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1. Introduction 

In recent years, with the development of economy 

and society, the urban traffic problems become more and 

more serious. Straddle-type monorail vehicles, as distinc-

tive urban rail transit system, has the advantages of strong 

climbing ability, small turning radius, fast running speed, 

small floor area, safety and comfort, low noise and low 

cost, so that it has been applied in many cities [1-3]. 

Compared to subway vehicles of the traditional 

steel wheel-rail system, straddle-type monorail vehicles 

use rubber tire. The driving wheels contact the upper sur-

face of the track beam, and the steering wheels and the 

stabilizing wheels distributed on both sides of the bogie 

contact the side surface of the track beam, as shown in 

Fig. 1[4]. Therefore, the dynamic response of straddle-type 

monorail also has unique characteristics. A lot of dynamic 

response of straddle-type monorails have been studied for 

by many researchers. Goda et al. [5] established the 9-DOF 

dynamic model of monorail vehicle considering the tire 

force of track irregularity, and carried out the spectrum 

analysis. Then, they [6] analyzed the influence of the lon-

gitudinal stiffness of the air spring, and the research shown 

that the force of the steering wheel and the slip rate of the 

driving wheel were smaller when the longitudinal stiffness 

of the air spring was low. Based on Lagrange’s formula-

tion for monorail trains, and a finite-element method for 

modal analysis of monorail bridges, Lee et al. [7] estab-

lished a more detailed 15-DOF monorail bridge-train inter-

action system, and analyzed the effect of the train speed 

and the passenger loading on ride comfort. After that, Lee 

et al. [8] took the Osaka monorail steel structure bridge as 

the research object, derived a three-dimensional monorail 

bridge-train interaction system, and analytical results on 

dynamic response of the monorail train and bridge were 

compared with field-test data in order to verify the validity 

of the proposed analysis procedure. To assess the dynamic 

behavior of monorail-bridge system, Naeimi et al. [9] de-

veloped an innovative model of train-guide way interaction 

based on multibody dynamics and finite element simula-

tion. At the same time, aiming at the curve condition of 

monorail vehicles, Goda et al. [10] developed a curving 

simulation. Based on the finite element method and energy 

method, Wang et al. [11] proposed an analytical procedure 

of dynamic interaction analysis of the straddle monorail 

bridge-vehicle coupling system, and analyzed the effects of 

speed, three kinds of loads and different radius of curva-

ture on dynamic responses. In addition, the influence of 

wheel out of round on vehicles dynamic responses were 

studied in ref. [12-13]. 

All the above studies are based on the double-axle 

bogie model. At present, straddle type monorail vehicles 

mainly have two types, i.e., double-axle bogie model 

(Chongqing straddle monorail and Hitachi) and single-axle 

bogie model (Bombardier). Compared with the double-axle 

bogie model, the single-axle bogie model has a lot of 

advantages [4]. Firstly, due to the reduced number of tires 

and the use of hourglass springs, Bombardier Monorail300 

has a significantly lower mass than Chongqing monorail 

and is easier to maintain. Secondly, Bombardier Monorail 

300 has a vehicle height of 4.053m, about 1.1m lower than 

Chongqing monorail vehicle. At last, the turning radius of 

Bombardier Monorail 300 can reach 46m, which has a 

huge advantage compared with the 100m turning radius of 

Chongqing monorail. 

Therefore, a 15-DOF dynamic model is estab-

lished for straddle-type monorail vehicle with single-axle 

bogie, which consists driving wheels, steering wheels and 

stabilizing wheels. The motion equations of the straddle-

type monorail vehicle are derived using the Lagrange's 

equation, and the wheel-rail contact model and the curving 

track beam model are created. Compared with the test re-

sults, the accuracy of the method is verified. Finally, the 

dynamic response of straddle-type monorail vehicle under 

curve condition is analysed. 

This paper is organized as follows: the 15-DOF 

dynamic model is established in Section 2, which consists 

driving wheels, steering wheels and stabilizing wheels. 

Section 3 does the track modelling and comparison be-

tween the calculation results and the test results is shown 

in Section 4. Section 5 describes the results and discussion 

and Section 6 concludes this paper. 

2. Dynamic model 

2.1. Motion equations 

The dynamics model of straddle-type monorail 

vehicle includes three parts, one vehicle body and two bo-

gies. Each bogie has 2 driving wheels, 4 steering wheels 

and 2 stabilizing wheels, as shown in Fig. 1. Fig. 2 shows 

the 15-DOF dynamic model of straddle-type monorail ve-

hicle. The DOF variables of the vehicle body and bogies 

are presented in Table 1, and the notations of monorail 

vehicle dynamics model are stated in Table 2. 

According to the Lagrange’s equation, the motion 

equation of the vehicle can be described by Eq. (1). 
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In Eq. (1) T indicates kinetic energy; eU indicates 

elastic potential energy; qU indicates damping potential 

energy, jq is the generalized coordinate;  


represents the 

derivation of time. 

 

Fig. 1 Straddle-type monorail vehicle with single-axle bogie 

 

Fig. 2 15-DOF dynamics model of straddle-type monorail vehicle 

Table 1 

The DOF variables of the vehicle 

Vehicle parts Lateral Vertical Rolling Pitching Yawing 

Vehicle body 
11y  11z  11x  11y  

11z  

Front bogie 
21y  21z  21x  21y  

21z  

Rear bogie 
22y  22z  22x  22y  

22z  
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Table 2 

Notations of monorail vehicle dynamics model 

Descriptions Notations 

Mass (vehicle and bogies) 
11 21 22, ,m m m  

Stiffness of hourglass spring 

(vertical) 
1111 1112 2111 2112, , ,K K K K  

Stiffness of driving wheel 
1211 1212 2211 2212, , ,K K K K  

 

Stiffness of steering wheel 
1311 1312 1321 1322

2311 2312 2321 2322

, , , ,

, , ,

K K K K

K K K K
 

Stiffness of stabilizing wheel 
1411 1412 2411 2412, , ,K K K K  

Stiffness of hourglass spring 

(lateral) 
1511 1512 2511 2512, , ,K K K K  

Damping of hourglass spring 

(vertical) 
1111 1112 2111 2112, , ,C C C C  

Damping of driving wheel 
1211 1212 2211 2212, , ,C C C C  

 

Damping of steering wheel 
1311 1312 1321 1322

2311 2312 2321 2322

, , , ,

, , ,

C C C C

C C C C
 

Damping of stabilizing wheel 
1411 1412 2411 2412, , ,C C C C  

Damping of hourglass spring 

(lateral) 
1511 1512 2511 2512, , ,C C C C  

 

The equation of kinetic energy, elastic potential en-

ergy and damping potential energy are expressed by Eqs. (2) 

– (4). 
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In Eqs. (2) – (4), the subscript i  is the vehicle bo-

gie position ( 1, 2i   are front and rear bogies); the subscript 

j  is the wheel position in the bogie ( 1, 2j   are front and 

rear wheels); n  is the left and right sides of the vehicle 

( 1, 2n   are left and right sides); imjnR is the relative dis-

placement; 1 j  is Kronecker delta. 

By substituting Eqs. (2) – (4) into Eq. (1), the 

motion equations of straddle-type monorail vehicle with 

single-axle bogie are obtained as shown in Eqs. (5) – (7). 

The motion equations of vehicle body:  
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The motion equations of front bogie: 
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 (6) 

The motion equations of rear bogie: 
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The relative displacements are described as follow: 

 

1 11 2 11 2

2 2 11

( 1)

( 1) ( 1) ,

n

i jn i x y

n i

x i y y xi

R z z L

L L



 

    

   
 

(8)
 

 

2 2 2 4 2( 1) ,n

i jn i x i vy i jnR z L W     (9) 

 

3 2 2 3 3( 1) ,j

i jn i z i x i jnR y L W     (10) 

 

4 2 2 3 4 ,i jn i x i z i jnR y L W    (11) 

 

 5 11 2 11 1 11( 1) 1 ,
in

i jn i x z z xiR y y L L        (12) 

 

where: 2,3, 4imjnW m （ ） is displacement caused by uneven 

rail surface. 

2.2. Wheel-rail contact model 

The driving wheels, steering wheels and stabiliz-

ing wheels use rubber tire, which have obvious nonlineari-

ty. Under curve condition, due to the guide function of the 

track beam, the driving wheel will be in the compound con-

dition of longitudinal sliding, side sliding and roll. Driving 

wheel and rail contact model are expressed as follow: 
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Steering wheels and stabilizing wheels and rail 

contact model are expressed as follow: 
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3. Curving track beam model 

3.1. Track beam roughness 

According to the ISO8608[15], the pavement 

power spectral density (PSD) can be expressed as follows: 
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where:Ω is spatial Frequency; n  is frequency index. In this 

paper, grade A pavement is used for simulation. 

3.2. Track modelling 

Considering the transition curve, longitudinal 

gradient, curve superelevation, indirect track joints and track 

turnout structure, a track beam model is established. The 

width of the track is 690 mm. The curve superelevation rate 

is calculated by Eq. (17). 

 
2

( ) ,
V

tan
gR

    (17) 

where:  indicates curve superelevation rate;  indicates 

curve superelevation angle; V is monorail vehicle 

velocity; g is gravity acceleration; R  is rail curve radius. 

Fig. 3 shows the change of superelevation angle of 

track with curve radius of 100 and superelevation rate of 

9%. 

 

Fig. 3 Change of superelevation angle of track 

4. Comparison between the calculation results and the 

test results 

In order to verify the accuracy of the method, the 

test is carried out on a real straddle-type monorail vehicle 

line, three-direction acceleration sensor is mounted on the 

vehicle floor and German IMC data acquisition system is 

adopted, as shown in Fig. 4. 
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Figs. 5 and 6 show the comparison between the 

calculation results and the test results of the spectrum of the 

vertical acceleration and the lateral acceleration, when 

monorail vehicle velocity is 15 km/h. The results show that 

the main frequency of calculation results and test results is in 

good agreement, which indicate the accuracy of the 

calculation method in this paper. 

 

a) Three-direction acceleration sensor 

 

b) German IMC data acquisition system 

Fig. 4 Vibration acceleration test system of monorail vehi-

cle 

 

a) Calculation result 

 

b) Test result 

Fig. 5 Spectrum of vertical acceleration (V=15 km/h) 

 

a) Calculation result 

 

b) Test result 

Fig. 6 Spectrum of lateral acceleration (V=15 km/h) 

4. Results and discussion 

When the monorail vehicle is running, its vibration 

response characteristics directly affect the running quality. 

The vibration response of vehicles depends on the track 

parameters and vehicle parameters. Track parameters mainly 

include curve radius, curve superelevation rate, vehicle 

parameters mainly include passenger mass and stiffness of 

driving wheel. 

5.1. Curve radius 

The calculation conditions of different curve radi-

us are illustrated in Table 3. The acceleration time history 

curve of different curve radius is shown in Fig. 7 (the left 

figure is lateral acceleration; the right figure is vertical 

acceleration). The comparison of the acceleration root 

mean square (RMS) is shown in Fig. 8. According to Fig. 7 

and Fig. 8, the lateral acceleration increases significantly 

with the decrease of curve radius, while the vertical accel-

eration does not change significantly.  

Table 3 

Calculation conditions of different curve radius 

Case Curve 

radius, m 

Curve superele-

vation rate, % 

Velocity, 

km/h 

Curve speed 

limit [16] 

A1 50 9 30 31.3 

A2 100 9 30 44.3 

A3 200 9 30 62.7 

5.2. Curve superelevation rate 

The calculation conditions of different curve super-

elevation rate are illustrated in Table 4. The comparison of 

acceleration RMS of different curve superelevation rate is 

shown in Fig. 9. The lateral and vertical acceleration has 

little change, and the curve superelevation rate has little 

effect on the dynamic response of monorail vehicles. 
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a) R=50 

 

b) R=100 

 
c) R=200 

Fig. 7 Acceleration time history curve of different curve radius

 

Fig. 8 Influence on different curve radius 

 

Fig. 9 Influence on different curve superelevation rate 
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Table 4 

Calculation conditions of different curve  

superelevation rate 

Case Curve superele-

vation rate, % 

Curve 

radius, m 

Velocity, 

km/h 

Curve speed 

limit [16] 

B1 3 100 30 34.7 

B2 6 100 30 39.8 

B3 9 100 30 44.3 

5.3. Passenger mass 

The comparison of acceleration RMS of different 

passenger mass is shown in Fig. 10, the mass for AW0 is 

15500 kg, AW2 is 25020 kg，AW3 is 27820 kg [17]. The 

lateral and vertical accelerations decrease with the increase 

of passenger mass, and the vertical acceleration changes 

more obviously. 

 

Fig. 10 Influence on different passenger mass 

5.4. Stiffness of driving wheel 

The comparison of acceleration RMS of different 

stiffness of driving wheel is illustrated in Fig.11, the 

stiffness for C1 is 1.2×106 N/m, C2 is 2.4×106 N/m，C3 is 

3.6×106 N/m. The curve radius is 100m, the curve 

superelevation rate is 9 %, and the vehicle velocity is 30 

km/h. The lateral acceleration and vertical acceleration 

increase with the increase of the stiffness of driving wheel, 

so it is necessary to consider the reasonable stiffness of 

driving wheel in vehicle design. 

 

Fig. 11 Influence on stiffness of driving wheel 

5. Conclusions 

The straddle-type monorail vehicle with single-

axle bogie is taken as the research object in this paper. A 

15 degrees-of-freedom (DOF) dynamic model is estab-

lished, and the wheel-rail contact model and the curving 

track beam model are created. Compared with the test re-

sults, the accuracy of the method is verified. According to 

research results:  

1) The lateral acceleration increases with the de-

crease of curve radius, but the vertical vibration accelera-

tion does not.  

2) The curve superelevation rate has little effect 

on the lateral and vertical vibration of monorail vehicles. 

3) The lateral and vertical accelerations decrease 

with the increase of passenger mass, and the vertical accel-

eration changes more obviously. 

4) The lateral and vertical accelerations increase 

with the increase of the stiffness of driving wheel.  

The research in this paper can provide theoretical 

reference for the subsequent design and development of 

straddle-type monorail vehicle with single-axle bogie. 
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Liang XIN, Zixue DU, Junchao ZHOU, Zhen YANG, 

Zhouzhou XU 

STUDY ON DYNAMIC RESPONSE OF STRADDLE-

TYPE MONORAIL VEHICLE WITH SINGLE-AXLE 

BOGIE UNDER CURVE CONDITION 

S u m m a r y 

This paper is concerned with the dynamic re-

sponse of straddle-monorail with single-axle bogie under 

curve condition. A 15 degrees-of-freedom(DOF) dynamic 

model is established for straddle-type monorail vehicle 

with single-axle bogie, which consists driving wheels, 

steering wheels and stabilizing wheels. The motion equa-

tions of the straddle-type monorail vehicle are derived us-

ing the Lagrange's equation, and the wheel-rail contact 

model and the curving track beam model are created. 

Compared with the test results, the accuracy of the method 

is verified. Finally, the influence of curve radius, curve 

superelevation rate, number of passengers and stiffness of 

driving wheels on dynamic response is discussed. 

Keywords: straddle-type monorail vehicles, single-axle 

bogie, curve condition, dynamic response. 
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