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1. Introduction
Bearings are machine elements that allow movement in one or more directions between the two elements,
with minimum friction, but hinder movement in the direction of force [1]. Many types of bearings are produced depending on the application areas and the desired function.
They vary mainly in the direction of the load they carry, the
type of rolling elements, or the type of bearing. The bearings
are called hydrostatic if the fluids used in them are incompressible, and aerostatic, if compressible.
In hydrostatic bearings, pressure is applied to stabilize the external force and separate the surfaces from each
other. The required pressure is supplied from the outside by
means of a pump, and oil is sent to the bearings by this pressure. Bearings are widely used in industries requiring high
accuracy (e.g. machine tools, measurement and control
tools, process manufacturing and medical equipment) or in
heavy-duty machines or at low-speed structures.
The need for precise mechanical and tribological
properties of the hydrostatic bearings has made them an interesting study topic for optimisation studies. In recent
years, swarm intelligence methods, which are nature-inspired algorithms, have been used extensively in the problem of optimization of hydrostatic thrust bearings [2-8]. The
Grey Wolf Optimization (GWO) algorithm is a swarm intelligence method inspired by the hunting and leadership hierarchy method of grey wolfs [9]. Although GWO is a new
method developed by Mirjalili et. al., it attracts the attention
of researchers due to its successful performance in engineering optimisation problems [10-16].
In this study, the power-loss minimization problem
of hydrostatic thrust bearing, which was firstly discussed by
Siddall [2], was solved by using GWO. This problem is considered to be a very good benchmark problem due to the difficulty in the structure. 6 out of 7 constraints are active constraints considering an accuracy of 3 decimal places, and all
the design variables are highly sensitive. The Accuracies of
the Design variables are required from 9 to 15 decimal
places [7]. In the study, the power-loss minimization problem of hydrostatic thrust bearing was applied to GWO for
the first time. Previous studies compared their studies with
the work of Siddall only and carried out performance analyses accordingly. Here, all previous studies on the subject
were examined together for the first time and a comprehensive comparison was made. The most significant innovation
of the study is the improvement on GWO's mathematical
model. A new model (Enhanced GWO) which increases the

range of solutions by keeping the search field wider is proposed.
2. Literature review
Bearing design is still an important subject for researchers, as the power of the pump has a direct impact on
system parameters such as power, force, friction, and flow
rate. The importance of hydrostatic deposits has increased
with the development of application areas, and many studies
have been carried out on this subject. The optimization studies on bearing geometry and surface roughness parameters,
which significantly affect the performance of the bearings,
are still a developing field of study today. The first hydrostatic bearings were developed by Slocum in 1995 to be
used in high-pressure press machines [17]. In the developed
system, the support equipment used for the bearing of the
shaft had high strength and friction resistance. In 1996, Sinhasan and Sah investigated the system characteristics of
bearing performance [18]. To determine the lubrication flow
with different viscosities, solutions were obtained by using
Reynolds equation, finite element method and optimization
techniques. In another study conducted in 1996, an experimental study was conducted to evaluate the performance
characteristics of the hydrostatic thrust bearing [19]. Performance characteristics of the system were confirmed measuring the oil film thickness, oil flow rate, pressure distribution and recess pressure.
The studies conducted to improve the performance
of hydrostatic bearings show that the most important feature
expected from the bearings should be a good abrasion resistance [20-25]. The thrust bearings are expected to have
such properties as low friction coefficient, high abrasion resistance, high loading capacity, good erosion resistance,
good thermal conductivity and low thermal expansion values in their selection. However, oil viscosity, oil film thickness, oil flow rate and pressure amount have significant effects on the performance of the system, as well.
Since the beginning of 2000, with the development
of meta-heuristic optimization techniques and increasing
computing capabilities, intelligent optimization studies on
mechanical systems have accelerated. Optimization of hydrostatic deposits using meta-heuristic optimization techniques is a popular research topic. The aim of these studies
is to minimize the loss of power during the operation of hydrostatic bearings [2-8].
The first study of the minimization of power loss
during operation of hydrostatic bearings was carried out by
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Siddall [2]. The ADRANS method developed by Siddall using the Hooke and Jeeves (HJ) pattern search method resulted in a power reduction of 2,288.0 ft-lb/s (4.14 hp) in the
existing bearings. Deb and Goyal solved the power minimization problem by using Genetic Adaptive Search (GeneAS)
method based on Genetic Algorithm [3]. Their results were
more successful than ADRANS method. In the same study,
the results obtained with the Traditional Genetic Algorithm
were shown, as well. The study showed that the bearing designed using GeneAS was much better than the other two
techniques (BGA, HJ) and could withstand a higher film
thickness. Solmaz et al. [4] performed single and multi-criteria optimization studies in circular hydrostatic bearings to
ensure that the total power required for the bearing and the
temperature increase in the bearing remained at minimum
values. Multi-criteria optimization studies were shown to
produce more effective results by applying sample methods.
Coello's GA - Based approach proposes a multi-objective
optimization technique instead of the penalty functions used
in GA to overcome constraints [5]. The proposed method
offers faster and better results than previous studies. In another study on the optimization of power loss, he suggested
the Particle Swarm Optimization method [6]. He compared
the previous studies with his study and he discussed the inconsistencies in the unit and design criteria with Siddall's
study. Rao et al. applied the Teaching-Learning Optimization (TLBO) method to the Siddall's problem [7]. TLBO
was shown to provide better results than other studies.
Kentli and Sahbaz solved the problem by using a sequential
quadratic programming (SQP) approach and compared their
results with Siddall's study [8].
Another important research topic in hydrostatic
bearings is the optimization of the load bearing capacities of
the bearings. Fesanghary and Khonsari investigated the effect of cross-section and thickness variations of the film
layer on hydrostatic deposits on load-bearing capacity of the
bearings [26]. As a consequence of optimization with Sequential Quadratic Programming (SQP), different film
thicknesses and the obtained forms were analyzed comparatively. As a result, SQP improved the load-bearing capacity
of the bearing by over 90%.
3. The problem: optimization of hydrostatic thrust bearing design
The problem of the optimization of hydrostatic
thrust bearing was first defined by Siddall [2]. The aim of
the optimization is to minimize the power loss during the
operation of a hydrostatic plain bearing that is subjected to
an axial load during operation (Fig. 1).

Different methods were applied to the optimization
problem by different researchers [3-8]. The following are
the variables of the optimization, including four design variables and seven non-linear delimiters [2]: Flow rate Q, recess Radius R0, Bearing step Radius R and viscosity µ.
The purpose function for minimizing the power
loss of the hydrostatic thrust bearing is given in equation (1)
[2]. Minimize:
F ( x) 

QP0
0.7

 Ef .

(1)

Seven non-linear constraints were identified in
Eqs. (2-10) for the optimization [2, 6].
Subject to:
weight capacity must be greater than weight of generator:
G1 ( x )  W  W s  0,

(2)

where: W is the weight capacity, which can be defined by
the following equation:
W 

 P0 R 2  R02
2

ln

R

(3)

.

R0

Inlet oil-pressure required less than maximum
pressure Pmax available:
G 2 ( x )  Pmax  P0  0,

(4)

where: P0 is the inlet pressure, which can be identified as:
P0 

6Q

h

3

ln

R
R0

(5)

.

Oil temperature rise should be less than that specified:
G3 ( x)  Tmax  T0  0.

(6)

Oil film thickness should be greater than minimum
film thickness:
G4 ( x)  h  hmin  0.

(7)

Step radius must be greater than recess radius:
G5 ( x)  R  R0  0.

(8)

The six constraint limits on significance off exit
loss:
G6 ( x )  0.001 

 

Q 

  0.
gP0  2 Rh 

(9)

The seven constraint limits on contact pressure:
G7 ( x )  5000 

Fig. 1 Hydrostatic thrust bearing

W

 ( R 2  R02 )

 0,

(10)
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where: Ef is the friction loss and is defined by the following
equation:
E f  9336Q C T .

(11)

In the optimization, γ (the weight density of oil)
and C (specific heat of oil) values given in equation 11, are
defined as 0.0307 lb / in3 and 0.5 Btu / lb0F respectively. T
(the temperature) given in Eq. (11) is defined by Eq. (12):
T  2(10 P  560),

(12)

where: P is defined by the equation given below:
P

log10 log10 (8.122e6   0.8)  C1
n

(13)

.

In Eq. (13), n and C1 are one of the oil constants
given in Table 1. Table 1 shows the values of n and C1 in
different grades of oil. Selected in the study are C1 = 10.04
and n = -3.55 for SAE 20 grade oil.
Table 1
Values of n and C1 for various grades of oil
Oil
SAE 5
SAE 10
SAE 20
SAE 30
SAE 40
SAE 50

C1
10.85
10.45
10.04
9.88
9.83
9.82

n
-3.91
-3.72
-3.55
-3.48
-3.46
-3.44

The film thickness h can be calculated from the
friction loss Ef through the equation given in Eq. (14).
 2 N  2
h

 60  E f
2

 R 4 R04 


.
4 
 4

(14)

Other specifications of the design optimization are
as follows:
Ws (Weight of generator) = 101000 lb (45804.99 kg); Pmax
(maximum pressure available)= 1000 psi (6.89655 × 106
Pa); ΔTmax (maximum temperature rise ) = 50°F (10°C); hmin
(minimum oil thickness) = 0.001 in. (0.00254 cm); 𝑔 = 32.3
×12 = 386.4 in./seg2 (981.465 cm/seg2) and N (angular
speed of shaft) = 750 RPM.
The ranges of values that the design variables of
the optimization could have are as follows:
1.000 ≤ R ≤ 16.000
1.000 ≤ R0 ≤ 16.000
1.0 × 10-6≤ μ ≤ 16 × 10-6
1.000 ≤ Q ≤ 16.000.
4. Grey Wolf Optimizer
The Grey Wolf Optimization (GWO) algorithm is
population-based and an intuitive method inspired by the
hunting method of wolves in nature [9]. The method is based
on the rigid hierarchy of grey wolves and their hunting behaviour. Each individual in the herd undertakes one of the
alpha, beta, delta and omega roles defined from top to the
bottom. Alpha is the leader of the herd, and he makes the
decisions. Beta acts as a consultant of the alpha wolf. He has

an auxiliary role in the activities of the herd and the decisions of the alpha. Delta wolves are dominant against
Omega while obeying alpha and beta. In the herd, scouts,
sentinels, elders, hunters, and caretakers are included in the
delta group, and each has his own defined responsibilities.
Omega wolf is at the bottom of the hierarchy. Omega, who
has to obey individuals from the upper levels of the hierarchy, seems to be not an important individual in the herd, but
has a role in preventing internal conflicts and problems.
4.1. Mathematical model of the GWO
In GWO, each solution in the population corresponds to a wolf in the herd. Alpha α is considered as the
most suitable solution. The second and third best solutions
are assumed to be Beta β and Delta δ, respectively. Omega
 is considered as the remaining solutions.. The hunting
area also represents the search field, and the hunt represents
the optimal solution.
In the hunting, primarily grey wolves encircle the
hunt. The mathematical model of GWO developed by Mirjalili et. al is given Equation 15-25 [9]. The mathematical
model of herd encircling behaviour was defined as in Eqs.
(15) and (16). In each iteration, the position of each individual in the herd is updated by using Eqs. (15) and (16).
D  C . X p (t )  X (t ) ,

(15)

X (t  1)  X p (t )  A.D .

(16)

In Eq. (16), t represents the current iteration, 𝐴⃗ and
𝐶⃗ the coefficient factors, and ⃗⃗⃗⃗⃗
𝑋𝑝 position vector of the hunt,
⃗
⃗
⃗
and 𝑋 of the wolf. 𝐴 and 𝐶 coefficient factors are calculated
with the help of Eqs. (17) and (18), respectively:
A  2 a .r1  a1 ,

(17)

C  2.r2 ,

(18)

where: a decreases linearly from 2 to 0 during iteration. r1
and r2 vectors, however, are the vectors having random values in the range of [0,1]. C and A factors are effective in
finding the position of the hunt in search field. C defines the
weight of the position of the hunt and is used for the calcu⃗⃗, the position of the individual in the herd. A
lation of 𝐷
represents the condition of the wolf getting closer to or moving away from the hunt. If | A | > 1, the wolf is getting away
from the hunt, if | A | < 1, it is getting closer to the hunt.
Grey wolves have the ability to recognize the location of the hunt and to encircle them. The hunting is usually
guided by the alpha. Beta and delta may occasionally participate in occasional hunting. To mathematically simulate
the hunting behaviour of grey wolves in GWO, alpha (best
candidate solution), beta and delta are assumed to have a
better knowledge of the potential location of the hunt.
Therefore, the first three best solutions obtained during the
algorithm are stored and the locations of other search agents
(omegas) are updated according to the location of the best
search agents (Eqs. (19-25)).
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D  C1 . X   X ,

(19)

D  C 2 . X   X ,

(20)

D  C3 . X   X ,

(21)

X 1  X   A1 .( D ),

(22)

X 2  X   A2 .( D ),

(23)

X 3  X   A3 .( D ),

(24)

X (t  1) 

X1  X 2  X 3
3

GWO (Fig. 3). As shown in Fig. 2, a, according to equation
(26), the a value decreases linearly from 2 to 0 during the
search process, and the search area gets narrowed accordingly. In view of the difficulties in providing the constraints
in the structure of the problem and the sensitivity of the design variables, it is preferred to use the a value defined in
Eq. (27) instead of the a value in the mathematical model.
a  2  2

t
T

(26)

,

2


t T 
2  4 
 ,0  t T  T 2 

 T 

a'  
.
2
  t T T 

 ,T 2  t T  T 
4  T

 


(27)

(25)

.

4.2. Enhanced GWO
In the experiments, it was observed that the performance of GWO in the solution of the problem was low compared to the results of other studies in the literature. In order
to achieve better results, the change was made in the value
of the a in Eq. 26. The a value is of critical importance in

As shown in Fig. 2, b, the a value draws a splinebased curve in the search process from 2 to 0. With the use
of the a value ; it was aimed to make more iterations around
the best solution in the second half while increasing the variety of the current solutions by keeping the search area
wider in the first half of the search process. This allows the
algorithm to achieve better results

a

b

Fig. 2 The chart of the a value during the iteration: a – the original version, b- the modified version

Fig. 3 Pseudocode the of Enhanced GWO
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5. Results and discussion
The present study aims to minimize the power loss
of hydrostatic bearings formulated by Siddall [2]. For the
solution, Siddall used the ADRANS method based on
Hooke and Jeeves (HJ) pattern search method. In this study,
the performance of GWO and EGWO in solving the problem by using the objective function, design constraints, variables and parameters defined by Siddall was tested. In addition, the performances of both methods were compared
with the performance of the GA, GeneAS, PSO, TLBO and
Gene-SQP methods applied to the problem in previous studies.
For the solution of the problem through GWO and
EGWO, the codes developed by Mirjalili were employed
[9]. In the existing codes, necessary modifications were
made by considering the objective function along with design variable ranges and constraints for both cases.
The statistical performance of GWO and EGWO
was evaluated in the first stage of the experimental studies.
For this purpose, the population size for both algorithms was
50, and the number of iterations was 500. Performance studies were conducted on MATLAB 2016b software on a Windows 10 x64 machine with Intel (R) Core (TM) i7 3.3 GHz

CPU and 8 GB of RAM. The best, the worst, average, success percentage (SP) and standard deviation (SD) values of
the obtained results were calculated by running each algorithm 100 times. SP shows the stability of the algorithm by
evaluating the results obtained with the algorithms running
a different number of times. In this context, the global optimum (F *) value should be less than 0.1% of the difference
between the best obtained (F) value and the global optimum
value obtained for the successful acceptance of the result
(Eq. (28)).
F *  F F *  1E  3.

(28)

The performances of GWO and EGWO indicate
that the results of EGWO are superior to GWO in every perspective (Table 2).
The statistical results of GWO and EGWO were
also compared with those of Rao et. al. [7]. Rao et. al. applied TLBO and ABC algorithm to the problem. Table 3
shows that EGWO has a more stable performance in SP
mean and worst values than that of Rao et. al. In the best
value comparison, the difference is negligible even if it is
left behind compared to TLBO and ABC.
Table 2

Statistical comparison of EGWO and GWO
GWO
EGWO

Best Fx
19531.65245856190
19505.57612078090

Worst Fx
19982.44510141746
19808.38496195806

Mean Fx
19613.23633162136
19532.93037771405

SD
88.600667108268382
45.786563676010495

SP
0.00
0.64

Table 3
Statistical comparison of EGWO, GWO, TLBO, ABC
TLBO[8]
ABC [8]
GWO
EGWO

Best Fx
19505.316
19505.31312
19531.65245856190
19505.57612078090

Mean Fx
21572.49576
22338.648
19613.23633162136
19532.93037771405

In Fig. 4, convergence rates of the algorithms are
presented. Fig. 4, a shows the convergence curves of GWO
and EGWO. Fig. 4, b is taken exactly from the study of Rao
et al. For the compatibility of the curves, function values
were calculated in units of ft lb/s. As shown in Fig. 4, a,

a

Worst Fx
25161.61524
25738.032
19982.44510141746
19808.38496195806

SP
0.19
0.05
0.00
0.64

EGWO converges faster than GWO and makes more
searches around the optimum solution. The convergence of
EGWO is similar to that of TLBO and ABC whereas GWO's
convergence lags behind others. These results indicate that
the change in GWO results are appropriate for the purpose.

b

Fig. 4 The Coverage rate of the algorithms for the problem: a – the coverage rate of GWO and EGWO; b – the coverage
rate of TLBO and ABC [7]
The obtained optimum values in Table 4 are given
in comparison with previous studies. Minor differences
were observed in the units and design definitions in the previous studies. In Siddall’s book, the fourth constraint (g4)
and the sixth one (g6) are multiplied by 108, and the fifth

constraint and the third one are multiplied by 105 and 2000,
respectively. The unit of fitness value from Deb [3] and
Coello [5] used 560.0 while Siddall used 559.7 (Eq. (12)).
In Siddall’s book, the fourth constraint (g4) and
the sixth one (g6) are multiplied by 108, and the fifth con-

SQP [9]
5.95580
5.38904
8.63332
8.00001
6.020105e-3
8.28636e-3
3.719009e1
1.362780e-3
0.5667650
3.495734e-4
2.980238e-4
559.7
26114.545
Best Solution found
PSO (7)
TLBO (8)
5.956868685
5.95578050261541
5.389175395
5.38901305194167
5.40213310
5.3586972670629
2.30154678
2.26965597280973
22.01094912
0.0001374735
0.00000000
0.0000010103
0.58406092
0.0000000210
0.00033480
0.0003243625
0.56769329
0.5667674507
0.00083138
0.0009963614
7.61684431
0.0000090762
560
560
19586.5788
19505.3131797852
GASO [6]
6.271
12.901
5.605
2.938
2126.86734
68.0396
3.705191
0.000559
0.666000
0.000805
849.718683
560
23403.432
BGA [4]
7.7077
6.549
6.619
4.849
1440.6013
297.1495
17.353800
0.000891
0.528000
0.000624
467.686527
560
27554.5428
GeneAS [4]
6.778
6.234
6.096
3.809
8329.7681
177.3527
10.684543
0.000652
0.544000
0.000717
83.618221
560
25937.058
Siddall [3]
7.1550805
6.6886822
8.3207655
9.1684614
71.040915
328.27277
34,45619
0,0014452415
0,46639822
0,00017724808
17.287484
559.7
29221.321

Design
variables
x1 (R)
x2(R0)
x3(µ)×10-6
x4(Q)
g1(X)
g2(X)
g3(X)
g4(X)
g5(X)
g6(X)
g7(X)
Temp.
f(X)

Values of fitness function, design variables and constraints for the problem

GWO
5.9576206983593094
5.3906814802994036
0.0000053674496123
2.2780850690735441
11.786284975256422
0.501645630397888
0.139262607330465
3.26940663513926e-4
0.566939218059906
9.9635426673571e-4
2.477171784222264
560
19530.655242363053

EGWO
5.9557805209595527
5.3890130722888188
5.35869743920031
2.2696561142247367
1.7338439647573e-4
7.4873416906484e-6
2.7629032501863e-6
3.243625511811e-04
0.566767448670734
9.963613869220e-04
6.680475053144e-06
560
19505.313482271791

Table 4
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straint and the third one are multiplied by 105 and 2000, respectively. The unit of fitness value from Deb and Coello’s
papers is foot-pounds per second while Siddall used inchespounds per second. In order to facilitate the comparison, the
optimum values presented in previous studies were arranged
by Siddall’s definition and transferred to Table 4. EGWO
can reach the best-known value, but GWO does not exhibit
the same success (Table 4).
6. Conclusion
In this study, GWO was applied for the first time
to solve the design problem of minimum power loss of hydrostatic thrust bearing. Moreover, enhanced GWO
(EGWO) was proposed due to the lower performance of the
GWO on the problem. The performance of the both of them
were compared with the previous studies. The results show
that GWO is not capable of solving the problem as much as
previous studies. On the other hand, EGWO got the know
best fitness value with highest success rate.
The consistency and statistical performance of the
EGWO show that this method can be used in the optimization of machine elements. In the future, we are planning to
investigate the performance of the proposed method on the
well-known engineering optimization problems.
Disclosure Statement
No potential conflict of interest was reported by the
authors.
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İ. Şahin, M. Dörterler, H. Gökçe
OPTIMIZATION of HYDROSTATIC THRUST
BEARING USING ENHANCED GREY WOLF
OPTIMIZER
Summary
The need for precise mechanical and tribological
properties of the hydrostatic bearings has made them an interesting study topic for optimisation studies. In this paper,
power-loss minimization problems of hydrostatic thrust
bearings were solved through Grey Wolf Optimizer (GWO).
Grey Wolf Optimizer is a meta-heuristic optimization
method standing out with its successful applications in engineering design problems. Power-loss minimization problem of hydrostatic thrust bearings was applied on Grey Wolf
Optimizer (GWO) for the first time. The obtained results
were evaluated together with the previous studies conducted, and a detailed comparison was made. The most significant innovation of the study is the innovation made in
the mathematical model of the GWO. A new model (Enhanced GWO, EGWO) that increases the variety of valid
solutions was proposed. The comparisons made both with
GWO and other studies in the literature show that EGWO
got the best known fitness value with the highest success
rate. The consistency and statistical performance of the
EGWO show that this method can be used in the optimization of machine elements.
Keywords: Hydrostatic Thrust Bearing, Grey wolf Optimiser, meta-heuristic, Enhanced GWO, engineering optimisation.
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