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1. Introduction
The present article may be considered to be another
new supplement to the monographs [1, 2]. This supplement
deals with the resolution of issues of practical application of
the ZI method that was developed by the author and presented in his monographs. The ZI method is a uniform (general) method and is applicable for any stage of load operation when bending moments and /or axial forces are acting.
At structural members’ cross sections, it is possible to make
theoretical calculations of each individual actual value of
stress-strain state parameters (crack, compression and tensile zone height, member layer strain and tension at cracks
and between cracks). The method directly takes into account
of the actual properties of the materials. A very important
and complicated problem is resolved, namely that of theoretical estimate of the actual position of the neutral axis. Previously, its position used to be determined either very
roughly or through costly experimental equations. The ZI
method is suitable for the calculation of variously of reinforced structural members (with not pre-tensioned reinforcement, with tensioned reinforcement, with mixed reinforcement, with not necessarily metallic reinforcement located at any height of the structural member; where there
can be any number of rows of reinforcement) of different
materials (concrete, reinforced concrete, metal, wood, plastic, etc.), also for members with any kind of cross-section.
Stress-strain relationships can be described by various equations, i.e., the stress diagrams may be curvilinear, rectangular, triangular, etc. It should be noted that for the calculations we only need to have stress-strain diagrams. The
method enables estimation of the deviation of strain from
the flat section. More information on this may be found in
monographs [1 and 2] and in articles [3, 4, etc.].
The most complex material is reinforced concrete
since members made of reinforced concrete may have
cracks in the tension zone. This article focuses on the calculation of strength of reinforced concrete beams based on curvilinear stress-strain relationship  c   c for concrete presented in regulations [5–7]. But here still remains one unresolved issue. This relationship is presented for the case
where the reliability is 50 %. It is suitable for the analysis of
results of reinforced concrete member tests. There is no option for the calculation of the SLS – serviceability limit
states – reliability 95 %) or the ULS – ultimate limit states
reliability – ~100 %).
To calculate strength of reinforced concrete beams,
articles [4, 8] and supplements B and C to the monographs
[1, 2] used the eurocode  c   c diagram described by the
ZI method. The reliability was raised from 50 % to ~100 %
not through the increase of the reliability of concrete

strength, as it is usually done in the ultimate limit states
method, but rather by dividing the beam compression zone
strength Fcm by factor γFc=1.95. The calculation yielded
good results – see Table 2.
In order to retain the integrity of the ultimate limit
states method, this article offers relationships  c   c analogous to the ones used in EN-2 regulations. Their reliability
is not 50 %, but 95 % and ~100 %. They are described by
polynomials by the ZI method. The latter relationship with
reliability of ~100 % is used in the present article to calculate the strength of beam, and the relationship with reliability of 95 % will be used in the next article to examine the
serviceability limit states.
One of the aims of this article is to improve the
method for calculating the strength of heavily reinforced
structural members.
2. Stress-strain diagrams for concrete offered by EN-2
and proposed by the present article
Regulations for reinforced concrete [5–7] present
stress-strain relationships as shown in Table 1.

Fig. 1 Stress-strain relationship for concrete as presented in
regulation EN-2
The diagram parameters are expressed by the following equations:
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for f ck  50 MPa


When reliability of ~100% is required, the author
of the present article proposes when calculating the ultimate
limit states (ULS states) in Eqs. (5 and 6) (rather than assuming mean values of parameters) to assume the calculated
values index d. Then, in Fig. 2 E cd  tan  ,  c1  f cd ,

(7)

Relationship  c   c for concrete in Fig. 1 in the
ZI method can be accurately described by a 5th degree polynomial. The rising part of the diagram and part of the falling part of the diagram and sometimes even all of it can be
described quite accurately also by a much simpler 3rd degree polynomial. The latter option has been chosen in this
article. A3-degree graph is shown in Fig. 2.
Equations of Figs. 1 and 2 and Eqs. (1)–(7) mostly
use mean parameter values, their index is cm, and their reliability is 50 %. The method is suitable for the analysis of
test data. In this case in Fig. 2 Ecm  tan , , Ec  1.05Ecm ,
 c1  f cm ,  c1  0.7 f cm0.31  2.8.

3. The main equations of the ZI method when a 3rd
degree polynomial is used
When the function of Fig. 2 is expressed by the ZI
method's 3rd degree polynomial, the following simple equations are used:
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 w is maximum (edge) strain of the compression

zone of the beam.
For more information, see the examples.
4. Assumptions and calculations made in the present
article
4.1. Assumptions
Fig. 2 The ZI methodology takes into account 3rd grade
stress-strain relationship for concrete
In order to have reliability of 95 %, which is used
for the calculation of the serviceability limit states (SLS
states), the author of the present article suggests in Eqs. (5
and 6) (rather than using mean values of parameters) assuming characteristic values – index k. Then in Fig. 2
0.31
E ck  tan  ,  c1  f ck ,  ck 1  0.7 f ck  2.8 . This option
is planned to be further analysed in the author’s next article.

1. For the concrete of beam compression zone, a curvilinear EN-2 stress diagram  c   c is assumed that is
shown in Fig. 1, which is described by the ZI method’s
3rd degree polynomial as shown in Fig. 2.
2. For the reinforcement of tensile zone of beams analysed
in the article, the diagram  s   s as shown in Fig. 3 is
used.
3. The strength of a beam is considered to be the state when
the stress of the concrete compression zone's stresses

343

 c   c1 and strain  c   c1 or when the strain of the
reinforcement in tension  s   su .
4. Hypothesis of plane sections (Bernoulli) is applied.
5. The impact of the tensioned concrete over the crack is
disregarded.

it is insignificant. If necessary, it is possible to factor in also
the impact of the tensioned concrete over the crack, the impact of the axial force, and the impact of the flanges.
In examples 1, 2 and 3, M Rdu, ZI is calculated by
the ZI method by applying to the compression zone concrete
partial factor  c  1.5 .
Example 1. Regularly (economically) reinforced beam
When  c  f cd and  s ,el   s   su , strength of
regularly (economically) reinforced concrete beams with
rectangular cross-section is calculated by the method of ultimate limit states of both zones (tension zone reinforcement
and compression zone concrete). f ck  25 MPa.
f cd  f ck / 1.5  25 1.5  1.6667 MPa.
216 mm  As  4.02 cm .
2

Fig. 3 Reinforcement stress-strain diagram is assumed in
the article

f sd 

4.2. Calculations made in the article

Fsd  f sd As  363.6  10 6  4.02 10 4  146.1 67 kN.

Scope of the research. Four reinforced concrete
beam's tensile zone's reinforcement variants – little (reinforcement factor  l  0.44 %), average (  l  1 .07 % and

xw1 

f sk

s

  sd , el 

 Fc  1.95 coefficient is used are presented in example to
monographs [1, 2]. Results of the calculation are presented
in Table 2.
The article presents examples of variants of calculation of M Rdu, ZI by the ZI method, when the calculated
expression is used of the diagram  c   c presented in the
EN-2 regulation described by the ZI method. There are three
possible cases: Case 1, where  c  f cd
and
 s ,el   s   su – these are regularly (economically) reinforced beams; Case 2, where  c  f cd and  s   s ,el , –
these are abundantly reinforced beams and Case 3, where
 c  f cd and  s   su economical reinforcement – when
the calculation is made on the assumption that  c  f cd
and  s   su . In all cases, the calculated version of the curvilinear EN-2 diagram described by the ZI method is used,
i. e. partial material strength factors are used that are accepted in the limit state method. In the examples provided
for the simplification of the calculations, the impact of tensile concrete over the crack is disregarded, as in most cases
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For instance, if  su  3 5 ‰ , then  s   su . Con-

4.3. Research results

equations and calculation of M Rd , ZI by the ZI method when

 363.636  364 MPa,

 0.061352 m.

rameters: b  0.20 m, h  0.50 m, d  0.46 m (Fig. 4).

Further in the text we supply examples of the calculation and explanations of the results presented in the tables.
Examples of calculations of M Rd , EN  2 by EN-2

1.1

 nc1 cd 1 Ecd b

s 

ble 2.

400

f sd As  P

 l  1 .60 %) and large (  l  2 .13 %). All the [5–7]
strength classes of regular concrete as presented in the regulations: f ck from 08 to 90 MPa. Beam cross-section pa-

The results of the calculations are presented in Ta-



trol:
Fcd   nd 1 cd 1 E cd bx w1 
 0.27743  1.6744  10 3  25.6435  10 9  0.20  0.061352 
 0.146167 M N  146.167 KN  Fsd .

Distance between Fc and Fs :

z c  z cd 1  z sd 1  d  1   mc  nc  xw , c1 
 0.46  1  0.16920 0.27743   0.061352  0.43507 m.

M Ru  Fsd zsd 1  146.167  0.43607  63.739 kNm.

If we factor in the impact of tensioned concrete
above the crack, then we get M Ru = 63.747 kN∙m, i.e. almost the same result.
If we factor in not only the tension zone reinforcements force Fst and compression zone concrete force Fcd, but
also tension zone over the crack concrete force and the
forces, values of which do not depend on xw1 (axial and tension forces N and P, compression zone reinforcement
Fsc  f scd Asc and flanges F fd   f cd b f  b h f forces
(Fig. 5), then x w1 

N const

 nc1 cd 1   tu  nt  ctu E cd b

,

N const  N  P  Fcf  Fsc  Fcf .

Example 2. ɛs< ɛs,el, i.e. case of abundant reinforcement
2
f sk  20 MPa, 4 25 mm  As  19.63 cm ,

l  19.63 100 / (20  46)  2.1337  2.134 %,
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From monographs [1, 2] equations relative (not actual) values are calculated:
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From [1 and 2]:
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‰
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u 2 c  c d 2 02c  0.1599  ( 15.1909722 ) 2  36.899425 ,
n0 c  6 a2  6  0.46 2  1.2696 m 2 ,

n1c  4  3  u1c a  4  3  3.951172   0.46  12.790157 m
n

Fsd   s E s As  1.2668  10 3  200 10 9 19.63 10 4 

2c

 6  4u1c  3u 2 c  6  4  3.951172  3   36.899425  

 88.893588.
C n 2  k c n0 c  1  1.2696  1269600  10 6

 4973.585 10 2 N  497.3585 kN.

Fcd   nc1 cd 1 E cd bx w1 

Cn3

 0.26123  1.5625  10 3  23.9830  10 9  0.20  0.254035 

Cn4

 0.4973611 MN  497.3611 kN.
zc  zcd 1  z sd 1  d  1   mc1  nc1  xw1 
 0.46  1  0.15786 / 0.26123   0.25403517  0.359477 m.

M Ru  Fc z c  Fs z s  Fsd z sd 1  497.360  0.359477=
 178.78976 kNm.

Example 3. ɛs< ɛsu=35‰. In this case, the procedure of
the calculation is the same as that of the calculation of
example of the monographs [1, 2].
The same beam as in example 1, but here not
f ck  25 MPa, but f ck  70 MPa.
Calculation by method of Example 1 resulted in
the following  s  41.25936‰   su  35‰. This is a rather
rare case, so because of the limited scope of the article we
only provide guidelines for further calculations.
E su 
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363.6  10 6
35  10  3

 10.3885714 GPa.

10.3885714  10

9

200  10 9
200  10 9
34.9241  10 9

 0.05194286 .

 5.72670448 .

a  a si  0.46 m.

Z n / b  

 ( Pi Si / 

  15.1909722 .

u1c  cd 10c  0.2601  (15.1909722 )  3.951172 ,

Actual values:

f sd

35
 2 .3040

pi )

 N i

bE   k 



 k c n1c  1  12.7901565  12790156.5 10  .

 k c n 2 c   88893588  10 6

6

From [1, 2]:



a n1  Bn1  Tn1  Bn1  4554.54321 6  10 - 6

6 
a n 2  Bn 2  Tn 2  C n 2  Bn 2  C n 2   1259698.82  10 

a n 3  Bn 3  Tn 3  C n 3  Bn 3  C n 3   12782981.7 3  10 - 6 

a n 4  Tn 4  C n 4   C n 4  88893588  10  6


a n 0  Bn 0  Tn 0  Bn 0  698.363293  10 -6

From [1, 2]:
698.363293  4554.543216 xw  1259698.82 xw2 
12782981.73 xw3  88893588 xw4  0.

xw1  0.02578063  0.0257806 m.
xc1   xw  0.02578063  0.0257806 m.

w 

s
d  x w1

xw1 

46  2.578063

 2.0780327 ‰ 

  cd 1  2.3040 ‰.

w 

xw
x cm



w
 cm



2.0780327
2 .3040

 0.9019239.

c
c
1  0. 2 601148
 1  w  2  w2  
 0.9019239 
2 3
4
2
3
 0 .1599236

 0.9019239 2  0.38927562 .
4

 nc 

1

Fc   Ec b nc xc2 

0.

35  2.578063

w
xc

Ec b nc xc2   nc Ec  w bxc 

 0.3892756  34.9241 10 9  2.0780327 10 3  0.20 
0.0257806  0.14566604445 10 6 N  145.6660 kN.

From [1, 2]:
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Fs   yd As  f sd As  363.6  10 6  4.02  10 4 
 1461.672  10  146.1672 k N.
2

ec 0 

 mc
 nc

xc 

0.248664
0.389276

 0.0257806  0.0164683 m.

Distance between Z c and Z s :
z c  z cd 1  z sd 1  d  1   mc1  nc1  xw1 
0.248664 

 0.46   1 
  0.0257806  0.45068768 m.
0.389276 


If in Example 3 instead of  s   su  35‰ we take
 s   yu  41.25936‰ , then we get the same result as the
result of the calculation according to both zones ULS
method of Example 1, i.e.
x w1  2.4329 cm,  w1  2.3040 ‰,
 s   yu  41.25936 ‰ and M Ru  65.932 kNm.
This confirms the correctness of the method of Example 3.

M Ru  M cs  N c  d  xc  ec 0  
 145.666   0.46  0.0257806  0.0164683  
 145.666  0.4506877  65.6498745  65.650 kNm.

Fig. 4 Cross-section of a member with rectangular cross-section and stress-strain diagrams

Fig. 5 Cross-section of a member with flanges and stress-strain diagrams
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Conclusions
1. Description of non-linear diagrams  c   c for concrete
as presented in regulations EN-2 with reliability of 50%,
by ZI method provides a possibility to have a reliability
not only of 50 %, but also of 95 % and ~100 %. The calculations made in the article confirm that the proposal is
realistic.
2. When calculating the strength of reinforced concrete
beams using the ZI method, there is no need to have a
limit value for the thickness of the concrete layer of the
compression zone, which at present is traditionally calculated either from empirical equations or theoretically
very roughly.
3. Calculation of the strength of reinforced concrete beams
using the ZI method presented in the article is logical and
gives actual values of normal and abundantly reinforced
beam stress-strain state at the crack. No empirical equations are required for these calculations. This is especially important for the calculation of abundantly reinforced beams, as their calculation that is used at present
is either complex or, alternatively, the simplified calculation that is made is imprecise.
4. The data presented in Table 1 makes it possible to simplify the calculations. The data in Table 1 show that the
proposals are realistic. In addition to that data in Table 2
shows that the ULS required reliability can be achieved
in two ways: (1) through the use of diagram  c   c
with reliability of 50 % and reinforced concrete compression zone concrete force factor  Fc  1.95 or (2)
through the use of a diagram  c   c with reliability of
~100 %; reinforced concrete compression zone concrete
(not force) factor  c  1.5 is used. The second option is
in line with the limit states methods that are currently
used.
References
1. Židonis, I. 2018. The ZI Method and its Application for
Calculating of Stress-Strain Parameters of Structural
Members. Monograph, Klaipėda university, Sciendo,
564 p.
https://www.degruyter.com/view/product/512877.
2. Židonis, I. 2018. The ZI Method and its use for the Calculation of Stress-strain Parameters of Structural Members. Monograph, Klaipėda university, 557 p. (in Lithuanian).
Available from Internet: https://www.ku.lt/leidykla/ turinys/leidiniai/laisvai-prieinami-leidiniai/zi-metodas-irjo-panaudojimas-konstrukciniu-elementu-itempiu-deformaciju-buvio-parametrams-apskaiciuoti/.
3. Židonis, I. 2014. The third equilibrium equation for
forces of flexural member cross-section, Mechanika
20(2): 127–134.
4. Židonis, I. 2013. Strength calculation method for crosssection of reinforced concrete flexural member using
curvilinear concrete stress diagram of EN-2, 11th International conference on Modern Building Materials,
Structures and Techniques. MBMST 2013, Procedia Engineering 57: 1309–1318.

5. EN 1992-1-1. Eurocode 2: Design of concrete structures. Part 1-1: General rules and rules for buildings.
Brussels, 2004. 225 p.
6. STR 2.05.05:2005. Design of concrete and reinforced
constructions. Vilnius: Rekona, 2005. 123 p. (in Lithuanian).
7. LST EN 1992-1-1:2005. Eurocode 2. Design of concrete structures. Part 1-1: General rules and rules for
buildings. Vilnius: Rekona, 2005, 232 p. (in Lithuanian).
8. Tankūnas, M.; Urbonas, V.; Židonis, I. 2012. Calculation of strength at cross-sections of beams according
to the euronorm curvilinear concrete stress diagram,
Journal of Young Scientists 3 (36): 140-148. (in Lithuanian).
I. Židonis
CURVILINEAR STRESS-STRAIN RELATIONSHIP
FOR CONCRETE OF EN-2 REGULATION IN THE ZI
METHOD AND THE CALCULATION OF BEAM
STRENGTH
Summary
The article illustrates the possibilities of the practical
application of the ZI method [1 and 2] when calculating the
strength of reinforced concrete beams. The article presents
variants of description of the EN-2 regulation curvilinear
diagram for concrete  c   c with reliability of 50 % by the
ZI method with reliability of 50 %, 95 % and ~100 %. The
article demonstrates how, when calculating the strength of
normally and abundantly reinforced concrete beams by the
ZI method, it is possible to do without the calculation of the
limit value of the thickness of the concrete layer of the beam
compression zone. This is important in the case of the calculation of the strength of abundantly reinforced beams. The
method for calculating the strength of abundantly reinforced
beams has been improved. When calculating strength, we
also obtain actual values of stress-strain parameters at the
crack. The tables provide data supporting the proposed innovations and facilitating calculations.
Keywords: ZI method, reliability of curvilinear diagram,
reinforced concrete beam strength, abundantly reinforced
beams, limit value compression zone.
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