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1. Introduction
In recent times, small structural components like
micro/nanoplates are extensively used in microelectromechanical systems (MEMS) and nanoelectromechanical systems (NEMS) attributable to its distinct and finest characteristics [1]. Micro/nano type rectangular plate based resonators are universally used for far-ranging applications such as
in fields like energy harvesting [2, 3], robotics[4, 5], mass
sensing [6, 7], electronic filtering [8, 9], communication
systems [10, 11], autonomous distribution systems [12, 13],
aerospace industry [14, 15], navigation systems [16, 17] etc.
MEMS/NEMS based plate resonators combine both
mechanical and electrical functionalities on micro/nanoscales. Attributable to the surplus advantages like miniaturization, fractional weight, high surface to volume ratio,
truncated energy consumption, adequate accuracy and precision, augmented sensitivity, enhanced reliability and acceptable stability of micro/nano plate type resonators [18 20]; its uses range from civil to military ones [21-23].
As a consequence of its key features and advantages micro/nanoplate resonators have a wide range of
applications as micro- and nanoscale sensors [22-26], actuators [27, 28], switches [29], pumps [30, 31], filters [32, 33]
and microfluidic components [34].
Quality factor (QF) decides the sensitivity and resolution of micro-/nano systems when used in sensor industry [35, 36]. As far as communication systems in micron
ranges are concerned, enhanced quality factors increase signal to noise ratio and reduce phase noise [37, 38]. A high
quality factor in resonators is achieved by reducing the dominant energy dissipation mechanisms which can be classified as extrinsic and intrinsic ones .The extrinsic losses like
anchor damping [39, 40]and squeeze film damping [41, 42]
can be diminished by proper geometric design. Air damping
is another extrinsic dissipation mechanism which can be
eliminated by ensuring ultra vacuum operation [43, 44].Unlike extrinsic dissipation mechanisms, intrinsic ones like
thermoelastic damping (TED) are very laborious to control
and seems to be dominant in limiting the maximum attainable quality factor of the resonators [45, 46]. Modeling of
high-quality factor resonators/sensors at the micro-and nano
scale, is an emerging need and the factors affecting thermoelastic dissipation mechanism that cause quality factor to
decline must be identified. In vibrating structures like resonators, thermoelastic damping is a crucial dissipation mechanism which arises due to the thermal gradients generated

during the flexing of the elastic media. The thermal currents
emanating from the compression and expansion of the elastic media causes irreversible energy dissipation which leads
to energy losses and quality factor curtailment. Accordingly,
thermoelastic damping is a very critical loss mechanism at
micro and nano-scales which limits the maximum achievable quality factor in the resonator denoted by thermoelastic
damping limited quality factor (QTED).
Consequently, research in thermoelastic damping
which limits the maximum achievable quality factor in the
resonator is an interesting area. The maximum attainable
thermoelastic damping limited quality factor (QTEDmax) in different structures is investigated in various research works
as in tuning fork resonators [47], laterally vibrating resonators [48], gyroscopic devices [49], micro/nano flexural thinbeams [50], thickbeams [51], laminated composite micromechanical beam resonators [52], functionally graded
microbeams [53], carbon nano tubes [54], rectangular and
circular microplate resonators [55-57] multi-layered microplates [58-60], functionally graded plates [60],rotating microdisks [62], microrings [63] etc.
In resonating structures, the most important performance parameter is its quality factor which gives a direct
measurement of expended energy due to various losses. The
assessment of mechanical energy dissipation as a consequence of thermoelastic damping and the related quality
factor analysis are prime concerns for the researchers in the
last few decades.The presence of thermoelastic damping as
a major mechanical energy dissipation in microbeams is
spotted firstly by Zener (1937). Zener quantified the energy
losses due to thermoelastic damping in homogeneous,
isotropic, Euler–Bernoulli beams associated with its internal
friction and provided an analytical solution for the thermoelastic energy dissipation [64-66]. Landau and Lifshitz
(1959) derived an exact expression for the attenuation coefficient attributed to thermoelastic damping but not able to
provide the solution for governing equations [67]. The study
of thermoelastic vibrations in single-crystal silicon and silicon nitride based micro-resonators at room temperature is
carried out by Roszhart (1990) [68] and Yasumura et al.
(1999) [69] respectively. Lifshitz (2000) contributed an exact expression for the energy dissipation corresponding to
thermoelastic damping based on coupled thermoelasticity
[70]. Experimental studies on thermoelastic damping of
MEMS based resonating sensors like Gyros are organised
by Amy Duwel (2003) [71].
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The analysis of thermoelastic damping in microplates is an interesting issue in micro/nano systems. Nayfeh
and Younis (2004) presented a model for microplates of
general shapes and boundary conditions and governed an
analytical expression for the quality factor due to thermoelastic damping [72]. Vogl G. W et al.(2005) developed a micromodel for clamped circular plates and found to be computationally strong for sufficiently modelling the electrically actuated plates [73].Rao S.S. elaborated the theory,
computational aspects and applications of vibrations in continuous systems [74].Zhili Hao et al.(2008) conducted an
analytical study on thermoelastic damping in the contourmode vibrations of micro/nanoscale circular plate resonators using a thermal-energy approach [75]. Zhang et al.
(2008) presented theoretical analysis of thin plates formed
by functionally graded materials formulated on physical
neutral surface [76].Yuxin Sun (2009) identified thermoelastic damping as a significant loss mechanism at room temperature in micro-scale circular plate resonators for axisymmetric vibrations [77]. Yi et al. (2010) analysed thermoelastic damping in contour-mode vibrations of micro- and nanoscale ring, disk, and elliptical plate resonators using finite
element formulation [78]. Sun et al. (2010) derived the analytical expression for thermoelastic damping from the coupled thermoelastic problems of circular plates associated
with the out of plane vibrations [79].
Ale Ali et al. (2011) studied thermoelastic damping
in clamped-clamped annular microplates [80]. Li P. et al.
(2012) developed an analytical model for investigating thermoelastic damping in the fully clamped and simply supported rectangular microplates [81]. Fang et al. (2013) investigated thermoelastic damping applying two-dimensional heat conduction in circular microplate resonators with
axisymmetric vibration [82]. Zhikang Li et al. (2013)
explored the resonant frequency of an electrostatically actuated microplate under uniform hydrostatic pressure [83]. A
theoretical analysis of thermoelastic damping model in laminated tri layered circular plate resonators subjected to axisymmetric out-of-plane vibrations is conducted by Sun et
al.(2014) [84]. Bogdan T. et al. (2014) analysed TED in
auxetic plates[85]. J. N. Reddy et al. (2015). introduced the
nonlinear finite element analysis [86]. Jiang et al. analysed
the mechanism and model of thermoelastic damping in micro-plate resonators with three-dimensional heat conduction
[87].
Zuo et al. (2016) governed analytical modeling of
thermoelastic damping in bilayered microplate resonators[88].Fang et al. (2017) explored thermoelastic damping
in rectangular microplate resonators with three-dimensional
heat conduction [89].Ramu et al. (2017) analysed the free
vibration characteristics of rotating FGM plates in high thermal environments using the finite element method [90].The
impacts of various parameters such as radius, rotating speed
and power law index values on natural frequencies of rotating functionally graded material based plates are assessed.
Liu et al. (2018) conducted theoretical analysis of thermoelastic damping in bilayered circular plate resonators with
two-dimensional heat conduction [91]. The impacts of
transverse and in-plane excitations on a simply supported
piezoelectric rectangular thin plate and its dynamic responses are studied by Zhang et al (2018) [92]. From the study,
the existence of chaotic wave motions and the chaotic dynamic responses on the four edged thin plates are proved.Liu
et al. (2018) resolved the 3D model of thermoelastic

damping in laminated rectangular plate resonators for higher
order modes [93]. Balakrishna Adhikari et al. (2019) examined the dynamic response of functionally graded plates
employing a two-parameter-based elastic foundation model
[94]. A quasi-3D theory is adopted to incorporate the non
linear variation in the plates and the influence of diverse parameters on its dynamic response.Sayyid H. Hashemi et al.
(2020) studied the free vibrations behaviour of viscoelastic
functionally graded annular plates [95]. The perturbation
technique is used to solve the equations of motion analytically and the natural frequencies of the plate are determined
for different conditions.Kumar et al. (2020) studied thermoelastic damping in micro and nano-mechanical resonators
applying entropy generation approach instead of complex
frequency approach [96].
Abhik Sur et al. (2021) studied the influence of a
moving heat source and magnetic field on a thick plate. The
thermoelastic interactions subjected to varying magnetic
field and temperature at different times are analysed [97].
Morteza Karimi et al. (2021) studied the wave propagation
and vibration in double-layered magneto-electro-viscoelastic nanoplates to analyse the significance of surface layer
changes according to modified couple stress [100]. Mehran
Safarpour et al. (2021) investigated the frequency characteristics of a functionally graded graphene platelet reinforced
compositeporous circular/annular plates subjected to various boundary conditions [99]. Pawan Kumar et al. (2021)
carried out the vibration response analysis of functionally
graded piezoelectric porous plate with electro-thermal loading using finite element formulations [100]. The impact of
magnitude and the applied voltage sign on the resulting
frequency subjected to electric loading is also correlated. A
parametric analysis has been done to enhance the natural
frequencies of the paltes.
When thermoelastic damping in micro/nanoresonators are considered, small scale effect caused by the rapid
changes in properties on structural domain is very significant for predicting the related energy dissipation accurately.
The size dependence effects of materials have been observed experimentally by scaling down the microstructure size
[101, 102].Accordingly,the size effect is essential in mechanical analyses of various structures for accurate prediction
of thermoelastic damping.The classical theories are incapable of including the size effect at micron scales,hence, several higher order continuum theories are applied to relate
stress and strain in resonating structures to evaluate the size
dependencies. The primary non-classical continuum theory
is couple stress theory (CST) which includes higher order
theories developed by Mindlin [103], Toupin [104] and
others including Koiter [105].
The accepted higher order theories employed to analyze the size scaling in microstructures are mainly micropolar theory [106], surface elastic theory [107], couple
stress theory [108], strain gradient theory [109], nonlocal
theory [110] and hybrid model like nonlocal strain gradient
theory [111].
Micropolar elasticity theory includes both translation and rotation of local points whereas only translation
motion is taken in classical elasticity theories. Micropolar
elasticity suggest both couple stress and force stress for predicting the characteristics, but its main limitation lies in the
fact that the rigid rotations did not have metrical importance
and accordingly difficulty in the use of material symmetry
precepts are experienced. The effect of surface stress on
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micro/nanoresonators are modelled by surface elasticity theory and its main drawback is the requirement of a robust
computational framework to solve the deformations and surface tension of microstructures.
According to the nonlocal elasticity theory introduced by Eringten, the state of stress at a given point in a
material is dependent not only on the state of strain at that
point but also on other points.The main limitation of
nonlocal theory is that the concept is formed on an axisymmetric condition at local zones which is erreneous and reduces its accuracy. In couple stress models,higher order
stresses are considered as the couple stresses.In classical
couple stress theory,stretch and dilation gradients are not
considered in making the constitutive analytical relations.Yang et al.introduced modified couple stress theory
(MCST) with higher order equilibrium equations comprising
conventional equilibrium equations of forces as well as moments of forces. While applying MCST, the size dependency
is expressed by incorporating a single material length scale
parameter . In modified strain gradient model, proposed by
Lam et al., a set of higher-order metrics are used to describe
the strain gradient model along with three length scale parameters to include rotation, dilation, and stretch gradients.From literature it is revealed that both MSGT and
MCST provide almost the same results and so MCST is
more advantageous due to its computational efficiency
owing to a single material length scale parameter.Hence among the various higher order theories, the most commonlyused is the Modified Couple Stress Theory (MCST)
developed by Yang et al. The research works related to the
study of vibrating structures with size effects are elaborated
in succession.
Yang et al.(2002) developed couple stress based
higher order theory for elasticity related to the deformation
behaviour and size dependency [112]. According to this
work, the two independent higher order material length
scale parameters are reduced to simply one and formed a
modified couple stress theory. Lam et al. (2003) developed
higher order metrics to characterize strain gradient behaviors and number of independent elastic length scale parameters are reduced from five to three. Accordingly, a new
strain gradient theory is evolved for analyzing the bending
in plain beams [113]. Lim et al. (2004) studied the size dependent geometrically nonlinear response of thin elastic
films with nano-scale thickness based on a continuum approach. The film was assumed elastically isotropic, and
Kirchhoff’s hypothesis was adopted to approximate the deformation kinetics [114]. Zhang et al. (2005) analysed inhomogeneities in strain gradient elasticity with couple stresses
and corresponding issues for the effective property of composites [115].
A modification and generalization of the thin plate
model developed in is evolved by P.Lu et al.(2006) which
can be used for static and dynamic analysis of thin film
structures [116]. They derived the governing equations of
Kirchhoff and Mindlin plate models with surface effects.D.
Ieşan (2007) analysed thermoelasticity of bodies with
microstructure and temperatures [117]. R. C. Batra et al.
(2008) developed a reduced order model for an elliptic
microplate with electrostatically actuation and clamped
boundary condition based on the von Ka´rma´n nonlinearity
and the Casimir force [118].The bending analysis of strain
gradient elastic micro-plates is conducted by K. A. Lazopoulos et al. (2009) [119]. L. Yin et al. (2010) conducted

vibration analysis of microscale plates based on modified
couple stress theory [120].
The vibration analysis and size dependency of both
rectangular and circular plates based on modified couple
stress theory are conducted by E. Jomehzadeh et al. (2011)
and the natural frequencies are presented [121]. Ke, Liaoliang et al. (2012) developed a non-classical microplate model for the axisymmetric nonlinear free vibration of Mindlin
microplates made of functionally graded materials (FGMs)
based on the modified couple stress theory [122]. Huu-Tai
Thai et al. (2013) developed size-dependent models for
functionally graded Kirchhoff and Mindlin plates for analyzing the bending, buckling, and vibrations in the framework
of modified couple stress theory [123]. Gheshlaghi et al.
(2013) studied the size dependent damping in axisymmetric
vibrations of circular nanoplates [124]. Asghari Met
al.(2013) conducted size-dependent mechanical analyses for
functionally graded microplates [125]. Shaat et al. (2014)
developed a new Kirchhoff plate model to study the bending
behavior of nano-sized plates,includingsurface energy and
microstructure effects employing modified couple stress
theory [126]. Guo et al. (2014) analysed thermoelastic dissipation in circular micro-plate resonators using the generalized thermoelasticity theory [127]. Tsiatas et al. (2014) analysed the size effect on the static, dynamic and buckling
analysis of orthotropic Kirchhoff-type skew micro-plates
based on modified couple stress theory [128]. Ansari R. et
al. (2014) studied the size-dependent vibrational behavior of
functionally graded (FG) rectangular Mindlin microplates
including geometrical non-linearity [129]. Farokhi et al.
(2014) analysed nonlinear dynamic behaviour of a geometrically imperfect microplate based on the modified couple
stress theory [130]. An eigen value analysis is also organized to get the natural frequencies with various geometric
imperfections. Askari et al. (2015) organized vibrational
analysis of clamped Kirchhoff microplates and conducted a
parametric study to investigate the natural frequency of
plates [131]. Şimşek, M. et al. (2015) studied the size-dependent vibration of a microplate under the action of a moving load based on the modified couple stress theory [132].
Eshraghi, Iman et al. (2015) conducted the static and free
vibration analysis of functionally graded annular and circular micro-plates applying MCST [133].Taati et al. (2015) analysed the size dependent buckling and post buckling behaviour of functionally graded micro-plates under different
kinds of traction employing modified couple stress theory
[134]. Lou Jia et al. (2015) presented a unified higher order
shear deformable plate theory for functionally graded microplates by adopting MCST [135].
J. N. Reddy et al. (2016) conducted a nonlinear
finite element analysis of functionally graded circular plates
with modified couple stress theory [136]. Razavilar et al.
(2016) analysed thermoelastic damping in rectangular microplate resonator using modified couple stress theory
[137]. The authors explored the relation between quality
factor and temperature for gold microplates. Ansari, R. et al.
(2016) introduced a non-classical plate model to study the
forced vibration of functionally graded microplates exposed
to a harmonic excitation transverse force applying modified
couple stress theory [138]. Askari et al. (2016) also conducted a parametric study and analysed the size-dependent
dynamic pull-in in geometric non-linear micro-plates based
on the same theory [139]. Nguyen et al. (2016) conducted
isogeometric analysis associated with a novel quasi-3D
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shear deformation theory to explore the size scaling in functionally graded microplates [140].
Thai et al. (2017) developed a numerical model for
studying the shear deformation effects with size-dependent
analyses of functionally graded microplates using modified
strain gradient theory [141]. Liu et al. (2017) analysed the
size effects of functionally graded moderately thick microplates using isogeometric analysis [142]. Malikan et al.
(2017) analyzed the electro-mechanical shear buckling of
piezoelectric nanoplate using modified couple stress theory
based on simplified first order shear deformation theory
[143].
Borjalilou et al. (2018) explored the small-scale effects on the thermoelastic damping in microplates applying
strain gradient theory and the impacts of certain parameters
on thermoelastic damping is analysed [144]. Thai (2018) et
al. presented a non-classical model for bending, free vibration and buckling analyses of functionally graded (FG)
isotropic and sandwich microplates based on the modified
couple stress theory MCST and the refined higher order
shear deformation theory [145]. Ajri, M et al. (2018) conducted nonlinear free vibration of viscoelastic nanoplate
based on MCST. The impact of relaxation coefficient of the
material on frequency, vibration amplitude and damping ratio of nanoplate is explored [146]. Kim et al. (2018) obtained the bending, free vibration, and buckling response of
functionally graded porous micro-plates using the classical
and first-order shear deformation plate theories [147]. Devi
S. et al. (2018) analysed the vibrations of thermoelastic plate
resonators based on Kirchhoff- Love plate theory. Damping
and frequency shift in microscale plates are investigated
based on MCST [148].
Farzam Amir et al. (2019) investigated the bending, buckling and free vibration behaviors of in-plane functionally graded porous microplates by means of isogeometric analysis (IGA) and modified couple stress theory [149].
The effect of porosity and other parameters are examined
numerically by using hyperbolic shear deformation theory.
Liu Y et al. (2019) analysed the size-dependent free vibration and buckling of three-dimensional graphene based microshells applying MCST [150]. Resmi R. et al. (2019) analysed the thermoelastic damping dependent quality factor
analysis of rectangular plates applying modified coupled
stress theory and the figure of merit of resonators are found
out by numerical simulations. The significant parameters
such as attenuation and frequency shifts are derived [151].
Thermoelastic damping analysis for size-dependent microplate resonators utilizing the modified couple
stress theory and the three phase-lag heat conduction model
Borjalilou et al. (2020) studied the thermoelastic damping
in microplates according to strain gradient theory and a
number of parametric studies has been conducted to assess
the impact of TED [152]. Kumar R. et al. (2020) portrayed
the significance of memory-dependent derivative approach
for the analysis of thermoelastic damping in micromechanical resonators [153]. Devi S. et al. (2020) explored the thermoelastic damping and frequency shift of Kirchhoff plate
resonators based on MCST and a computer algorithm is generated to obtain the numerical results [154]. Yekani, S. M.
A. et al. (2020) presented a Levy type solution for bending,
buckling, and vibration analyses of rectangular isotropic
Mindlin micro plates based on the modified couple stress
and first-order shear deformation plate theories [155]. Zhaohai Yang et al. (2021) assessed thermoelastic damping in

rectangular nanoplates by including the size effects using
nonlocal elasticity theory by using complex frequency approach [156]. Zhou et al. (2021) analysed thermoelastic
damping in rectangular and circular micro/nanoplate resonators using nonlocal theory [157]. Resmi R. et al. (2021)
investigated the significance of dimensionless length scale
parameter on material dependent thermoelastic attenuation
and frequency shifts of rectangular microplate resonators
[158]. Xiao Ge et al. (2021) analysed the damping due to
thermoelasticity in rectangular micro/nanoplates based on
modified nonlocal strain gradient theory [159]. Yuan et al.
(2021) conducted the post buckling analysis of nano shells
based on surface elasticity theory [160]. Caiyuan Xiao et al.
(2021) also explored the size dependent TED in circular nanoplates in structural domain by using nonlocal elasticity
theory. The time-harmonic and asymmetric form for
deflection and temperature change are chosen for extracting
the natural frequency of circular plate resonators[161].
From the literature review, TED study and analysis
in micro/nano rectangular plates using five different structural materials (polySi, diamond, Si, GaAs, and SiC ) under
various conditions for reduction of energy dissipation and
optimization of quality factor is not available. The major
purpose of the analysis is to attempt to fill this gap by exploring TED on isotropic rectangular micro-plates based on the
Kirchhoff model. Non classical elasticity theory like MCST
is used to enquire size dependency on thermoelastic damping because of its simplicity and accuracy as discussed in
the previous section. Towards enhancing the thermoelastic
damping limited quality factor, several optimizations are
made on the basis of geometry and materials. MEMS and
NEMS plates can be made of various materials, such as metals, polymers, semiconductors, and even functionally graded (FG) materials. QTED is predominantly optimized by
properly selecting the structural material and dimensions, of
the resonator. Selection of proper vibrating modes and
boundary conditions also enhances QTED albeit to a lesser
extent.
The governing equations of motion are derived by
conforming to the Hamilton principle and the coupled heat
conduction equation is employed to formulate the thermoelastic damping limited quality factors of the plates. Using
complex frequency approach, from the real and imaginary
parts of the frequency, an expression for quality factor is derived incorporating size effects. Hence a closed-form
expression comprising small-scale characteristic parameters
is derived to quantify TED . A comparison is made between
the results extracted based on present nonclassical model
(MCST) and those provided via classical (LR) formulation.
The significance of capturing size effect and the influences
of the different parameters, such as material length scale parameter, material properties, boundary conditions and the
mode switching are investigated in the current analysis. The
critical length (Lc), which corresponds to the peak energy
dissipation under the abovementioned conditions is also
explored. The impacts of material properties, size scaling ,
boundary conditions and mode switching usingboth LR theory and MCST is analysed.
In the current analysis, the analytical expressions
for thermoelastic dissipation of Kirchhoff’s rectangular micro/nanoplates based on both classical (LR) and nonclassical
(MCST) continuum theories are presented. The analytical
expressions including material performance indices and size
effects corresponding to thermoelastic damping limited
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quality factor are evolved based on complex frequency approach as follows. The influence of material length scale parameters, structural material properties, boundary types and
mode switching on thermoelastic damping limited quality
factor and critical length is investigated in subsequent sections. The numerical results obtained for both classical and
nonclassical theories are compared for both QTED and Lc.
The variation of thermoelastic energy dissipation with
length of the micro/nanoplate follows a Lorentzian behaviour for all specified conditions and applicable to both classical and nonclassical theories even if the magnitude is different.
In this paper, Section 2 gives the basic formulation
of MCST according to Yang. In Section 3, the expressions
for the thermoelastic damping limited quality factor of
MCST are derived in terms of the Lifschitz and Roukes
expressions for the thermoelastic damping limited quality
factor of classical thermoelasticity. Section 4 presents the
results and discussions, in which the various techniques for
enhancing QTED are analyzed quantitatively by applying
MCST. The impacts of size scaling, mode switching, boundary conditions, material properties, and the internal length
scale parameter are discussed in Section 4. The conclusions
of the work are given in Section 5.
2. Formulation of basic equations

1
T
 ij = u + ( u )  .
2



(1)

A

Eq. (1) shows that the deformation energy density
does not depend explicitly on the anti-symmetric part of displacement gradient and the anti-symmetric part of rotation
gradient. Only the symmetric part of displacement gradient
conventional star in tensor and the symmetric part of rotation gradient (symmetric curvature tensor) contribute to the
deformation energy. The rotation vector and the anti-symmetric curvature tensor do not contribute to the deformation
energy. The strain tensor and symmetric curvature tensor are
the deformation measures conjugate to the symmetric stress
tensor σ and the deviatoric couple stress tensor m, respectively. The different tensors are defined by couple stress
which can be determined from torsion tests of slim cylinders
or bending tests of thin beams in microscale.
Symmetric part of Cauchy’s stress tensor:

(3)

Deviatoric part of symmetric couple stress tensor:
mij = 2l 2  ij .

(4)

Deviatoric part of symmetric curvature tensor:

ij =

1
T
 + (   )  ,

2

(5)

where: μ is the displacement vector; Lame’s constants are
E
 = E / np;  =
where: E, ν are the Young’s modulus
2n
and Poisson’s ratio of the plate material respectively. According to MCST, to characterize size effect a material
length scale parameter l is adapted and estimated from the
structural material property. In addition to the conventional
parameters, two new material dependent parameters p and n
are introduced, which are derived from Poisson’s ratio and
as shown in Table 2.
Infinitesimal rotation vector:

1
2

Unlike non-classical continuum theories, in classical elasticity theory, stress and strain energy depends only
on the strain tensor and rotation gradients are not considered.
In MCST Yang et al. and Rao et al., a higher order
equilibrium condition is applied to predict the size dependencies at micro/nano scales. The total strain energy is considered as a quadratic function of the symmetric strain tensor (conjugated with stress tensor) and the symmetric curvature tensor (conjugated with couple stress tensor) where
the latter one is the additional measure of deformation.
To interpret the size effect related to the material
microstructures, a single material length scale is developed
in MCST based on Kirchhoff plate model.
In a deformed isotropic linear elastic material occupying region A , the strain energy E is given by:

(2)

Strain tensor:

 i = curl ( ui ) .

2.1. Basic formulation of MCST

U =  ( ij  ij + mijij ) dA ( i, j = 1, 2, 3).

 ij =  tr (  ij ) I + 2 ij .

(6)

From Eqs. (3) and (5), the strain tensor εij and curvature tensor χij are symmetric, and consequently from Eqs.
(2) and (4), the stress tensor σij and couple stress tensor mij
are also symmetric.
The schematic diagram of a microplate of length a,
width b and thickness h defined in the rectangular coordinate system is shown in Fig. 1. When a thin plate is considered for analysis, it is assumed to be under plane stress condition and the thickness, h and width, b of the plate is taken
to be small as compared to length a i.e., b < 5h.

a

b

Fig. 1 Schematic diagram of a microplate with different
boundary types: a) Clamped – clamped; b) Simply
supported
2.2. Governing equations of motion and coupled thermoelasticity
of microplates

Let ψx and ψy denote the transverse normal rotations about y and x axis,
W ( x, y, t ) 

x

W ( x, y, t ) 
 y ( x, t ) = −
.
y


u x = − zW ( x, y , t )



 x ( x, t ) = −

(7)
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According to Kirchoff’s plate theory, the displace
ment field (ux, uy, uz) of an arbitrary point (x, y, z) is given
by:
W ( x, y, t ) 

x

W ( x, y, t ) 
(8)
u y = z y ( x, t ) = − z
,
y


u z = W ( x, y , t )


where: W(x, y, t) denotes transverse deflection of the microplate.
From Eqs. (1) and (2), rotation vector ψ can be rewritten as:
u x = z x ( x, t ) = − z

1  u z u y  1
−
 = W, y
2  y
z  2
1  u u 
1
 y =  x − z  = − W, x
2  z
y 
2






.


1  u y u x 
z
z = 
−
 = − W, xy 
2  x
y 
2


x = 

(9)

The symmetric rotation gradient tensor, χij can be
1
T
expanded by using Eq. (5) as ij =  + (  )  .

2
Non-zero components of symmetric part of the rotation gradient tensors are:



 yys = −W, xy


.
1
s
 xy = (W, yy − W, xx ) 
2

 zz =  yz =  zx = 0 

v
( xx +  yy ) + t (T − T0 ) =
E
( n − m)
=
( xx +  yy ) + t (T − T0 ) .
2E

 zz =

where: m = {0.774,0.931,0.72,0.69,0.808} for polySi, diamond, Si, GaAs, SiC respectively which are derived from
Poisson’s ratio.
In rectangular plates, bending moments (mxx, myy,
mxy) and torsion moments (Yxx, Yyy, Yxy) exist and expressed
as:

El 2
W ,

n , xy


El 2
m yy =
W ,

n , xy
,
2

El
mxy =
W, yy − W, xx ) 
(
n

mzz = m yz = mzx = 0 

(15)


Yxx = D   − zu z ,xx −   



Yyy = D   − zu z , yy −    ,



E

Yxy = − Zu z ,xy

n

(16)

mxx =

Em
.
np
Including size effects, the strain energy is:

where: D =

 xxs = W, xy

h

(10)

Е=

 xy


= − zW, xy 

(17)

2
F1 = W, xx
+ W, 2yy +  (W, xx + W, yy )

  z 2  l 2   l 2
2 and
2
F2 = W, xy
   +    +   (W, yy − W, xx )
 h   h    h 



where:

 xx = − zW, xx 


1 a b 2  Dz
E 
h  h2 F1 + n F2  dxdydz,
2 
0 0−
2

The non-zero components of the strain are:

 yy = − zW, yy  .

(14)

(11)

kinetic energy of the microplate is:

K=
Stress-strain relationships for thermoelastic mate-


1 ab 
 h3 2
2
 x + y2   dxdy,

hW
+


2 00 
12


(18)

rials:
1
 xx = ( xx − v yy ) +  t (T − T0 ) =
E
(m − n) 
1
=   xx +
 yy  +  t (T − T0 ) ,
E
2

1
( yy − v xx ) + t (T − T0 ) =
E
(m − n) 
1
=   yy +
 xx  +  t (T − T0 ) ,
E
2


where: ρ is the density of the plate material.
According to the variational principle:
(12)

t 2



 t1



   ( K − U ) dt  = 0,

(19)

For clamped - clamped and simply supported rectangular microplates, the integral of the Gaussian curvature
is zero [79], where:

 yy =

(13)
ab

 W, xxW, yy − W, xy  dxdy = 0.
2

00

(20)
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The moment of inertia:

12
IT = 3
h

h

−

2

h

where:

z dz.

f ( ) = f ( g ( ) ) =

(21)

24  hg
 hg  
 − tan  2   .
h3 g 3  2
 

(29)

2

Isothermal value of eigen frequency of the microThe dynamic governing equation of the microplate
in terms of W(x, t) is given by:

( B + B) 4W +
2 =

where:

B 2
 IT −  hW = 0,
2

2
2
+
;
x 2 y 2

4 =

(22)

4
2 4
4
+
+
; B=
x 4 xy y 4

plate:

B  m12 m22 
2
+


 ; for SS
 h  a 2 b2 


2
2


1
1 

and
0 = 
m2 +  
  m1 + 

2
2 
 2 B 

+
; for CC
  h 

a2
b2








p
.
2m
The temperature distribution in the microplate due
to the thermoelastic coupling is:
= Dh3 ; B = Dl 2 h

 = 2 −

 EbT 

 jj ,
t

pCV

(23)

i

where: CV is the heat capacity coefficient at constant volume; χ is the thermal diffusivity of the solid.
The linearized version of the heat equation is:


n
ŕ
1 + 2ŕ  = , zz + z (W, xx + W, yy ) ,
p



2

 
B ŕ
  = 1 + + 1 + f ( )  .
B 2
 0 

From the above equation, the frequency is complex
and expressed as:

Re ( ) = 0 
 B
ŕ 
6 sinhsinh ( ) + sinsin ( )  

+
1 − 3
 ,
B   coshcosh ( ) + coscos ( )  
 4
(31)

(24)

4ŕ

B
 6 sinhsinh ( ) + sinsin ( )
6
  3
− 2
  coshcosh ( ) + coscos ( ) 
Im ( ) = 0

where the relaxation strength of the thermoelastic solid is
ŕ = ( Ead − E ) / E = E 2T0 /  Cp, where Ead is the unrelaxed or adiabatic value of Young’s modulus; E is its relaxed or isothermal value.
3. Solution of the thermoelastic equation and MCST
based quality factor



.
it 
 ( x, y, z, t ) = 0 ( x, y, z ) e 

ŕ

(w


0, xx

 =b

(25)


sin ( gz ) 
+ w0, yy )  z −
 . (26)
g cos ( gh / 2 ) 


12ŕ  h3 h
2
 hg  
+ 2 − 3 tan     20 .
3 
h 12 g
g
 2 

(33)

(34)

TED in terms of inverse of quality factor is expressed as:
Q −1 = 2

Im ( )
Re ( )

.

(35)

In the analysis:

(27)
−1
QMCST
=

Using Eqs. (26) and (27) in (22), the equation of
motion will be:
B

 4
 B + B + ŕ (1 + f ( ) )   W −  hW = 0,
2



0
,
2

 B 
B = 16 1 +  .
B


The thermal moment of inertia can be given by:

IT =

(32)

and

The temperature profile in microplate is derived as:

 0 ( x, y , z ) =


 .


where:

The solutions of equation of motion and coupled
heat equation are:

W ( x, y, t ) = w0 ( x, y ) eiwt

(30)

(28)

 6 sinhsinh ( ) + sinsin ( )
6 
2ŕ  3
− 2 
  coshcosh ( ) + coscos ( )  
=
,
B
ŕ  6 sinhsinh ( ) + sinsin ( )  
2
B  +
1 − 3

 16
B   coshcosh ( ) + coscos ( )  


(36)
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According to Lifshitz and Roukes assumption, Eq.
(36) is reduced to the well-known Lifshitz and Roukes expression as follows when size effect was not included:

 6 sinhsinh ( ) + sinsin ( )
6
−1
QLR
= ŕ  3
− 2
  coshcosh ( ) + coscos ( ) 


 .


(37)

−1
−1
in terms of QLR
is expressed as:
QMCST

−1
MCST

Q

=

−1
2QLR

 6 sinhsinh ( ) − sinsin ( )
 B
ŕ  3
− 1 −
  coshcosh ( ) + coscos ( )  4

.

(38)

4. Results and discussions
In this section, the numerical results are presented
by simulating the analytical expressions corresponding to
the thermoelastic energy dissipation allied with classical
theory (Lifshitz and Rouke’s theory) and modified couple
stress theory (MCST) as given in the derived equations. The
analytical expressions are numerically simulated by using
MATLAB 2015.The impacts of structural material properties, material length scale parameters, boundary conditions
and mode switching on thermoelastic damping limited quality factor and critical length of Kirchhoff’s micro/nanoplates
based on both higher order theory, modified couple stress
theory (MCST) and classical theory (LR) are assessed.
To validate the analytical study, microplate resonators of length a = 200 μm; width b = 200 μm; thickness h =
10 μm using five different structural materials (polySi, diamond, GaAs, SiC and Si) are examined at temperature T =
298 K. The experimentally reported mechanical and thermodynamic properties of all the structural materials are
given in Table 1. Themechanical boundary conditions selected for analysis include simply supported and clampedclamped boundary types. The Kirchhoff’s plates are analysed for first two modes designated as (1,1) and (1,2) to
investigate the influence of mode switching.
Table 1
Mechanical and thermal properties of structural
materials at T0=298 K
Materials
PolySi
Diamond
Si
GaAs
SiC

E, GPa
150
800
130
85.9
415

ν
0.226
0.069
0.28
0.31
0.192

Parameters
ρ
k
2328
40
3515 100
2230
90
5316
52
3200
70

Cp α, 10-6
713
2.3
510
1.2
699
2.59
550
5.73
937.5 3.0

4.1. Quality factor analysis
Analysis of the thermoelastic damping limited
quality factor (QTED) of micro- and nanoplates is discussed
in this section for various material length scale parameters,
structural materials, boundary conditions and mode switching applying both classical (LR) and nonclassical (MCST)
theories.
Table 2 describes the numerical values of QTED obtained by the simulations using MATLAB 2015 under three
diverse material length scale parameters (l = 0,0.5,1). The
numerical results are computed for the five different

structural materials (Si, polySi, GaAs, SiC and diamond)
and two boundary types (simply supported and clampedclamped). All the specified conditions are analysed for two
different modes- (1,1) and (2,1) also. The numerical results
are differentiated for both classical (LR) and non-classical
theories (MCST) to evaluate the thermoelastic damping limited quality factor accurately, presuming the specified conditions as delineated in the subsequent sections.
Table 2
Values of thermoelastic damping limited quality factor
(QTED) of a microplate obtained numerically for various
structural materials {Boundary conditions-simply supported and clamped-clamped; length scale parameters
(l(μm) = 0,0.5 and 1) and vibrating modes M-I(1,1) and MII(2,1)}
l, μm Material PolySi Diamond Si
GaAs
SiC
SS
7055.17 5248.79 6028.81 3496.87 2709.44
0
(Mode-I)
CC 7055.17 5248.79 6028.82 3496.87 2709.44
SS
8418.22 6563.40 7037.79 4025.44 3271.60
0.5
(Mode-I)
CC 8418.21 6563.40 7037.79 4025.44 3271.61
SS 12140.19 10084.81 9820.28 5492.69 4799.38
1
(Mode-I)
CC 12140.19 10084.81 9820.28 5492.69 4799.38
SS
7056.03 5249.11 6029.10 3497.03 2709.98
0
(Mode-II) CC 7056.02 5249.10 6028.99 3497.02 2709.97
SS
8418.99 6563.89 7037.91 4026.12 3272.21
0.5
(Mode-II) CC 8418.98 6563.89 7037.89 4025.99 3272.20
SS 12140.79 10085.11 9820.97 5492.99 4799.92
1
(Mode-II) CC 12140.77 10085.09 9820.86 5492.81 4799.89

4.1.1. Effects of material length scale parameter
Intending to assess the influence of material length
scale parameter on QTED, the micro/nanoplates are subjected
to various material length scale values like 0,0.5 and 1. The
classical theory is realized by designating l = 0 in the investigation. The values of material length scale parameters chosen for integrating MCST are 0.5 and 1.
Fig. 2 shows the variation of thermoleastic energy
dissipation withthe length of a simply supported plate applying different material length scale parameters i.e. l =
0,0.5 and 1.The dissipation curves are plotted for micro/nanoplates of all the five selected structural materials with
simply supported mechanical boundary type and vibrating
in first mode (1,1).
As a result of selecting higher values of material
length scale parameters, thermoelastic dissipation diminishes as depicted in Fig.2.
Table 2 shows the QTED values of micro- and nanoplates with different length scale parameters for the five
structural materials. As shown in Table 2, as the length-scale
parameter increases, the thermoelastic damping limited
quality factor of all materials increases in the order QTED (l
= 0 μm) < QTED (l = 0.5μm) < QTED (l = 1μm); the same is
validated as shown Fig. 3. The variation of thermoelastic
damping limited quality factor with l, for both simply supported and clamped-clamped boundary types are also presented. The divergence in QTED with length scale parameter
for both boundary type is the same i.e. as l increases, QTED
increases. For all vibrating modes of the resonator, as l increases QTED also increases.
To ascertian the impact of material length scale parameter on QTED more accurately, a quantitative analysis is
done by computing the percentage difference of QTED
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attained between the various values of l. Table 3 presents
the percentage change in QTED between different length
scale parameters.The transitions in l considered for investigation are 0-0.5,0.5-1 and 0-1.
From Table 3, the maximum percentage difference
is obtained for the switching of l = 0 to l = 1 for micro/nanoplates using all the structural materials.The maximum
percentage difference (92.13 %) in QTED is obtained for diamond based plates when MCST is applied instead of classical theory (i.e., l = 0 μm to l = 1 μm).

because of high TDI and relaxation strength valuesleading
to high thermoelastic damping and low QTED values. Among the various structural materials selected for analysis,
TDI value is the lowest for polySi and the maximum value
for QTED is attained as shown in Table 3.
From Fig. 3, the maximum QTED (12140.19) is obtained for a clamped-clamped micro- or nanoplate with polySi as the structural material. From Fig. 3, the order of materials in which QTED decreases is obtained as QTED polySi>
QTED diamond > QTED Si > QTED GaAs > QTED SiC, as shown
in Table 3. The variation of thermoelastic damping limited
quality factor is inversely related to the material performance index parameter, thermoelastic damping index generally, as shown in Table 4.

Fig. 2 Thermoelastic energy dissipation Q-1 versus length L of a
simply supported microplate for different length scale parameters applying various structural materials
Table 3
Percentage difference between different length scale parameters
of various structural materials
l, μm
0-0.5
0.5-1
0-1

PolySi
19.32
44.21
72.07

Diamond
25.04
53.65
92.13

Si
16.73
39.54
62.88

GaAs
15.11
36.44
57.07

SiC
20.74
46.69
77.13

4.1.2. Effects of material performance indices
In view of the investigation of thermoelastic energy dissipation based on structural material properties, the
dissipation curves of micro/nano plates are plotted against
length as shown in Fig. 3. It is remarkable that the structural
material properties dominate the thermoelastic energy loss
very much and the dependency is mainly due to a material
performance index called thermoelastic damping index,
TDI.
The amount of thermoelastic damping is materialdependent,because energy dissipation is determined by the
material’s mechanical and thermal properties.Energy dissipation of the resonator depends on the relaxation strength ŕ
E 2T0
of the resonator; ŕ =
, which depends on an imporC p
tant material performance index parameter known as the
E 2
thermoelastic damping index TDI =
. The main factor
Cp
affecting the total energy dissipation and QF of the resonator is TDI.The relaxation strength can be expressed in terms
T
of TDI: i.e. ŕ =TDI * 0 . SiC suffers large energy losses
r

Fig. 3 Thermoelastic energy dissipation Q-1 versus length L
of a clamped-clamped microplate for different structural materials vibrating in (1,1) mode
Table 4
Material dependent performance indices for rectangular
plates
MateTDI,
rials
10-6
PolySi 1113
Dia2651
mond
Si
1248
GaAs 5128
SiC 3984

Material Performance Index Parameters
lT ,
χ,
p⋆
q⋆⋆
k⋆⋆⋆
Cν
nm cm2/s
3 0.241 0.774 1.226 0.548 1659864
3.69 0.558 0.931 1.069

0.862

1792650

7.56 0.577 0.72 1.28
4.42 0.178 0.69 1.31
2.04 0.233 0.808 1.192

0.44
0.38
0.616

1558770
2923800
3000000

⋆(1-ν), ⋆⋆ (1+ν), ⋆⋆⋆ (1-2ν)
The descending order in which QTED diminishes among the
different structural materials is polySi > Si > GaAs > SiC,
which is inversely related to TDI usually, as shown in Table
3.i.e. the sequential order in which QTED drops off is QTED
polySi> QTED Si > QTED diamond > QTED GaAs > QTED SiC
for both boundary conditions for lower values of material
length scale parameter.
4.1.3. Effects of boundary conditions
The thermoelastic damping limited quality factor is
quantified for two boundary types (simply supported and
clamped -clamped) of the micro/nanoplates.Fig.4 demonstrates the thermoelastic energy dissipation curves of the micro/nanoplates using five structural materials for both
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boundary types. The resonating mode selected for the plate
is (1,1) i.e. first mode and the length scale parameter, l =1.
For the simply supported and clamped- clamped
support conditions of the plates, it is identified that the
change in QTED with different boundary conditions is negligible. While analyzing the tabulated table for thermoelastic
damping limited quality factor, the maximum QTED
(12140.19) is obtained for a simply supported polySi based
plate. From Table 2 it is also verified that the material order
of diminishing QTED is independent of the boundary types
i.e. the sequential order in which QTED drops off is QTED polySi> QTED Si > QTED diamond > QTED GaAs > QTED SiC for
both boundary conditions.

clamped type with length scale parameter l =1μm.On account of mode switching, the divergence of QTED is negligible as in the case of change in boundary types.
4.2. Critical length analysis
Critical length Lc, is an important design parameter
in micro/nanoplate resonators that represents the length at
which peaking of energy occur and consequently included
in the current investigation.The prior awareness of the critical length of the micro/nanoplate helps the designer of
micro/nano plate resonators to diminish energy losses by
properly selecting the dimensions.The anayses is conducted
by comprehending the classical (LR) and nonclassical
(MCST) theories and comparing the numerical results attained for Lcunder the st.In the analysis, LR theory is included
by setting l = 0 and the MCST is incorporated by selecting
nonzero values of length scale parameter i.e. l = 05 and 1.
The outcomes of integrating material length scale parameters, different boundary types and mode switching are investigated in the micro/nanoplates using five various structural
materials. Table 5 shows the critical length values of
micro/nanoplates for both LR and MCST theories under the
specified conditions.
Table 5
Values of thermoelastic critical length Lc of a microplate
obtained for various structural materials under two vibrating modes M-I(1,1) and M-II(2,1) with varying length
scale parameters (l (μm) = 0,0.5 and 1) and boundary conditions (simply supported and clamped-clamped)

Fig. 4 Thermoelastic energy dissipation Q-1 versus length L of a
microplate for various boundary conditions (simply supported and clamped-clamped) and structural materials

MODE
(1,1)

0.5

4.1.4. Effect of mode switching
Fig. 5 demonstrates the variation of thermoelastic
energy dissipation with length of micro/nanoplates vibrating
in different modes.

l, μm
0

1
(2,1)

0
0.5
1

B.C PolySi Diamond Si GaAs
SS
0.64
0.55
0.41 0.55
CC
0.96
0.83
0.62 0.83
SS
0.68
0.60
0.43 0.58
CC
1.02
0.90
0.65 0.87
SS
0.76
0.69
0.48 0.64
CC
1.15
1.04
0.73 0.96
SS
0.81
0.70
0.52 0.70
CC
1.12
0.97
0.72 0.96
SS
0.86
0.76
0.55 0.73
CC
1.18
1.05
0.76 1.01
SS
0.97
0.88
0.61 0.81
CC
1.34
1.21
0.85 1.12

SiC
0.76
1.15
0.81
1.22
0.93
1.39
0.97
1.34
1.03
1.42
1.17
1.62

4.2.1. Effect of material length scale parameter

Fig. 5 Thermoelastic energy dissipation Q-1 versus length L of
a microplate for various vibrating modes (M-I(1,1)
and M-II(2,1)) and structural materials
The two modes selected for analysis are MI-(1,1)
and M-II (2,1) and the impact is investigated for all the
structural materials chosen as shown in Fig. 5. The mechanical boundary type opted for investigation is the clamped-

The influence of material length scale parameter is
investigated by designating various values for material
length scale parameter, l. The different values of length
scale parameter chosen for investigation are 0,0.5 and 1.
Fig. 6 depicts the normalized thermoelastic energy dissipation curve of a simply supported micro/nanoplate, plotted
against its length, L. The resonating plates are vibrating in
first mode with different material length scale values.
On examining Table 5, the significance of l is substantiated i.e. as the value of l increases, critical length also
increases. The increasing order of critical length is Lc (l =
0.2μm) < Lc (l = 0.5μm) < Lc (l = 1μm) as illustrated in Fig
6. The maximum value of critical length is obtained for SiC
based resonator with l =1.
In the analysis, to quantify the impact of length
scale parameter precisely, the percentage difference in Lc for
selected transistions of length scale parameters are
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summarised in Table 6. First-order natural frequencies of
the microresonators obtained by ANSYS software.
The switching of l observed in the current analysis
are 0-0.5,0.5-1 and 0-1.The impact of material length scale
parameter increases with the value of l. While the change
over between various l are considered, the greatest impact
is found for 0-1 transitions for clamped -clamped type
rectangular plates.

noted from Table 4. The critical length is inversely proportional to the thermal diffusion length lT; the material order
in which Lc change occurs is Lc SiC > Lc polySi > Lc diamond > Lc GaAs > Lc Si.

Fig. 7 Normalized thermoelastic energy dissipation Q-1 versus length L of a microplate for different structural
materials vibrating in (1,1) mode
Fig. 6 Normalized thermoelastic energy dissipation Q-1 versus length L of a microplate applying various structural materials and length scale parameters (l =0 μm,
0.5 μm and 1 μm)
Table 6
Percentage difference of critical length between different
length scale parameters
MODE l, μm
(1,1)
0-0.5
0.5-1
0-1
(2,1)

0-0.5
0.5-1
0-1

B.C
SS
CC
SS
CC
SS
CC
SS
CC
SS
CC
SS
CC

4.2.3. Effects of boundary conditions
The influence of two different boundary conditions-simply supported and clamped-clamped types on critical length are analyzed for the micro/nanoplatesand plotted
as shown in Fig. 8.

PolySi Diamond
Si
GaAs SiC
6.06
8.70
4.76 5.31 6.37
6.06
8.09
4.72 4.71
5.9
11.11
13.95
10.99 9.84 13.79
11.98
14.43
11.59 9.84 13.03
19.78
24.32
17.59 16.27 21.09
19.85
24.31
17.65 16.26 20.98
5.99
8.22
5.61 4.20 6.00
5.22
7.92
5.41 5.08 5.80
12.02
14.63
10.34 10.38 12.73
12.7
14.16
11.18 10.33 13.16
17.98
22.78
15.93 14.57 18.69
17.89
22.02
16.56 15.38 18.92

4.2.2. Effects of material performance indices
Concerning the dependency of critical length Lc on
material type, normalized thermoelastic energy dissipation
curves are plotted against the length of micro/nanoplates
with preferred structural materials.
Fig.7 illustrates the comparison between the critical length Lc of a clamped-clamped micro- or nanoplate using various structural materials vibrating in first mode with
l =1 μm.
From Fig. 7, the maximum critical length is obtained for SiC based micro/nanoplates and the order of materials in which critical length diminishes is SiC>polySi>
diamond > GaAs >Si. The most important finding regarding
the sequential order in which Lc declines is its dependency
on an important material performance index parameter,
thermal diffusion length- lT. It is substantiated that the trend
is inversely proportional to the thermal diffusion length lT.as

Fig. 8 Normalized thermoelastic energy dissipation Q-1 versus length L of a microplate with different boundary
types (simply supported and clamped-clamped) applying various structural materials
The normalized thermoelastic energy dissipation
curves of micro/nanoplates with simply supported and clamped-clamped boundary conditions applying all the selected
structural materials are illustrated in Fig. 8.
As a result, a comparison of critical length of the
micro/nanoplates with both boundary types using the five
structural materials are realized. From Fig. 8., it is confirmed that a clamped-clamped plate shows more critical
length than a simply supported plate as shown in Table 5.
All the energy dissipation curves are plotted for
micro/nanoplates vibrating in first mode with length scale
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parameter l = 1 μm. From Fig. 8, the maximum critical
length (1.62 μm) seems to be obtained for SiC based clamped-clamped plates and can be verified from Table 5 also.
The significance of boundary conditions on various conditions is evaluated by analyzing the percentage
difference in critical length by transforming simply supported boundary type to clamped clamped one with different
structural materials, length scale parameters and modes as
depicted in Table 7. From Table 7, it is proved that Si in
(1,1) mode shows the maximum percentage difference of
critical length (41.32 %) as the mechanical boundary type is
converted from simply supported to clamped clamped type;
vibrating in first mode with l = 1 μm
Table 7
Percentage difference of critical length between different
boundary conditions
Mode
(1,1)

(2,1)

l, μm
0
0.5
1
0
0.5
1

PolySi Diamond
40.00
40.58
40.00
40.00
40.84
40.46
32.12
20.47
31.37
32.04
32.03
31.58

Si
40.78
40.74
41.32
32.26
32.06
32.88

GaAs
SiC
40.58 40.84
40
38.05
40
39.66
31.33 32.03
32.18 31.84
32.12 32.26

4.2.4. Effects of mode switching
For the sake of mode changing analysis, two
successive modes-M-I(1,1) and M-II (2,1) are selected for
the vibrating micro/nanoplates as shown in Fig. 9.

Fig. 9 Normalized thermoelastic energy dissipation Q-1 versus length L of a microplate vibrating in different
modes (M-I(1,1) and M-II(2,1))applying various
structural materials
Table 8
Percentage difference of critical length between different
modes
l, μm
0
0.5
1

B.C
SS
CC
SS
CC
SS
CC

PolySi Diamond
23.45
24
15.38
15.56
23.38
23.53
14.55
15.38
24.28
24.20
15.26
15.11

Si
23.66
14.93
24.49
15.60
23.85
15.19

GaAs
24
14.53
22.90
14.89
23.45
15.38

SiC
24.28
15.26
23.91
15.15
22.86
15.28

Fig. 9 depicts the normalized energy dissipation
curves of a clamped-clamped microplate vibrating in two

different modes. The plots are represented for all the five
structural materials with l = 1 μm. The comparison of critical length of micro/nanoplate for enhancing mode number
is evident i.e.as the mode number increases, Lc also increases. The maximum critical length is obtained for SiC
(1.62 μm) vibrating in M-II (2,1) mode as shown in Table 5.
To assess the impact of mode switching on Lc accurately, the percentage difference is calculated for the
transformation of mode (1,1) to mode (2,1) and presented in
Table 8.
The most important observation regarding the
mode switching is that the micro/nanoplates with clampedclamped boundary condition is less affected by the change
in vibrating mode. The maximum and minimum percentage
difference in Lc is obtained for plates with simply supported
and clamped-clamped boundary conditions respectively.
5. Conclusions
In this work, the focus is to numerically analyze the
impacts of structural material properties, boundary conditions, material length scale parameters and mode number increment on size dependent thermoelastic damping of vibrating isotropic Kirchhoff’s micro/nanoplates. The numerical
results are simulated from the attained analytical expressions of vibrating plates by using MATLAB R2015a.The
analytical expressions for thermoelastic energy dissipation
are derived in terms of material performance indices of the
structural materials used and the specified conditions are investigated. The consequences on thermoelastic damping
limited quality factor QTED and Critical Length Lc of micro/nanoplates are quantitatively evaluated and rationally
presented. The essential outcomes are delineated as:
1. In view of all the structural materials selected
(polySi, Si, GaAs, SiC and diamond), the maximum value
of QTED is obtained for polySi based rectangular plates and
verified to be essentially material dependent. As thermoelastic energy dissipation increases, QTED diminishes which
is established to be related to a material performance parameter, thermoelastic damping index TDI. Maximum QTED is
achieved with rectangular plates made up of polySi as the
structural material having the minimum TDI factor. The energy dissipation is maximum for SiC based micro/nanoplates with maximum TDI among the five different structural materials. Considering critical length of the micro/nano rectangular plates, Lc is also validated to be relied
on an important structural material thermal property known
as thermal diffusion length. As the thermal diffusion length
of the material increases, the length at which peaking of energy Lc occurs also increases. The maximum and minimum
values of Lc are obtained for SiC and Si respectively. The
thermal diffusion length of Si is the maximum and that of
minimum is for SiC. Hence it is confirmed that QTED and Lc
are dependent on two material performance indices - TDI
factor and thermal diffusion length -in a reverse order.
2. The size dependency analysis of Kirchhoff’s micro/nanoplates is included in the study by applying a higher
order theory, modified couple stress theory, which consists
of only one material length scale parameter l. The implication of classical theory is evaluated by selecting l =0 and the
size dependency is estimated by designating different values
of l as 02 μm,0.5 μm and 1 μm. Analysis of the influence of
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material length scale parameter l on the magnitude of thermoelastic energy dissipation discloses that the enhancement
in QTED can be accomplished by opting higher values of l. In
rectangular micro/nano plates, as the value of l increments,
Lc also increases.
3. Considering the two theories-classical LR and
non-classical MCST ones, the impacts of mode number increment on thermoelastic energy dissipation and QTED are
negligible for all the structural materials. Increasing the
value of mode number i.e. when the micro/nano plates are
vibrated at higher modes, Lc also increases which is an important observation regarding the plates.
4. Between the two boundary conditions, simply
supported and clamped-clamped types of micro/nanoplates
selected for analysis, the impact of mechanical boundary
condition on TED and QTED is also negligible as in the case
of mode switching. As far as Lc is analysed, the critical
length is verified to be greater in clamped-clamped micro/nanoplates. The prior knowledge of QTED and Lc can
help engineers to design high-performance, low-loss resonators at micro/nanoscales.
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R. Resmi, V.Suresh Babu, M. R. Baiju
IMPACTS OF MATERIAL PERFORMANCE INDICES
AND LENGTH SCALE PARAMETER ON THERMOELASTIC DAMPING IN MICRO/NANOPLATES APPLYING MODIFIED COUPLE STRESS THEORY
Summary
Energy dissipation in micro- and nanoscale resonators can be optimized by improving the thermoelastic-damping-limited quality factor. Maximizing energy dissipation is
interrelated with the critical lengthof the resonator plates; by
optimizing the dimensions, the peaking of energy dissipation can be diminished. However, classical continuum theories cannot explain the size effects related to mechanical behavior at micron or submicron sizes. In this study, isotropic
rectangular micro-plates are used to analyze the size-dependent thermoelastic damping and its impact on the quality
factor and critical dimensions such as critical length of micro/nano plates. Micro- and nanoplates using five different
structural materials are analyzed to optimize quality factor,
which depends on two material performance indices: thermoelastic damping index and thermal diffusion length.In
our study, an expression for the thermoelastic damping limited quality factor is derived in terms of the material performance indices and simulated numerically using MATLAB
R2015a. Accordingly, the maximum thermoelastic damping
limited quality factor is attained for polySi with the lowest
thermoelastic damping index and maximum critical length
is obtained for SiC with the lowest thermal diffusion length.
The impact of material length-scale parameters l, material
performance indices, vibration modes, and boundary conditions on quality factor limited by thermoelastic damping and
critical length are also investigated. Quality factor is maximized by selecting polySi as the structural material with
higher internal length-scale parameters l. These results can
help designers to engineer high-performance, low-loss resonators at micro/nanoscales.
Keywords: micro/nano rectangular plates, thermoelastic
damping limited quality factor, critical length, material
length scale parameter, material performance indices,
clamped-clamped and simply supported boundary conditions.
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