phase-liquid film interfacial 
friction coefficient are as follows: 

Modified Wallis correlation [6] 
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Alipchenkov et al. correlation [7] 
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where Re1 is defined as in case of Wallis correlation. 
Levitan correlation [8] 
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Stevanovic et al. correlation [2] 
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The gas phase- droplets shear stress is defined as 
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where the drag coefficient is (Clift et al. [9]) 
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The mean droplet diameter is determined by criti-
cal Weber number [10] 
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Evaporation and condensation rate. To the calcu-
lation of the evaporation rate the nonequilibrium relaxation 
method is used, whereby it is assumed that during flashing 
(pressure undershoots) the volumetric evaporation rate 
follows [11, 12]: 
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Condensation rate 
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where 10.99(1 ) 1e cτ τ α= = − − +  are phase change relaxa-
tion times and also we have ( )fgr h p= , 
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Interfacial area concentrations are calculated be-

tween liquid film-wall, liquid film-gas and droplets-gas 
[13]. 

The tube flow cross section is 2 4A Dπ=  and 
the liquid film-wall perimeter and the liquid film-gas phase 
perimeter are 
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Droplets-gas interfacial area concentration is 
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where DD  is the droplet mean diameter. 
The mean liquid film thickness is  
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Friction stress of droplets with liquid film. The 
correction considered in this paper for the three-fluid 
model prediction of pressure changes in condensing verti-
cal tubes assuming annular flow is the introduction of the 
friction stress between droplets and liquid film. The model 
attained is named the modified three-fluid model, which is 
in fact the correlation of Stevanovic et al. for gas phase-
liquid film interfacial friction coefficient with correction - 
friction stress of droplets with film. To evaluate the friction 
stress of the droplets with the film, τ23, we can invoke the 

correlation between the intensities of turbulent fluctuations 
of the velocities of the dispersed (droplets) and carrier (liq-
uid film) phases in the approximation of homogeneous 
turbulence [14] 
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where 2v′  and 2u′  are the intensities of velocity fluc-

tuations of the dispersed and carrier phases, uf  is the coef-
ficient of response of the particles to the turbulent velocity 
fluctuations of the carrier phase and TLp is the time of in-
teraction between the particles and the energy-containing 
eddies. The above equation is used to derive the following 
formula for the droplets-film friction stress 
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The eddy-droplet interaction time is determined 
by the following approximations [15] 
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here /u ESt Tτ≡  is the Stokes number that quantifies the 
droplet inertia and thereby measures the degree of coupling 
between the gas and dispersed phases, LT  is Lagrangian 
integral time scale of turbulence, ET  is Eulerian time mac-
roscale of turbulence in the moving coordinate system, 

1 2 1/u u uγ ∗= −  is the drift parameter, and 1 12 /u 1τ ρ∗ =  
is the friction velocity. As it follows from (35), for inertia-
less particles ( 0)St = , = γ LpT  coincides with the Lagran-
gian time scale LT . In the absence of the mean drift (γ = 0), 

LpT  monotonically increases with increasing St from the 
Lagrangian time scale LT  for St = 0 to the Eulerian macro-
scale for St = 1. As the drift parameter γ increases, LpT  
decreases monotonically. The time scales of turbulence 
averaged over the channel cross-section are taken as 

,13 10.04 /L hT D u ∗=  and ,13 10.1 /E hT D u ∗= , where 

,13 21hD D α= −  is the equivalent diameter of the gas-
dispersed core. uτ  is the dynamic response time of a drop-

let and is given as 3 1

1 1 3

4( )
3

vm D
u

D

C D
C u u

ρ ρ
τ

ρ
+

=
−

, here CD is the 

droplet drag coefficient (determined in τ13), Cvm = 0.5 is the 
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virtual mass coefficient and DD is the droplet mean diame-
ter. 

Virtual Mass Force. The virtual mass force occurs 
only when one of the phases accelerates with respect to the 
other phase. It results from the fact that the motion of the 
discontinuous phase results in the acceleration of the con-
tinuous phase as well. In terms of magnitude, the virtual 
mass force is significant only if the gas phase is dispersed, 
and only in rather extreme flow acceleration conditions 
(e.g., choked flow) [1]. 

In condensing vertical tubes, the virtual mass 
force is in fact a measure of the influence of the velocity of 
the entrained droplets on the velocity of the gas phase. 
Here the gas phase flow is continuous and the flow of the 
entrained droplets is dispersed, and therefore the magni-
tude of the virtual mass force is not significant, and so it is 
not considered.  
 
3. Results and discussion 
 

The experimental data are obtained from Kreydin 
et al. [16]. The tube diameter is 0.0132 m and the tube 
length is 2.93 m. Total pressure changes in condensing 
annular flow are shown in terms of the total mass flux (or 
steam inlet mass flux, G). The range of changes of G is 
from 0 to 500 kg/m2s and in the written code in MATLAB, 
the values of 0, 50, 100, 150, 200, 300, 400 and 500 
kg/m2s are implemented. The cooling heat flux applied to 
the tube wall for condensing the steam is uniform (con-
stant) along the tube length. In the cases of mass fluxes of 
300 kg/m2s and 500 kg/m2s, the condensing heat fluxes are 
-68 W/cm2 and -112 W/cm2 respectively. The condensation 
of steam takes place inside the tube, i.e., pure saturated 
steam enters the tube and sub-cooled water (and saturated 
steam) exits the tube. Therefore, as the tube length is con-
stant, the mass flux is proportional to the condensing heat 
flux, i.e., the higher mass fluxes mean the higher conden-
sing heat fluxes.  

In the present study, the calculated (by three-fluid 
model) and measured (experiments by Kreydin et al. [16]) 
total pressure changes (differences between outlet and inlet 
pressures) are plotted against the total mass fluxes (steam 
inlet mass fluxes) for different steam-liquid film interfacial 
friction correlations and the steam inlet pressure of 
1.08 MPa in Fig. 2. As it can be seen, the modified three-
fluid model (correlation of Stevanovic et al. [2] with pro-
posed correction - introduction of shear stress of droplets 
with liquid film) provides much better agreement with the 
experimental data of Kreydin et al. [16]. The average value 
of absolute error for the predictions of the modified three-
fluid model is 0.0678 kPa while the average value of abso-
lute error for the predictions of the Stevanovic et al. corre-
lation is 0.1429 kPa. Also the relative difference of the 
results of the modified three-fluid model with experimental 
data is 20% and the relative difference of the data of Ste-
vanovic et al. correlation with experimental results is 50%. 
Therefore, the agreement of the results of the modified 
three-fluid model with experimental data is 30% better 
than the agreement of the results of Stevanovic et al. corre-
lation with experimental data. It should be noted that the 
main difference between the modified three-fluid model 
and Stevanovic et al. correlation is in the region with total 
mass fluxes higher than approximately 120 kg/m2s, where 
the modified three-fluid model predicts higher total pres-

sure changes than Stevanovic et al. correlation (there is no 
experimental data of Kreydin et al. [16] for this region). 

In this paper, the modified three-fluid model pre-
dictions are compared only with predictions of Stevanovic 
et al. correlation because among the available correlations 
(modified Wallis correlation, Alipchenkov et al. correla-
tion, Levitan correlation and Stevanovic et al. correlation), 
the predictions of Stevanovic et al. correlation provide bet-
ter agreement with Kreydin et al. [16] experimental data. 

According to Fig. 2, when the total mass flux 
(inlet mass flux) is lower than 60 kg/m2s (i.e. the total mass 
flux is in low mass flux limit), the pressure change is posi-
tive, and when the total mass flux increases (such that the 
mass fluxes do not go beyond the ranges of the low mass 
flux limit), this positive pressure change increases. When 
the total mass flux (inlet mass flux) is higher than 
100 kg/m2s (i.e. the total mass flux is in high mass flux 
limit), the pressure change is negative, and also when the 
total mass flux increases, this negative pressure change 
increases (the positive pressure drop increases). 
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Fig. 2 The modified three-fluid model predictions (Ste-

vanovic et al. correlation with correction) compared 
with measured data (by Kreydin et al. [16]) 

If three momentum conservation equations are 
written and summed up for the three fluids, we have [2] 
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where the two-phase flow density is 
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It means that the total pressure gradient is com-
posed of three terms, namely, frictional, gravitational and 
acceleration pressure gradients. The first term on the right-
hand side of Eq. (36) represents the frictional pressure drop 
(i.e. the liquid film friction on the wall), the second term 
represents the gravitational pressure change (for the 
downward condensing flow in vertical tube the inclination 
angle is / 2θ π= − ), and the third term represents the ac-
celeration pressure change (the pressure change due to the 
acceleration or deceleration of the flow in the tube).  

The calculated total pressure change and its three 
terms, frictional, gravitational and acceleration pressure 
changes are also plotted against the total mass flux for 
steam inlet pressure of 1.08 MPa in Fig. 3. It can be seen 
that for lower mass fluxes (lower than 60 kg/m2s) the 
gravitational  pressure  change  is dominant, and as a result 
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Fig. 3 The modified three-fluid model predictions (Ste-

vanovic et al. correlation with correction) compared 
with measured data (by Kreydin et al. [16]) along 
with pressure change terms 

of that the pressure increases from the tube inlet to outlet 
(the gravitational pressure change term, for a down-ward 
condensing flow in vertical tube, will be 

( )gp g sin L gLΔ ρ θ ρ= − =  in the total pressure change 
and therefore it results in the increase of total pressure 
change), which gives the reason for the total pressure 
change being positive in Fig. 2 in the low mass flux limit. 
For higher mass fluxes (higher than 100 kg/m2s) the fric-
tional pressure change is dominant, and consequently the 
pressure decreases from the tube inlet to outlet (the value 
of the frictional pressure change term is 

( )2 2 0g W Wp a LΔ τ= − ≤  in the total pressure change, and 
therefore it results in the decrease of total pressure 
change), which gives the reason for total pressure change 
being negative in Fig. 2 in the high mass flux limit.  

In condensing vertical tubes, there should be 
enough pressure drops in order to remove the condensate 
from the tube outlet. Therefore, the aim is to have a nega-
tive pressure change (or a positive pressure drop). With the 
help of Figs. 2 and 3, we can figure out the range of the 
total mass flux for which the pressure change is negative 
(or the pressure drop is positive), and therefore choose a 
value of the mass flux for the vertical condensing tube for 
which there is a negative pressure change. In fact, in the 
industrial applications of the vertical condensing tubes, 
which are the various heat exchangers in power and 
chemical industry such as air heaters in steam boilers, air-
cooled condensers, and steam condensers within the pas-
sive systems of nuclear power plants, we need an inlet 
mass flux for a specified value of the total pressure drop. 
Figs. 2 and 3 can help to obtain the values of inlet mass 
fluxes with the modified three-fluid model giving the best 
results.    

 
4. Conclusions 
 

The pressure changes of condensing annular flow 
in vertical tube have been predicted using three-fluid 
model. Use of the previous correlations for the steam-
liquid film interfacial friction shows discrepancies between 
calculated and measured pressure changes. Although the 
correlation of Stevanovic et al. [2] provides good agree-
ment, it has some deficiencies. One of these deficiencies 
corrected in this paper is the introduction of the friction 
stress between entrained droplets and liquid film. In this 
study, the calculated pressure changes provide even much 

better agreement by taking the above correction into ac-
count such that the agreement of the predictions of the 
modified three-fluid model with measured data is 30% 
better than the agreement of the predictions of Stevanovic 
et al. correlation with measured data. 

The conservation equations are written for each 
fluid and then steady one-dimensional conditions are con-
sidered. Apart from nine conservation equations (mass, 
momentum and energy equations for k = 1, 2, 3), another 
equation (volume fraction equation) is also obtained. These 
ten equations are used to obtain ten state variables. In the 
conservation equations, the interfacial transfer phenomena 
are calculated by suitable closure relations.  

The conservation equations along with volume 
fraction equation are changed by some arithmetic opera-
tions to ten first-order ODEs which give the derivatives of 
ten state variables. These ten ODEs comprise a system of 
stiff ODEs which should be solved together as they are 
coupled. Here for the solution of the system of stiff ODEs 
MATLAB stiff ODE solvers, namely ode23s and ode15s, 
are used. The results obtained are as follows. 

1. The modified three-fluid model (Stevanovic et 
al. correlation with correction - introduction of friction 
stress of droplets with liquid film) provides much better 
agreement with measured data compared with other corre-
lations. The main difference between the modified three-
fluid model and Stevanovic et al. correlation is in the re-
gion with total mass fluxes higher than 120 kg/m2s, where 
the modified three-fluid model predicts higher total pres-
sure changes than Stevanovic et al. correlation. 

2. When the total mass flux is in low mass flux 
limit, the pressure change is positive, and when the mass 
flux increases, this positive pressure change increases. 
When the total mass flux is in high mass flux limit, the 
pressure change is negative, and when the total mass flux 
increases, this negative pressure change increases. 

3. For lower mass fluxes (lower than 60 kg/m2s) 
the gravitational pressure change is dominant, and as a 
result of that the pressure increases from the tube inlet to 
outlet. For higher mass fluxes (higher than 100 kg/m2s) the 
frictional pressure change is dominant, and consequently 
the pressure decreases from the tube inlet to outlet.  

4. For the applications of the vertical condensing 
tubes in industry, the inlet mass flux is needed for a speci-
fied value of the total pressure change, for which the modi-
fied three-fluid model can be used giving the best results.  
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LAŠELIŲ IR PLĖVELĖS TARPUSAVIO TRINTIES 
ĮTEMPIŲ EFEKTAS PROGNOZUOJANT SLĖGIO 
POKYČIUS KONDENSACINIUOSE VAMZDŽIUOSE 

R ė z i u m ė 

Slėgio pokyčiai esant kondensaciniam apskritimi-
niam tekėjimui vertikaliuose vamzdžiuose gali būti prog-
nozuojami naudojant Stevanovičiaus ir kitų trijų skysčių 
modelį. Garo ir skysčio plėvelės paviršių tarpusavio trin-
čiai nustatyti naudojant ankstesnes koreliacijas apskaičiuo-
to ir išmatuoto (eksperimentinio) slėgio pokyčiai nesutapo. 
Nors Stevanovičiaus ir kitų siūloma koreliacija gerai su-
tampa, ji turi ir trūkumų. Vienam iš trūkumų pašalinti šia-
me darbe yra panaudoti trinties įtempiai tarp apkrautų laše-
lių (dispersijos fazė) ir skysčio plėvelės. Įvertinus šią ko-
rekciją apskaičiuoti slėgio pokyčiai geriau sutampa su iš-
matuotais. Buvo analizuota frikcinių, gravitacinių ir slėgio 
pokyčių pagreičio įtaka bendram slėgio pokyčiui. Taip pat 
buvo nustatytas lašelių apkrovimas ir nusėdimas. 

H. Saffari, N. Dalir 

EFFECT OF FRICTION STRESS OF DROPLETS WITH 
FILM ON PREDICTION OF PRESSURE CHANGES IN 
CONDENSING TUBES 

S u m m a r y 

The pressure changes of condensing annular flow 
in vertical tubes have been predicted using three-fluid 
model. Use of the previous correlations for the steam-
liquid film interfacial friction shows discrepancies between 
calculated and measured (experimental) pressure changes. 
Although the correlation of Stevanovic et al. provides good 
agreement, it has some deficiencies. One of these deficien-
cies corrected in this paper is introduction of the friction 
stress between entrained droplets (dispersed phase) and 
liquid film. Calculated pressure changes provide even 
much better agreement with measured data by taking the 
above correction into account such that the agreement of 
the predictions of the modified three-fluid model with ex-
perimental data is 30% better than the agreement of the 
predictions of Stevanovic et al. correlation with experi-
mental data. The influence of frictional, gravitational and 
acceleration pressure changes on total pressure change has 
been analyzed. The entrainment and deposition of droplets 
has also been considered. 

Х. Саффари, Н. Далир 

ЭФФЕКТ НАПРЯЖЕНИЙ ТРЕНИЯ МЕЖДУ 
КАПЛЯМИ И ПЛЕНКОЙ ПРИ ПРОГНОЗИРОВАНИИ 
ИЗМЕНЕНИЙ ДАВЛЕНИЯ В 
КОНДЕНСАЦИОННЫХ ТРУБАХ 

Р е з ю м е 

Изменения давления при конденсационном 
круговом течении в вертикальных трубах прогнозиро-
вались при помощи модели жидкостей Стевановича и 
трех других. При использовании прежних корреляций 
для определения междуповерхностного трения пара и 
пленки жидкости получено несоответствие между рас-
четном и измеренном (экспериментальном) изменени-
ях давления. Хотя предлагаемая Стевановичем и дру-
гими корреляция дает хорошое соответствие, оно име-
ет и несколько недостатков. Для устранения одного из 
недостатков в этой работе использованы напряжения 
трения между нагруженными каплями (фаза диспер-
сии) и пленкой жидкости. После применения этой кор-
рекции расчетное изменение давления дает значитель-
но лучшее соответствие. Рассмотрено влияние фрик-
ционных, гидравлических изменений и изменения ус-
корения давления на общее изменение давления. Так-
же было определена нагрузка и осадка капель. 
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