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1. Introduction
Nowadays in modern world, when architecture is
getting more complex and the structural requirements are
growing higher, the strengthening of structures plays an important role. Carbon fibre reinforced polymer (CFRP) is a
perspective material for strengthening of reinforced concrete (RC) beams. CFRP has a very high strength and great
corrosion resistance. Curved beams are much easier to reinforce with CFRP sheets than with solid steel plates, due to
much lower stiffness of CFRP sheets in comparison to steel
plates. The efficiency of CFRP for strengthening of flexural
RC beams with CFRP has been studied by many authors [1–
9]. However, there are not enough investigations made directly on experimental, analytical and numerical analysis of
pre-cracked RC structures strengthened with CFRP [10–
12]. There is also relatively high price of CFRP, as well as
it is difficult to predict the level of concrete damage. Due to
those reasons numerical and analytical calculation models
of highly damaged composite flexural members must be
fully analysed, reliable to use, and to be as simple as possible for practical application. For this purpose, many researches must be carried out for clear understanding of the
structural behaviour of composite members. Contribution to
this topic is very important from all the scientists.
The strengthening of CFRP is very important for
the improvement of structural properties. Application of
CFRP enhances flexural capacity, increases stiffness, reduces crack widths and spacing [11].
Numerical analysis of RC beams strengthening
with CFRP can be found in scientific papers [13], [14].
Comparison of numerical and experimental results showed
that finite element (FE) method can quite accurately predict
the structural behaviour of RC flexural members strengthened with CFRP. The parameters of contact zone between
CFRP and concrete are very important for strength. Many
authors describe significantly different values of bond
strength [13], [15–20]. The variation of parameter values
can be very high. This states that the type of resin and the
roughness of the concrete surface are important. The stiffness of connection makes significant influence on final stiffness of composite beam.

This paper is intended to show a comparative analysis of experimental and numerical methods. The main objective of this paper is to evaluate the influence of different
stages of cracks and damage on strength and stiffness of RC
beams strengthened with CFRP. The stiffness analysis of the
experimental (according to linear displacement sensors and
dial gauges), numerical (ABAQUS) and analytical (layers)
methods are provided.
2. Experimental investigation
2.1. Test programme
In this research, the experimental tests were carried
out on purpose to determine the strength of uncracked and
cracked beams, deflections and slip between concrete and
CFRP sheets. In total, nine composite beams strengthened
with CFRP were tested using four-point bending scheme.
The arrangement of the beam bending experiment is presented in Fig. 1.

Fig. 1 Test setup of reinforced concrete beam strengthened
with CFRP
2.2. Properties of the materials
Main mechanical properties of concrete with 95 %
reliability are given in Table 1. The strength and secant
modulus of elasticity of concrete were obtained from the
compression tests (cubes – 100×100×100 mm and prisms
300×100×100 mm).
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Table 1
Mechanical properties of concrete
Concrete series
(casting)
1
2
3

Quantity
of
cubic
specimens, pcs
12
20
18

Compression
strength,
fc,cube,
MPa
57.0±3.3
61.4±5.8
53.0±2.8

Quantity
of
prism
specimens, pcs
3
4
4

Secant
modulus
of elasticity,
Ecm, GPa
40.5±3.2
45.0±2.5
37.6±2.2

The mechanical properties [21] of CFRP and adhesive resin are given in Table 2.
Table 2
Mechanical properties of CFRP and resin
Materials

Thickness
t, mm

Drizoro® wrap 300
Maxepox-CS

0.167
0.727

Tensile
strength
fu, MPa
3 400
29

Modulus of
elasticity
E, GPa
230
1.5

All beams were reinforced with the same amount
of reinforcement. The longitudinal reinforcement ⌀12 mm
and the transverse reinforcement ⌀6 mm. The range of yield
strength of B500B rebars is between 555 MPa – 624 MPa
[22–27]. In this case, it was assumed that yield strength of
rebars is fy = 600 MPa, ultimate tensile strength according
to [28] fu = 648 MPa. Modulus of elasticity Es = 200 GPa
[28].
2.3. Specimens and test setup
Nine beams have been tested under four-point
bending during the experimental programme. All beams
were the same 1.3 m length. However, there were three series of different type strengthening with carbon fibre, positioned symmetrically on the bottom surface of the beam. 1
– beams strengthened with one-layer of CFRP (length 0.7
m); 2 – beams strengthened with three layers of CFRP
(length 1.0 m); 3 – beams strengthened with one layer of
CFRP (length 1.0 m). Each of 1, 2, 3 series beams had three
types of cracks: A – beams without initial cracks; B – beams
with initial cracks of 0.4 mm (primary load before strengthening – 60 kN); C – beams with initial cracks (primary load
before strengthening ~95 kN, when rebars of beams reached
yield strength). The initial cracks mean that the reinforced
concrete beam was loaded with 60 (95) kN vertical force
and then unloaded. After that the CFRP sheet was glued and
the beam was loaded one more time (beams had additional
cracks).
Amount of used CFRP sheets and initial cracking
state of strengthened RC beams is presented in Table 3. The
initial crack widths of unloaded RC beams before strengthening and the distribution of initial cracks over RC beams
length are presented in Table 4 and Fig. 2.
Cross-sections of specimens and load scheme are
presented in Fig. 3. The arrangement of the beam bending
experiment is presented in Fig. 3. The dial gauges were installed to measure the strains of concrete in compression and
tension zones (six were fixed in pure bending moment zone
and two in shear zone). According to measured strains, the
curvatures for all beams were calculated. Four linear displacement sensors (two were fixed at the supports and two

at the mid-span) were used to measure deflections of the
beams. The strain gauges were installed to measure strains
of concrete and CFRP. According to the measured difference of strains between CFRP and concrete, the slip of
CFRP was calculated. Also, the strain of concrete and CFRP
was measured on both ends of CFRP sheet, due to the reason
that it is not clear which end will lose the bond first. The
arrangement of strain gauges is presented in Fig. 4.
Table 3
Amount of CFRP sheets and cracking state of strengthened
RC beams
Beam
type

The number of
CFRP layers

The length of
CFRP l, m

A1
B1

1
1

0.7
0.7

C1

1

0.7

A2
B2

3
3

1.0
1.0

C2

3

1.0

A3
B3

1
1

1.0
1.0

C3

1

1.0

Initial cracks
width of loaded
RC beam w, mm
Without
0.4
Rebars reached
yield strength
Without
0.4
Rebars reached
yield strength
Without
0.4
Rebars reached
yield strength

Table 4
Initial crack widths of unloaded RC beams before strengthening
Beam type
B1
C1
B2
C2
B3
C3

Initial crack widths of unloaded beams w, mm
a
0.025
0.1
0.05
0.03
0.05
0.2

b
0.05
0.8
0.05
0.9
0.1
1.0

c
0.025
0.1
0.05
0.7
0.05
0.4

Fig. 2 The distribution of initial cracks over RC beam length

Fig. 4 Arrangement of strain gauges installed on concrete
and CFRP
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Fig. 3 Test setup and details of composite beams
3. Numerical investigations
3.1. The description of FE model
Numerical analysis of tested beams was carried out
using FE software ABAQUS, in which a physically non-linear analysis was taken into account modelling the concrete.
This software has been tested with ordinary reinforced concrete (RC) structures strengthened with CFRP [13–14].
Three-dimensional model was created for composite beams numerical analysis. Parts of the assembly like
beam (concrete), support plate and load plate were created
as a deformable solid body. Rebars (longitudinal and transverse) were created as wire elements and CFRP – as a shell
planar element. The reinforcement was embedded in concrete. Perfect bond between steel and concrete was assumed.
Fully constrained contact behaviour was defined using the
tie constraints. The size of FE model mesh is presented in
Fig. 5. Finite element size of concrete – 10 mm; CFRP –
16,6 mm; rebars – 20 mm.

were created in three steps. First step – RC beam was loaded
by respective load, second step – RC beam was unloaded,
third step – the bond between concrete and CFRP was activated and the beam was loaded again. It is not possible to
evaluate the exact residual stress in this model. The issue of
second step is residual plastic deformations of concrete. The
plastic deformations of concrete are a reason of huge
stresses in steel rebars which do not represent the real situation.
Table 5
Parameters of contact
Contact properties
Normal stiffness, Knn MPa/mm
Shear stiffness, Ktt MPa/mm
Max nominal (shear) stress MPa
Total/Plastic displacement SL0 mm
Viscosity coefficient

Value
accepted
in FE
model
2063
2063
25
1.0
0.001

Range of
values
from other
authors
16.5-12800
0.41-2900
0.21-25
0.127-1.0
0.001

3.2. Material models
Nonlinear model [29] [28] was chosen for modelling compression concrete. This model describes compressive plasticity. Stress-strain relation of compressive concrete is presented in Fig. 6. and can be described using
Eq. (1) [29], [28].
Fig. 5 The size of FE model mesh
The bond between concrete and CFRP was defined
as surface to surface contact. Interaction properties – normal
behaviour, cohesive behaviour and damage. Pressure-overclosure – “hard” contact, eligible slave nodes – only slave
nodes initially in contact. The other properties of contact are
presented in Table 5. The stiffness of bond is used as a relation between modulus of elasticity of resin and thickness of
resin E/t [13]. The stiffness parameters of the bond are varying in a wide range, but the biggest difference of results
6.2% between maximum and minimum values (Table 5).
All beams were loaded by displacement control in
a vertical direction. In order to reduce the computational
cost, a symmetrical analysis was performed, in both longitudinal and transversal axes. The pre-cracked RC beams

c
f cm



k   2
for  c   cu1 ,
1   k  2 

(1)

where: k  1.05Ecm  c1 / f cm ;    c /  c1 ; σc is compressive stress in the concrete; fcm is mean value of concrete cylinder compressive strength; εc is compressive strain in the
concrete; εcu1 is ultimate compressive strain in the concrete;
εc1 is compressive strain in the concrete at the peak stress;
Ecm is secant modulus of elasticity of concrete.
Until the crack opens, the linear stress-stain relation
was used for tensile concrete. Post-failure tensile stresscrack relation was used as tensile concrete model. Stresscrack curve is presented in Fig. 7 [28].
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4. Analytical investigations
Analytical analysis of tested beams was carried out
using layers method [30]. Physically non-linear analysis
was considered for calculation of concrete stress and strains
in each layer (Fig. 9). At the beginning in all layers Hooke’s
law is valid. After the first iteration the relative strains of
every layer were recalculated. If the relative strains exceeded the elastic limit of this layer, then the elasticity modulus of this layer was reduced. When the relative strains exceeded the ultimate strains, then the deformation modulus
of this layer was set to 0. Sufficiently precise strains were
received after calculating a several of iterations. According
to the calculated strains of layers and the deformation modulus it was possible to easily calculate the stress. The general
case can be described using Eq. (2).

Fig. 6 Stress-strain relation of compressive concrete

 E ε  F ,

(2)

where: [E] – matrix of stiffness (6); {ε} – vector of deformation (3); {F} – vector of forces (4).

ε  ε1

ε2

ε3

ε4

... ε n  ,
T

(3)

where: εi is relative deformation of i layer.

F  0

0 0 0 ... M ,
T

(4)

where: M is bending moment.
The deflection of the beam is calculated according
to Eq. (5).

Fig. 7 Stress-crack relation of tensile concrete
Where w is crack width in mm; GF  73 f cm0.18 ; fctm is
mean value of axial tensile strength of concrete.
Properties of reinforcement was described as bilinear stress-strain relation Fig. 8.

1
f  kl 2 ,
r

(5)

where: k = 0.0989 is coefficient according calculation
scheme; l is length of beam span; 1/r is curvature
1/ r   ε1  εn  / h  ; h is height of beam.

Fig. 8 Stress-strain relation of tensile steel rebars
Fig. 9 Dividing of flexural element into layers
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5. Results
The ultimate failure forces of composite beams obtained from experimental results are presented in Table 6.
The biggest load-bearing capacity was reached by C series
beams. It means that the biggest flexural capacity had those
beams which were strengthened with CFRP after preloading
(with initial cracks). This could have happened because of
debonding of CFRP sheets before the rebars reached the
yield strength. Concrete in B and C series of composite
beams had an elastic-plastic deformation after the unloading
[31]. It means that the steel rebars had residual stresses. Predeflections of composite beams are presented in Table 7. B
and C series beams strengthened with CFRP reached the
same shear stress between the concrete and CFRP with
higher stress of the rebars in comparison to A series. The
same bond strength between concrete and CFRP, as well as
higher stress of rebars influence on bigger flexural capacity
of composite beam.
Table 6

tion started to increase faster. When the beams reached approximately 50-80 kN load, the deflection of A series became higher than the deflection of B and C series beams.
Figs. 10-12 presents load-deflection curves in which are
evaluated pre-deflections. The biggest deflection taking into
account pre-deflection was observed in C series beams.

Ultimate failure forces of composite beams
Fig. 11 Load-deflection curve of 2 series
Failure force F, kN
A series
B series
C series

1 series
110.2
116.2
117.6

2 series
103.7
127.3
138.2

3 series
120.9
124.1
133.0

Table 7
Pre-deflections of composite beams
Pre-deflection fRs, mm
B series
C series

1 series
1.03
1.52

2 series
0.40
3.00

3 series
0.43
3.12

Another reason of bigger resistance of B and C series specimens could be the curvature (deflection). Bigger
deflection influence on higher transversal forces at the ends
of CFRP sheets. In Figs. 10-12 load-deflection curve is presented. A1-3, B1-3, C1-3 are the curves of composite beams
after strengthening with CFRP. B1-3, C1-3 pre-deflections
are curves of strengthened beams evaluating pre-deflections.

Fig. 12 Load-deflection curve of 3 series
Load-deflection curves of A series are presented in
Fig. 13-15. Analytical and numerical results are compared
with experimental results. The distribution of cracks over
the length of A series beams are presented in Fig. 16. The
number from 1 to 8 defines positioning of dial gauges in
tension or compression zone. The strains of concrete are
measured in shear and normal cracks, as well as in
uncracked zones. The types of zones are presented in Table 8. Most of dial gauges in tension zone were installed on
the cracks. The calculations are carried out according to
EC2 [29]. The curvature of the uncracked zone is calculated
according to the equation 1/r=M/EI, curvature of the
cracked zone is calculated according to the results measured
by dial gauges.
Table 8
Type of dial gauges measuring zone
Dial gauge No.

Fig. 10 Load-deflection curve of 1 series

A1 series

The deflections of A series beams are smaller compared with B and C series until 25-45 kN. At that moment
beams reached the critical cracking moment and the deflec-

A2 series
A3 series

1-2
Uncracked
Szone
Cracked
Szone
Cracked
Bzone

3-4
Uncracke
d Bzone
Cracked
Bzone
-

5-6
Cracked
Bzone
Cracked
Bzone
Cracked
Bzone

where: Bzone – bending zone; Szone – shear zone

7-8
Cracked
Bzone
Cracked
Bzone
Uncracke
d Szone
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difference of crack width was 41.0 % in a beam A2. The
smallest difference between experimental and EC2 results
was from 0 % to 17.9 %, approximately at 55 kN in A series
beam.

Fig. 13 Load-deflection curve of A1 series

Fig. 16 The cracks distribution of A series beams

Fig. 14 Load-deflection curve of A2 series

Fig. 17 Load-crack width curve of A1 series

Fig. 18 Load-crack width curve of A2 series
Fig. 15 Load-deflection curve of A3 series
The experimental and the numerical results of the
beams are obtained similar, however the stiffness of numerical beams is lower than experimental. The stiffness of composite beams calculated by analytical method is higher in
comparison to experimental, however significant decrease
of stiffness is reached after the initial cracks. The experimental deflections are very similar to deflections which are
calculated according to EC2 methodology, except the A1
series beam, where stiffness is slightly decreased in comparison to the experimental. The stiffness of the RC beams
strengthened with CFRP can be calculated according to
EC2.
Experimental and calculated results of crack
widths are presented in Figs. 17-19. In almost all the cases,
the EC2 gives higher values of crack widths. The highest

Fig. 19 Load-crack width curve of A3 series
Curves of load-slip at the end of CFRP sheets between the concrete and CFRP of series 2 specimens are pre-
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sented in Fig. 20. Comparing the different beams, the smallest slip at the end of CFRP sheet was observed for C2 beam,
at 100 kN and higher load. It means that the biggest shear
(bond) stress between concrete and CFRP at the same load
is also in C2 beam, where the load bearing capacity is highest. The slip starts to increase rapidly (100 μm per 10-15 kN)
when the load reaches 90 kN.

Fig. 20 Load- slip between CFRP and concrete curve of 2
series
6. Conclusions
1. Under the conditions of carried out experiments,
the pre-cracking in composite beams has enhanced the flexural capacity and increased the stiffness in comparison to
uncracked reinforced concrete beams strengthened with
CFRP sheets.
2. Good agreement was found comparing experimental and theoretical (EC2) deflections of RC beams
strengthened with CFRP. However, for more detailed verification, the analysis should be extended with more specimens.
3. The slip between concrete and CFRP at the end of
CFRP sheet increases rapidly (100 μm per 10-15 kN) until
reaching the maximum slip value, when reinforced concrete
beam strengthened with CFRP is utilized 60-90 % of its load
bearing capacity.
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T. Lisauskas, M. Augonis, T. Zingaila, M.R.T. Arruda
STIFFNESS AND STRENGTH ANALYSIS OF
FLEXURAL RC BEAMS STRENGTHENED WITH
CFRP SHEETS CONSIDERING THE INFLUENCE OF
PRE-CRACKING
Summary
This paper presents experimental, numerical and
analytical analysis of newly cast and pre-cracked flexural
reinforced concrete beams strengthened with CFRP. In total, 9 intermediate-scale composite beams were cast and
tested using 4-point bending test setup. Midspan deflection,
width of the cracks, concrete and CFRP strains were measured during the experimental program. Clear efficiency of
composite pre-cracked beams was observed in comparison
to newly cast beams: enhanced flexural capacity and increased stiffness after appearance of primary cracks in tension zone. Good agreement was found comparing experimental and theoretical (EC2) deflections of RC beams
strengthened with CFRP. However, for more detailed verification, the analysis should be extended with more specimens. The shear stress at the end of CFRP sheets between
the concrete and CFRP increased rapidly until reaching
maximum slip value, when the reinforced concrete beam
strengthened with CFRP reaches 60-90 % utilization of load
bearing capacity. All experimental results were compared
with numerical and analytical calculations. Experimental,
numerical and analytical results were in sufficiently good
agreement.
Keywords: CFRP, pre-cracks, ABAQUS, strengthening.
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