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Nomenclature
Roman letters
R is instantaneous bubble radius; Ṙ is first derivative of the
instantaneous bubble radius; R̈ is second derivative of
the instantaneous bubble radius; R0 is initial bubble radius;
c is speed of sound in the liquid; P is ambient pressure;
di is distance to its neighbor bubble with radius; R ; S is
coupling strength of bubbles; pt is instantaneous liquid
pressure; pv is vapor pressure under operating temperature; p2 is recovery pressure in the pipe; v0 is fluid velocity
at the orifice; vp is fluid velocity at pipe; L is length scale
of eddy; dp is pipe diameter; Ci is cavitation number; d0
is orifice diameter; T∞ is ambient temperature in the liquid;
p(t) is internal pressure as a function of time; V(t) is bubble
volume as a function of time; pmin is minimum internal
pressure; Vmax is maximum bubble volume; Rmax is maximum bubble radius; Rmin is minimum bubble radius.
Greek letters
 is ratio of specific heats of gas;  is viscosity of the liquid;
 is density of the liquid;  is surface tension coefficient
of the liquid;  is pressure recovery time;  is orifice-topipe-diameter.
0
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1. Introduction
Cavitation has attracted the attentions of many researchers due to its application in many fields. The dynamics of singe bubble has been investigated theoretically, experimentally and numerically [1-8]. In many situations, the
bubbles are sufficiently close to form a cluster. Bubble-bubble interactions have great influences on cavitation applications, which include not only traditional fields such as pressure fluctuation in hydrodynamic machinery [9], cavitation
flowing [10] and cavitation erosion in silt-laden liquid [11],
but also ultrasonic cleaning [12], sonoluminescence [13],
sonochemistry [14], water treatment [15], and so on.
In the experimental studies on the bubble-bubble
interactions, the bubbles were usually generated by the
methods of electric discharge, optical breakdown (laser) and
pressure impulse at fixed positions, and the bubble dynamics were generally observed by high-speed photography [1621]. For two-bubble interactions, four types of bubble oscillation behaviors were observed, namely, jetting toward each
other, jetting away from each other, bubble coalescence and
“catapult” effect, which were controlled by three parameters,
i.e., the difference time of the bubbles generation, bubble-

bubble dimensionless distance and relative sizes [16-18].
The three/four-bubble interactions were more complicated
which were affected by many factors such as bubble generation positions, bubble sizes and bubble phase. Multi-bubbles oscillation period increases with bubbles coalescence
but change little without coalescence [19]. An experiment
was designed in which 37 bubbles were generated simultaneously under the action of acoustic wave at hydrophobic
microcavity etched on a silicon plate in Ref. [20]. Authors
found the expansion and collapse of the inner bubbles are
delayed due to the affects of the outer bubbles. Following
the original idea in Ref. [20], the interacting two bubble
clouds and sonochemical production were investigated experimentally and theoretically [21].
The interactions of two bubbles and multibubble
have been carried out theoretically and numerically. The
mutual force between two bubbles was called the secondary
Bjerknes force which caused the bubbles to either repel or
attract each other [6]. The changes of the sign of the secondary Bjerknes force due to the variation of the transition frequencies of two-bubble system were investigated in Ref.
[22]. Sugita and Sugiura [23] investigated the bifurcation of
two spherical bubbles by the method of nonlinear model
analysis. Valier-Brasier and Conoir [24] analyzed the resonant acoustic scattering of two spherical bubbles using the
addition theorem and spherical harmonics expansions. In
addition to the good studies of two bubble model and their
dynamics, the researchers have investigated the dynamics of
the bubble cluster. There were two complementary approaches to investigate bubble clouds dynamics. One was
that bubble-liquid mixture was continuous, and the macroscopic motion of a bubble cluster was analyzed. The other
was that the microscopic motion of single bubble in the cluster was investigated [25]. The studies of first group were
mostly focused on the linearized dynamics of the bubble
clusters. In the paper of Fuster and Colonius [26], based on
volume-averaged equations taking bubble-bubble interactions into account, a new Rayleigh-Plesset equation was
proposed to predict the dynamics of a bubble cluster. Taking
advantage of this equation acoustic waves propagation theory in bubbly liquid was modified account for bubble-bubble interactions [27]. The second group focused on the interactions between bubbles in a cluster. In the work of An
[13], the multibubble sonoluminescence in a small bubble
cluster was investigated numerically using a new model assuming all bubbles arrayed homogenously. A bubble cluster
model describing high number density of microbubbles and
large size of bubble cluster was proposed in Ref. [28]. The
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maximum characteristic size of a bubble cluster reached 0.5
mm and the coupling strength could be as large as 106 m-1.
This model could accurately predict the destruction of encapsulated bubbles under the effects of bubble-bubble interactions [29].
Depending on the formation condition of local
pressure, there were two kinds of cavitation, namely, ultrasonic cavitation and hydrodynamic cavitation. The interactions between ultrasonic cavitation bubbles have been investigated theoretically a lot and abundant results have been obtained [6, 13, 21-29]. The dynamics of two bubbles in hydrodynamic cavitation were revealed in Refs. [30, 31]. They
found that there was a lag during the larger bubble oscillations under the exist of a smaller bubble, and lag became
more and more obvious as time went on. Nevertheless, there
were few studies in regard to the dynamics of bubble cluster
in hydrodynamic cavitation. Therefore, in present paper we
consider a new bubble cluster model based on the original
idea in Ref. [28] accounting for bubble-bubble interactions
in hydrodynamic cavitation. The bubble dynamics are investigated theoretically and numerically within a wide range
of parameter zone (e.g. the bubble number in a cluster). The
sections of present paper are organized as follows. Section
2 introduces the full model of a bubble cluster in hydrodynamic cavitation and numerical methods. Section 3 discusses the influences of parameters on the dynamics of a
bubble cluster. Section 4 summaries the main findings of the
present paper.

The pressure recovery time is defined as:
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The fluid velocity at the pipe can be written as:
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Fig. 1 Geometry for orifice plate

2. Mathematical model and numerical method
The geometry of orifice plate is shown in Fig. 1.
The radial motion of a bubble is described by modified Rayleigh-Plesset equation which considers the effects of the
compressibility, viscosity and surface tension of the liquid
[32]. Some following assumptions are made to establish
bubble interaction dynamics in hydrodynamic cavitation. (1)
The bubble keeps spherical and their centers are fixed. (2)
Bubbles are spatially homogeneously distributed and oscillate in the same manner. (3) There are no gas diffusion and
heat transfer during bubble expansion and collapse. (4) The
bubble expansion is isothermal and its compression is adiabatic. The equation using in present model can be written as
Eq. (1) [28, 29, 33].
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According to analysis in Ref. [34], internal energy
inside a bubble neglecting heat transfer between the bubble
and the liquid can be obtained by:

E 

∑di can be replaced by the coupling strength of
bubbles S. The detail of derivation process is referred to Yasui et al. [28]. Instantaneous liquid pressure changing linearly [30] can be expressed as:
p2  pv

In the present model, the temperature and pressure
inside the bubble are approximated as follows [34]:

p  t V  t   PminVmax

 1

.

(10)

The whole activity of interacting bubbles in hydrodynamic cavitation is translated into a differential equation,
resolved numerically using 4-5 Runge-Kutta algorithm. The
relative and absolute tolerances are 10-10 and 10-11, respectively. The initial conditions are R= R0 (t=0 s), dR/dt=0
(t=0 s). The following values are employed in the simulations [30, 31, 35-38]:
T∞ 293.15 K;
P0 =
=1×105 Pa; p2 =1×105 Pa; pv =2330 Pa; ρ =1000 kg/m3;
 =0.072 N/m; c =1480 m/s;  =1.4;  =1.005×10-3 Pas;
Ci =0.8; β=0.5; 𝑑p =0.03 m. If not specified, the initial bubble radius is R0 =100 m and the coupling strength of bubbles is S =1000 m-1.
3. Results and discussions

t.

(3)

In the process of radial oscillations, the maximum
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radius of bubble expansion can reach two times than its initial radius resulting in transient cavitation. During bubble
collapse violently, the energy is highly concentrated forming a high temperature and pressure environment inside the
bubble. Several chemical reactions are taken place inducing
sonochemical effects [14, 21, 34, 37]. In this section, the radial motion and inertial energy of single bubble and single
bubble in a cluster containing different number of bubbles
are analyzed by the method of numerical simulation.
The calculations of bubble radius and internal energy of single bubble are shown in Fig. 2. With time goes
on, the maximum bubble radius decreases and bubble expansion/compression periods are shortened. The expansion
and collapse of the bubble are the process of energy gathering and releasing, respectively. During bubble formation
and expansion, the energy around the bubble is captured.
When the pressure inside the bubble begins to recover, the
energy is released. The energy is concentrated during bubble collapse and then pressure pulse is radiated. From Fig. 2,
the bubble compresses to the minimum radius at the fifth
collapse, which is 68.97% of its initial radius. The internal
energy reaches its maximum value. The pressure and temperature inside the bubble are shown in Fig. 3. Their variation trends are similar to the internal energy. At the fifth collapse, the pressure and temperature increase up to 105.96
atm and 2724.06 K, respectively. It can be seen that the increase the pressure and temperature result in the rise of internal energy during bubble collapse.

186.45 s, 276.17 s and 525.13 s. The time of bubble collapse to the minimum radius are 146.42 s, 163.44 s,
234.99 s and 439.34 s. The bubble lifetime increases by
200% taking bubble-bubble interaction into account
(S=100000 m-1) as compare to the oscillation of a single
bubble. Thus, it can be concluded that the bubble-bubble interactions not only weakens the bubble expansion, but also
enhances the bubble collapse. The time of bubble reaching
the maximum and minimum radii are delayed. The more of
bubble numbers are in a cluster, the more significant of the
delay effect is. The same conclusions were also obtained in
the study of the dynamics of a bubble cluster under acoustic
excitation in Ref. [33].

Fig. 3 The pressure and temperature inside a bubble as a
function of time

Fig. 2 The normalized bubble radius and internal energy inside a bubble as a function of time
The effects of the coupling strength S in range of
0-100000 m-1 on the bubble dynamics have been studied.
Comparisons of the dynamics between single bubble and a
bubble in the cluster are shown in Fig. 4. The growing and
collapsing behaviors of a bubble under the effects of bubblebubble interactions are similar to that of single bubble. In
the case of a fixed S, the maximum expansion amplitude decreases and the minimum compression amplitude increases
gradually during each bubble expansion/compression period as time goes on.
In any given bubble expansion/compression period,
bubble expand less and collapse more strongly as S increasing from 0 to 100000 m-1. The maximum radii of bubble expansion are 3.68, 3.64, 3.48 and 3.12 times than their initial
radii and the minimum radii of bubble collapse are 57.37%,
55.58%, 47.63% and 36.68% of their initial radii. The time
of bubble expansion to the maximum radius are 172.18 s,

In order to seek a relationship between the internal
energy and the number of bubbles in the cluster, numerical
simulations have been performed for different S (0, 1000,
10000 and 100000 m-1) as shown in Fig. 5. It has been found
that the max internal energy increases as S increases. In
other words, the concentration of energy inside a bubble is
enhanced with increasing number of adjacent bubbles. This
phenomenon is the result of many factors, such as the
change of local speed of sound, the increase of temperature,
pressure and bubble expansion/compression time. Nevertheless, there are two explanations for this phenomenon
based on numerical results: one is the collapse strength of
inner bubble is enhanced due to the pressure pulses radiated
by the earlier collapse of outer bubbles acting on the inner
bubble. From the experimental results in Ref. [20], the
shock waves generated by the collapse of outer bubbles affected the inner bubbles due to their delayed collapse. The
interactions of a bubble with a shock wave resulting in making the bubble collapse more violently have been proved experimentally [39] and numerically [40]. The other one is that
the increase of S makes the bubble expansion/compression
periods increase. That is to say the time of bubble expansion
and compression increase. The bubble has a stronger ability
to gather and release energy. Thus, the increase of S results
in a stronger collapse. The following conjecture can be obtained. There exists a smaller number of bubbles in the cluster, the first mechanism dominates due to the expansion ratio and compression ratio having little changes as shown in
Fig. 4. Otherwise, the second explanation becomes a major
mechanism.
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Fig. 4 The normalized bubble radius as a function of time
with different interaction strength S

bubble absorbs energy from the surrounding liquid to keep
the bubble oscillating. When bubble collapse to the minimum value, the internal energy inside the bubble rise to the
maximum value and pressure pulses are radiated outward.
When initial radius of the bubble increases, the maximum
internal energy of the bubble increases monotonically and
the magnitude of the increase has a substantial rise. The
maximum internal energy of a bubble with an initial radius
of 500 m is 3 orders of magnitude more than that of a bubble with an initial radius of 50 m. As can be seen from the
result in Ref. [30], the larger of initial bubble radius is, the
larger of the peak value of pressure pulse is. Experiments on
OH- radicals detecting, disinfection and the degradation of
substances with different volatility indicated hydrodynamic
cavitation working as a low-frequency ultrasonic generator
[41]. In the study of acoustic cavitation, it has been found
that formed bubble are larger and they are forced to collapse
more aggressively with low ultrasonic frequencies. More
energy releases in terms of pressure pulses [42].

Fig. 5 The maximum internal energy as a function of the
coupling strength S of a bubble cloud

Fig. 6 The normalized bubble radius as a function of time
with different initial bubble radius R0

The initial radius of hydrodynamic bubble usually
varies between 50 m and 500 m depending on flow conditions [35]. The change of the orifice's size, liquid vaporization's degree, the dissolved gas concentration as well as
the species in liquid, can all alter the initial bubble radius.
[37, 38]. The initial bubble radius is an important factor affecting the energy concentration and release during bubble
growth and collapse, respectively. It can be seen as shown
in Fig. 6 that in an increment of the initial bubble radius,
both the maximum expansion radius decreases and the minimum collapse radius increases in a small range. However,
the time of bubble growing to the maximum radius and
shrinking to the minimum radius have a significant increase.
For example, the maximum sizes obtained are 3.69R0 and
2.95R0 for the initial sizes of 50 m and 500 m, respectively. The minimum sizes are 0.69R0 and 0.53R0 . While
the growth time are 94.41 s and 717.09 s, the collapse
time are 89.81 s and 519.48 s. The amplitudes are increased by nearly 651.61% and 476.23%. From the works
in Refs. [30, 31, 33], the similar conclusions were obtained
in the study of the two bubbles interactions in hydrodynamic
cavitation and the bubble cloud dynamics in acoustic cavitation.
The maximum internal energy of the bubble is a
function of initial bubble radius displayed in Fig. 7. The

Recovery pressure can be altered by changing the
inlet pressure and the design of the orifice [36, 41]. The effects of recovery pressure of orifice plate on the bubble oscillations and the maximum internal energy inside the bubble are shown in Fig. 8 and 9. From Fig. 8, it can be seen
that with the increase of final recovery pressure (p2 =1×105
Pa, 2×105 Pa and 3×105 Pa), expansion/ compression ratio
(Rmax /Rmin ) are 6.55, 6.54 and 6.25, respectively. The time
length of bubble compression to the minimum radius is
greatly reduced, which are 186.46 s, 145.99 s and 107.75
s. The maximum velocities of the bubble collapse reach
15.05 m/s, 19.28 m/s and 20.94 m/s. The rise of recovery
pressure causing the pressure gradients to add in liquid and
then the bubble collapse more intensively. This is consistent
with the results of the single bubble studies in hydrodynamic
cavitation. The increase of recovery pressure makes bubble
collapse more violently, and the stronger pressure pulses
could be formed [38]. The chemical reactions during bubble
oscillations could be optimized by a fast recovery pressure
combined with a moderate bubble density [41]. From the
analysis in Ref. [37], recovery pressure and ultrasound intensity were analogous parameters in hydrodynamic and
acoustic cavitation. Merouani et al. [34] revealed the powers
during bubble oscillations were higher at large excitation
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amplitude in acoustic cavitation for all ultrasound frequencies. With a rise in final recovery pressure, the increase of
the maximum internal energy is shown in Fig. 9. Krishnan
et al. [43] revealed that with the increase of recovery pressure the maximum of temperature and pressure increased
during bubble collapse, and more water vapor got out of the
bubble. More OH- radicals were produced under the conditions of high temperature and pressure.

Fig. 7 The maximum internal energy as a function of initial
bubble radius

into the model accounting for bubble-bubble interactions in
hydrodynamic cavitation. In the case of hydrodynamic cavitation, bubble dynamics, i.e. radial motion and internal energy, are influenced by the number of bubbles in a cluster
(i.e. bubble cluster size), the initial bubble size and recovery
pressure. Therefore, this paper can provide references for
the operation and design of hydrodynamic cavitation system.

Fig. 9 The maximum internal energy as a function of recovery pressure
4. Conclusions

Fig. 8 The normalized bubble radius as a function of time
with different recovery pressure p2 .
The effect of bubble-bubble interaction on oscillation of the bubble has been investigated both theoretically
and experimentally by many researchers. Nevertheless,
many of them are on two bubbles [6, 16-18, 22-24]. Furthermore, in most of the previous studies, the method of bubble
pulsation is not by hydrodynamic pressure variation but by
energy focus [7, 8, 16-19], pressure pulses [20] or ultrasound [6, 21-29]. Therefore, in the present analysis, the pulsation of a bubble has been studied theoretically under hydrodynamic pressure variation taking bubble-bubble interactions into account. The instantaneous pressure in liquid at
any time is obtained assuming linear variation between the
pressure at contraction section and recovery pressure at
downstream of the orifice or turbulent fluctuation. It can be
found from researchers’ analysis the variation trends of bubble dynamics were consistent under the action of the instantaneous pressure obtained by these two methods [30, 31, 3538, 44]. Hence, the turbulent fluctuation is not introduced

A model describing bubble-bubble interactions in
hydrodynamic cavitation has been presented in this paper.
The radial oscillations and internal energy have been numerically investigated for various conditions of the coupling
strength of bubbles, initial bubble radius and recovery pressure to explore the key parameters on dynamics of the bubble cluster. The results presented in this paper can provide
references for the design and operation to maximize the cavitation effects in hydrodynamic cavitation reactor. The main
findings are as follows.
1. Due to the effect of bubble-bubble interaction,
the bubble lifetime increases (e.g. an increase of 200% for
S=100000 m-1) compared with the oscillation of a single
bubble. With the rise of the initial bubble radius, the bubble
oscillation time is enhanced. Bubble lifetime for
R0 =500 m increases by 566.57% compared with that for
R0 =100 m. Therefore, the bubble has enough time to
gather and release energy. The maximal internal energy increases, and cavitation strength is also accelerated.
2. Two possible explanations are given for the reason of the maximum internal energy increasing with the
coupling strength. For the smaller number of bubbles in a
cluster, the pressure pulses radiated by the earlier collapse
of outer bubbles acting on the inner bubble enhances collapse strength. For the larger number of bubbles in a cluster,
the bubble expansion/compression periods increase sharply
resulting in increasing the abilities of energy concentration
and release.
3. A rise in recovery pressure results in the maximum velocities of the bubble collapse increasing (e.g.
15.05 m/s for p2 =1×105 Pa, 19.28 m/s for p2 =2×105 Pa and
20.94 m/s for p2 =3×105 Pa), and the active cavitation intensity of the downstream of the orifice is enhanced.
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L. Lv, X. Luo, H. X. Zhang, B. Cui, L. H. Chen
THE NUMERICAL INVESTIGATION ON BUBBLE
INTERACTION DYNAMICS IN HYDRODYNAMIC
CAVITATION
Summary
Bubble-bubble interactions are of great importance
for bubble dynamics. A mathematical model describing the
dynamics of a bubble cluster in hydrodynamic cavitation is
presented. The interaction strength (i.e. the number density
of bubbles) is introduced into Keller-Misis equation. Using
this model, numerical investigations of bubble dynamics (i.e.
radial motion and internal energy) of single bubble in a cluster containing high number density of bubbles have been
carried out due to linear pressure gradient. With the increase
of interaction strength, the time of bubble reaching the maximum and minimum radii are delayed. The more of bubbles
are in a cluster, the more significant of the delay effect is.
The maximum internal energy inside the bubble is closely
related to interaction strength (i.e. positive correlation). Furthermore, the effects of initial bubble radius and recovery
pressure of the orifice on bubble dynamics are quantitatively
discussed. Based on numerical results, some references are
put forward for structure optimization and manipulate of hydrodynamic cavitation reactor.
Keywords: bubble-bubble interactions, hydrodynamic cavitation, bubble dynamics, interaction strength, radial motion,
internal energy.
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