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1. Introduction

With the development of big cities, traffic conges-
tion caused by vehicles has become a negative factor that
impacts people's quality of life [1].To reduce traffic con-
gestion, urban monorail vehicles especially straddle mono-

rail vehicles have gained the attention of many researchers.

The travelling system of a straddle-type monorail vehicle
consists of the running tires, the guide tires and the bogies.
A tubeless radial tire filled with nitrogen is used as the
running tire. The performance of tyre has influences on
dynamics of straddle-type monorail vehicles as well as the
service life of tyres [2]. It is urgent to perfect theories and
methods for selection of the surface roughness parameter
of tread interaction as well as loads of tyres. As a result,
the research on the contact stiffness of the tread interaction
roughness surface of straddle-type monorail vehicles plays
theoretical and practical roles. However, there is no suffi-
cient theoretical support for the normal contact stiffness of
straddle-type monorail vehicles tread interaction.

The contact parameter on the junction surface, es-
pecially the contact stiffness, has been a hot spot for relat-
ed investigations in recent years at home and abroad. R.
Buczkowski etc. used the fractal theory based on a single
variable Weierstrass—Mandelbrot function to obtain the
normal contact stiffness, taking into account the actual
deformation of asperities and a correction [3].The refer-
ence [4] described a theoretical model that predicted the
interfacial contact stiffness of fractal rough surfaces by
considering the effects of elastic and plastic deformations
of the fractal asperities. The fractal character of the stone
surfaces was established to account for the contribution to
rubber friction of stone roughness at different length scales
and show that this method can be used to quantify the fric-
tion coefficient of sliding rubber as a function of surface
roughness, load, and speed [5].P. Liu etc. proposed a modi-
fied fractal model for normal contact stiffness considering
friction by the simulation [6]. The effects of surface
roughness and fractality on the normal contact stiffness
were experimentally demonstrated for various rough sur-
faces [7]. The sphere- and cylinder-based fractal bodies in
contact with a smooth and rigid flat surface was discussed
[8]and A revised elastic—plastic contact model of a single
fractal asperity was also proposed [9]. The fractal model to
calculate normal contact stiffness (NCS) for spheroidal
contact bodies considering friction factor in order to calcu-

late NCS was discussed [10]. J. Liao etc. proposed a meth-
od to identify the contact behaviors of shrink-fit tool-
holder joint and the contact stiffness model for the joint
was established based on fractal geometry theory [11]. The
above literatures involve in the three-dimensional analogue
simulation software and the other one is parameter estima-
tion based on the fractal theory. However, the methods
have the following disadvantages: firstly, they lay empha-
sis on contact substance homogeneity, but not heterogenei-
ty. Secondly, they mainly take contact between metals as
the research object, but not between metal and nonmetal as
well as between nonmetals. The contact parameter between
tire and rail surface is a new field.

In addition, some other scholars have researched
the contact stiffness between tires and tracks. D. Wang, A
etc. [12] reported on an extensive study of the perpendicu-
lar stiffness between a rubber block and different road sur-
face, and obtain good correlation between measured and
calculated stiffness values by the theory—the elastic con-
tact stiffness of a junction was determined by the surface
roughness power spectrum of the surfaces. The dynamic
behavior of straddle-type monorail tracks were discussed
through wheel-track contact [13, 14]. But there is little
discussion about contact stiffness between tire and rail.

In general, there are two main research methods
for contact stiffness of junction surfaces: the first one is the
three-dimensional analogue simulation software and the
second one is the parameter estimation based on the fractal
theory. However, the methods have the following disad-
vantages: Firstly, the emphasis is often laid on contact sub-
stance homogeneity, but not heterogeneity. Secondly, con-
tact between metals is often taken as the research objective,
but not between metal and nonmetal as well as between
nonmetals. Considering that it is difficult to process sur-
faces with specific fractal parameters and there is no uni-
form methods utilized for the actual surface fractal pa-
rameters, the simulation or non-experimental verification is
often adopted in practice; i.e., too much attention is paid to
theory but not experiment. Therefore, related research
works have been developed [7]. However, the lack of ef-
fective verification is still the barrier for the integration
between theory and practice in researches on contact stiff-
ness, and less breakthrough or progress has been made so
far.

Therefore, analysis on normal contact stiffness on
junction surfaces between tyres and tracks of straddle-type
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monorail vehicles is conducted macroscopically and mi-
croscopically. There are two achievements: 1.an innovative
model for the normal stiffness of tread interaction is pro-
posed. The establishment of the model provides theoretical
basis for the tire-track contact dynamics. 2. the model mac-
roscopically in ways of simulation is verified by physical
experiments.

This article is organized as follows: In the first
part, the rubber tread interaction normal stiffness model is
established based on the fractal theory and the Hertz con-
tact theory; In the second part, the influences on the normal
contact stiffness of various factors of the system are com-
prehensively analyzed, including the shape of tire surface,
the material of tyres and loads; Last but not least, experi-
mental analysis is conducted with numerical simulation
and physical experiments.

2. Fractal model of the contact stiffness on the tread
interaction surface

The tread interaction surface is rough in micro-
scale, and the surface profile curve of the face has self-
affinity fractal feature on statistics, which is irrelevant to
scales[12]. Based on the following assumption that the
microstructure on the rough surface has isotropy; the inter-
action between various micro-bulges on the rough surface
can be ignored. The junction surface is actually composed
by two rough surfaces, which can be regarded as a sphere
for any micro-bulge.

Majumdar and Bhushan proposed elastic-
plasticity M-B fractal contact model based on W-M fractal
function. According to the literature [15, 16], in the
amended M-B fractal contact model, in condition of con-
tact between the fractal rough surface and the ideal stiff-
ness plane, the contact distribution function of the micro-
bulge is listed as follows:
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In which, D is the fractal dimension, and v is the
expanding coefficient of the fractal region; A is the contact
area of the micro-bulge; A is the maximum contact area of
the single-point micro-bulge; Ar is the actual contact area
of the contact surface.

According to the Hertz contact theory, J, the crit-
ical point deformation of the elastic deformation of the
micro-bulge can be expressed as follows:
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In which, Py, is the maximum contact pressure of
the material, and E is the composite elastic modulus.G is a
scale factor.
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In which, E1, E> and w1, u» are elastic modulus and
poisson ratio of materials of the two contact surfaces.
Solve Egs. (2) and (3) together, to acquire A, the contact
area in the critical state:
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According to the definition of stiffness [17]:
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The overall junction surface contact stiffness is il-
lustrated as follows:
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Conduct non-dimensionalization to Eg. (7), to ac-
quire the dimensionless normal contact stiffness:
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A, is the nominal contact area; A is the dimensionless

Ky =K,/ENT A =A/A A =

actual contact area; A, is the actual contact area; A, is the

dimensionless critical contact area.

Eq. (8) includes various factors such as the fractal
dimension D of the microstructure of the tread interaction
surface, the fractal scale parameter G™ and the macroscopic
size factor Ar.

According to the literature [11], the relationship
between A, the sectional area of the elastic contact point,
and pe, the normal elastic contact load, is:
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The relationship between Ay, the upper disconnec-
tion area of the plastic contact point, and p,, the normal
plastic contact load, is in the reference [6]:

1
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in which: k =H /o, and H is the stiffness of the softer
material, and o is the yield strength of the softer material.

Therefore, the relationship between the total nor-
mal load P and the actual contact area on the junction sur-
face is:

in which: P" is the load after dimensional normalization,
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and P :E; G is the characteristic scale coefficient

after dimensional normalization, and G~ = ; W is the
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characteristic parameterof the contact body material, and
¢:%g2(D); g, D is the function related to fractal
dimension, with the following calculation formula:
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2. If A < A, the contact points are at plastic contact,
the total load in this condition is:

(13)

P" =kgA . (14)

3.Prediction on fractal model of tire contact stiffness

The fractal model of tire contact stiffness is estab-
lished based on the Egs. (8)-(14), and the relationship be-

tween the normal contact stiffness K and the load P” is

established according to the actual contact area A on the
junction surface, to conduct numerical simulation to the
relationship with the normal contact stiffness K, .

The relationship between normal contact stiffness
K. and load P is illustrated in Fig.1. According to Fig.1:

1. There is an almost linear relationship between
normal contact stiffness and load. The normal contact load
increases with the growth of the load. Because the actual
normal plastic contact area increases with the surface load,;
i.e., the actual contact area of the micro-bulge increases,
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After the introduction of the amendment, the rela-
tionship between the normal load and the contact area on
the junction surface is listed as follows:

1. If A > A, and there is elastic deformation on the
contact point.The dimensionless total normal load on the
junction surface [11] is:
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which increases the normal load ability. It increases the
contact stiffness on the junction surface. 2. Larger fractal
dimension leads to larger normal stiffness under the same

load. It is because that the critical contact area A, decrease,
the dimensional contact point in the elastic contact increase
which the real contact area A, increase.
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Fig. 1 Relationship curve between normal contact stiffness
and load

If the load P* =1x10", relationship curves be-
tween K, and D under different G~ is illustrated in Fig .2.

According to Fig.2: In condition of fixed load P* and
characteristic scale G*, the contact stiffness on the junction
surface increases with the growth of the fractal dimension.
When the surface shape is close to a plane, i.e., D=2, the
contact stiffness decreases. Therefore, there is an optimal
value for the fractal dimension, which achieves the maxi-
mum tire normal stiffness.



9000

-1
= G*=10
mO 8000
S eg=i0l0
7000 -

X —aG*=10"
& 6000 |

c

£

= 5000

=

w

S 4000 |

(3]

g

&

38 3000 -

S

e 2000

S

> 1000 |

O b -

1.2 1.3 1.4 15 1.6 1.7 1.8 1.9 2.0 2.1
Fractal demension D

Fig. 2 Relationship between normal contact stiffness and
fractal dimension

If the load is taken as P" =1x107, the changing

curve of Kn* with G™ under different D values can be ac-
quired, as shown in Fig.3.
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Fig. 3 Relationship between normal contact stiffness and
characteristic scale coefficient

The relationship between normal contact stiffness

Kn* and characteristic scale coefficient G is illustrated in
Fig .3. As shown in Fig .3:

1. for the same fractal dimension D, the normal
contact stiffness K,  decreases with the growth in charac-
teristic scale coefficient. Higher G™ indicates higher sur-
face roughness, and the plastic contact point and the actual
contact area A~ are reduced. It leads to the junction sur-

faces stiffness Kn* decrease. According to Fig .3, the re-

duced roughness helps for the improvement on the normal
stiffness of tire contact.

2.for the same characteristic scale coefficient,
larger fractal dimension lead to larger normal stiff-

ness K, .Larger fractal dimension increases normal contact
stiffness.
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Fig. 4 Relationship between normal contact stiffness and
material coefficient

If D=1.45 and k=1, the normal contact stiffness
K,  with different ¢ is illustrated in Fig.4. According to
Fig .4:

1. The normal contact stiffness K, increases

with the growth of load. This is consistent with the refer-
ence [6].

2.Under the same load, larger y indicates larger
normal stiffness. Because larger y value indicates larger
yield strength or smaller comprehensive elastic modulus of
the material. It leads to stiffness on the junction surface
increased.
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Fig. 5 Relationship between normal stiffness and actual
contact area

The relationship between normal stiffness K,
and actual contact area A, is illustrated in Fig.5. According

to Fig .5:

1. The normal contact stiffness increases with the
contact area. Because larger actual contact area indicates
larger elastic contact deformation ratio and stronger elastic
deformation ability stored on the contact surface. It leads
to larger stiffness.

2. Under the same actual contact area, the normal
stiffness increases with the growth of the fractal dimension.



4, Results and discussions

It is necessary to verify the contact stiffness of the
theoretical contact model macroscopically by conducting
the experimental method.

The deformation degree of the loaded running
tires gives rise to direct influences on the trend interaction
state and the stiffness. The experiment is conducted on the
stiffness of the tyres to conduct finite element simulation to
acquire actual forces and deformations on 3 directions.
Finite element analysis is conduct on 4 groups of tyres of
different loads, to calculate the normal stiffness of the
junction surface of tyres by utilizing the fractal model. In
the fractal model, the measured fractal dimension is 1.5,
and the material coefficient is 0.1, and the characteristic

scale coefficient is 1x107'°, and the friction factor is 0.1
[15]. The geometrical profile of the running tyres and den-
sity parameters of various parts in the finite element analy-
sis are provided by a Chinese tire manufacturer. In the fi-
nite software ABAQUS, the re-bar reinforcing bar units
are adopted to simulate the wire cord fabric, and Mooney-
Rivlin is adopted as the dynamic constitutive model of
rubber materials [18]. Material parameters of PC track
beam is illustrated in the Table 1[18].The rubber model
body unit has 8 nodes, as a linear hexahedron hybrid entity
unit (C3D8H). The four-node tetrahedron element is
adopted for wire cord fabric (SFM3D4R). The mesh size is
about 8mm and the model has 791 nodes and 655 elements
in total. The friction coefficient of the tire-truck contact
surface is zero at the static state. Then, the steady-state
transmission method is used to transfer the analysis under
static load to the steady-state rolling analysis. By combin-
ing the three-dimensional model of running tyres and the
model of the track beam, the finite element model for tire-
track contact is established the finite element model of tire-
track contact is illustrated Fig. 6. The normal stiffness frac-
tal theory and the finite results are as shown in Table 2.
From Table 2, we can see that the error between normal
stiffness fractal theory model and finite element result is
about 10%, which is in the allowed range relative. This
verifies the accuracy by finite element model.

Table 1
Material parameters of PC track beam
Material param- Density Elastic modulus | Poisson
eters (kg/m3) (MPa) ratio
PC track beam 2450 36000 0.2

Fig. 6 Finite element model of tire-track contact

The contact surface on the normal junction sur-
face is composed by two surfaces; i.e., tire surface and
simulated turnout surface. Under certain junction surface
pairing conditions, the normal load is implemented verti-
cally in a hierarchical way. It is available to acquire the
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normal face pressure and the normal displacement through
the pressure sensor and the eddy-current transducer, so as
to acquire the relation between the static stiffness and the
deformation or the load .

Table 2

Normal stiffness fractal theory model and finite element
analysis result

Load/KN 15 | 30 | 45 60
Fractal model K " /10° 200 | 500 | 800 | 1196
Finite element analysis Kn* /108 | 218 | 473 | 761 | 1280
Error% 9.00 | 5.40 | 7.30 | 7.02

Load from 0 kN to 60 kN in a speed of 15 kN/min
along with the vertical direction of tyres, and record the
force-displacement curve. Fix the running tire assembly to
the experimental platform, and apply vertical pressure of
15 kN, 30 kN, 45 kN and 60 kN with the vertical preload
actuator to running tyres. During the experiment, keep the
vertical preload unchanged with simulated pavement mate-
rial and friction coefficient the same as real roads. The
simulated pavement is pushed and pulled by driving the
actuator to collect the curve between the force driving the
actuator and the displacement and calculate the normal
stiffness of tyres. Please refer to Table 3 for experimental
equipment and models. Four groups of different load ex-
perimental values are taken and the fractal model calcula-
tion method is utilized to calculate the normal stiffness for
comparison, as illustrated in Table 4. The experimental
process is illustrated in Fig .7. The MTS Hydraulic cylin-
der test system is designed. The tested tire is installed
through the tire sliding rail. On the sliding rail. The coun-
terforce hydraulic actuator, as the basis of the reaction
force of tire forced vibration, works in the displacement
control mode to keep the piston rod position unchanged.

According to Table 2 and Table 3, the curve be-
tween normal stiffness and load is acquired, as shown in
Figure 8. According to Fig. 8, the calculation result of the
fractal model of tyres is almost consistent with the finite
element analysis and the experimental results, with exper-
imental error within 10%. Under certain fractal dimension
and material coefficient, the normal contact stiffness in-
creases with the growth of loads.

Table 3

Experimental equipment and models

Materials Models
Tires 335/90 R16,Inflatable pressure:
0.95Mpa ,Rated load: 5600kg
Sliding rails Turnout concrete
Counterforce servo Hydraulic cylinder 1, MTS 244
actuator
Exciting servo actuator | Hydraulic cylinder 2, MTS 244

Table 4

Normal stiffness fractal theoretical models and experi-
mental results

Load /kN 15 30 45 60
Fractal model K, /108 200 500 800 | 1196
Experimental result | 187 526 741 | 1079
K, /108
Error /% 6.50 5.20 7.38 9.78
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Fig. 8 Analysis on theoretical and experimental results
4. Conclusions

The theoretical model on normal contact of rubber
tires of monorail vehicles is established microscopically. In
addition, a systematic experimental procedure is estab-
lished in details. The fractal model is analysed by simula-
tion and physical test. The feasibility of proposed method
is proved by the results. It provides a theoretical basis for
the calculation of the contact stiffness of the tread interac-
tion, and also provides a new method for the study of tire-
track contact dynamics.
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Summary

The contact stiffness of on the rough surface of
tread interaction (tire-track), a significant parameter for the
tire-track contact surface, gives rise to direct influences on
stiffness and noises of tyres. There is no sufficient theoret-
ical support for the wheel face design due to lack of re-
search on this parameter. To solve this problem, an innova-
tive method based on the fractal theory and the Hertz con-
tact theory is proposed to estimate tread interaction contact
stiffness. The fractal theory model is established to re-
search the influencing factors on normal contact stiffness
on the tread surface. Finite element analysis and physical
tests have been conducted to make comparisons about the
model. According to research results, there is a non-linear
relationship between the contact stiffness and the fractal
dimension. The research provides theoretical basis for tyre
dynamics of straddle-type monorail vehicles and design of
the track contact dynamics.

Keywords: straddle-type monorail vehicles, tire-track
beam, tire contact stiffness, fractal theory.
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