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1. Introduction 

Arch, as a basic structural component like column 

and beam, is widely used in long span structure because of 

good mechanical performance. Sufficient researches have 

been carried out to investigate the static mechanical proper-

ties of arch structure [1-3]. But the response of arch struc-

tures under dynamic load is very limited, because its defor-

mation, stress and vibration of three dimensions are bend-

ing-torsional-coupled, the mechanics analysis of arch struc-

ture is comprehensive [4].  

Three main methods are adopted in studying the 

dynamic response of arch which are theoretical method, nu-

merical method [5-6] and test method [7-8]. There are many 

problems to be overcome in theoretical calculation of dy-

namic response of arch. Firstly, the internal force, defor-

mation and movement law of the arch under impact need to 

be clarified, especially the calculation method when the 

structure is considered as a continuum. Secondly, it is nec-

essary to reveal the interaction between the impactor and the 

structure, which involves the contact dynamics [9-11].  

In addition to the dynamic response of arch under 

impact, the dynamic stability of arch is widely concerned. 

Many researches are devoted to finding the critical dynamic 

stability state of arch under impact. The stability of the arch 

under impact is a dynamic problem, and it is difficult to trace 

the state of the arch during the whole dynamic buckling pro-

cess. Therefore, scholars put forward the definition and cri-

teria of critical dynamic stability state respectively, trying to 

solve the problem of when the structure becomes unstable, 

and on this basis, put forward their own research approaches 

and methods. Since it is difficult to judge the dynamic buck-

ling of structures, studies often start from simple compo-

nents such as bars to try to solve the problems of buckling 

mode and critical load of components [12-13].  

The analytic solutions of the arches’ dynamic re-

sponse considering the initial condition and boundary con-

ditions are gotten based on series simplified dynamic differ-

ential equations with different hypotheses. Previous investi-

gations on the dynamic buckling of arches are carried out 

with a rigid-plastic material model assumption and the 

structural deformation become relatively simple for analysis 

[14-15]. However, this method is applicable for the dynamic 

mechanical calculation when the structure undergoes small 

deformation. Further study [16-17] has been carried out 

which is suitable for structures with maximum deformation. 

In order to simplify calculating, the calculation model of 

arches with 5 hinge joints is set up to analyze the dynamic 

response of arch under impact load on the vault [18]. With 

energy methods, Y. L. Pi [19-20] brought series studies 

about nonlinear dynamic buckling of arch under different 

boundary conditions. It is considered that the kinetic energy 

of arch is zero at the critical dynamic state and the dynamic 

problem is transformed into a static one and dynamic buck-

ling load is obtained in these studies. 

Because of the application of energy method in 

judging the dynamic stability of structure, it can be known 

that the energy of structure has certain characteristics when 

dynamic instability occurs. It is very convenient to derive 

the variation of energy of structures based on numerical 

method. Therefore, finite element analysis method is used 

in this article to investigate the energy characteristics of arch 

under impact by rigid body considering the effect of mate-

rial non-linear, geometric non-linear and contact non-linear. 

Based on the energy characteristics, a method for determin-

ing the critical dynamic instability of arch is presented. 

2. Numerical analysis of elastic arch under impact 

Under the vertical impacted by rigid body, the mo-

tion status of arches and the impact loads varying with time 

are studied. The numerical analyses of elastic arches when 

impact hammer act vertically on are carried out in 

Abaqus/Explicit in this study. The arch modeled is in 30 m 

span and in 0.15 rise to span ratio, and the cross section of 

the arch is rectangular which is 0.8 m and 1m in width and 

length. The arch is established by using two nodes elastic 

beam element BEAM31 and the arch is divided into 300 el-

ements. The impact hammer is simulated with a rigid body 

which is a circular plate with diameter in 0.8 m. Contact 

force between rigid body and arch is extracted in numerical 

simulation as the impact load. The position relation of the 

arch and the impact hammer is shown in Fig. 1. The arch is 

hinged at both ends and the displacements in X, Y and Z 

directions at the supports are constrained in the calculation. 

In addition, the out-of-plane displacement of the arch is con-

strained (The z-direction displacement is constrained). 

The material property of steel arch is elastic whose 

density is 7800 kg/m3, Young's modulus is 210 GPa and 

Poisson ratio is 0.3. 

When the rigid body is in relatively smaller mass, 

2e5 kg,  for example,   the mass  ratio  of impactor to arch is 
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Fig. 1 The arch and the impact hammer 

2.1. The impact load varying with time 

approximately 1:1, and the impact velocity is also relatively 

small which is in 20 m/s, the time history curve of impact 

load acting on the arch is shown in Fig. 2, a. The impact 

loads the arch bearing shown in Fig. 2, a has experienced 

three pulses, in which the first amplitude is large, the latter 

two amplitudes are small. The impact load returns to zero 

value after the first pulse, which means that the impactor 

briefly separates from the arch after the first contact, and 

then the second contact followed happened. The impactor is 

completely separated from the arch after the second contact 

and the impact load returns to zero. Thus, in the whole pro-

cess of rigid body vertical impact, many times of contact and 

separation between the impactor and arch happened. Impact 

acting on arch from rigid body with a relatively small veloc-

ity and mass won’t led to the dynamic instability of the arch 

which can be observed from the vertical motion status of the 

arch crown shown as Fig. 2, b. The time-history curve of 

vault displacement for the analysis model above is shown in 

Fig. 2, b and the arch is vibrating with a small amplitude 

about its initial position without instability shown as Fig. 2, 

b. 

 

a 

 

b 

Fig. 2 The curves of impact load and crown displacement 

varying with time under impact when impact mass is 

2e5 kg and impact velocity is 20 m/s: a) Impact load 

time history curve; b) Crown displacement time his-

tory curve 

The mass of the impactor is adjusted to 6e6 kg, and 

the mass ratio of the impactor to the arch is about 30:1. 

When the rigid body act on the arch with a relatively small 

velocity of 15 m/s, the time history curve of the impact load 

is shown in Fig. 3, a. It could be observed from Fig. 3, a that 

the impact load won’t return to zero value during the contact 

process and the rigid body won’t separate away from the 

arch until the impact process finishes. The time-history 

curve of vault displacement in Fig. 3, b shows that the arch 

also vibrates with a small amplitude about its initial position 

after impact without instability. 

 

a 

 

b 

Fig. 3 The curves of impact load and crown displacement 

varying with time under impact when impact mass is 

6e6 kg and impact velocity is 15 m/s: a) Impact load 

time history curve; b) Crown displacement time his-

tory curve 

When the impact velocity of the rigid body in-

creases to 20 m/s, the time history curve of impact load is 

shown as Fig. 4, a and the time-history curve of the vault 

displacement is shown in Fig. 4, b.  

 

a 

 

b 

Fig. 4 The curves of impact load and crown displacement 

varying with time under impact when impact mass is 

6e6 kg and impact velocity is 20 m/s: a) Impact load 

time history curve; b) Crown displacement time his-

tory curve 
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The arch still doesn’t buckle which can be ob-

served from Fig. 4, b. Similarly, the whole impact process 

is only one collision, during which the impact hammer and 

the arch are not separated. The arch moves to its extreme 

position at the time of 0.41 s shown as Fig. 4, b and at that 

time, the trend of the impact load changed shown as Fig. 4, 

a. The contact force decreases with the vault moving down-

wards and the contact force reaches the minimum when the 

vault reaches its extreme position at the time of 0.41 s. Then 

the vault begins to move upward, and the contact force in-

creases in the following process. The increment of the con-

tact force between the impactor and the arch is due to the 

velocity moving upward of the vault is larger than that of 

the impactor until the difference of the velocity between 

them decreasing to zero. And then, the impactor is gradually 

separated from the arch which can observed from Fig. 4, a 

that the impact load is reduced to zero. After the impact pro-

cess, the arch returns to its initial position and vibrates with 

a small amplitude about this position. The time-history 

curve of the impact load is a form which looks like the let-

ters “M” shown as Fig. 4, a. 

With the increasing of the impact velocity of the 

rigid body, the impact load corresponding to the state when 

the vault reaches its extreme position decreases with values 

that die out to zero. Ideally, when the arch is impacted by 

the impactor with the critical velocity of dynamic instability, 

the motion of the arch almost stopped at its critical stable 

state and the impactor separated from the arch simultane-

ously. Thus, the contact force drops to zero and the time his-

tory curve of the impact load just completes half of the "M" 

shape, which is shown as a triangle. And at that state, the 

kinetic energy of the system is minimized and the kinetic 

energy and potential energy of the impactor are almost 

transformed into the strain energy of the arch. When the arch 

reaches the stable critical state under impact, a small upward 

excitation can make it move to the initial position without 

instability and a small downward excitation can make it 

move away from the initial position and cause dynamic in-

stability. 

 

a 

 

b 

Fig. 5 The curves of impact load and crown displacement 

varying with time under impact when impact mass is 

6e6 kg and impact velocity is 25 m/s: a) Impact load 

time history curve; b) Crown displacement time his-

tory curve 

When the impact velocity of the rigid body in-

creases to 25 m/s, instability of extreme point type for the 

arch will occur under impact which can be observed from 

the motion state of the vault which will keep moving until 

losing stability other than return to its initial position shown 

as Fig. 5, b. Shown as Fig. 5, a, the whole impact process is 

completed in one impact contact. The form of the time-his-

tory curve of the impact load changed to triangle shown as 

Fig. 5, a and the arch will continue moving after the im-

pactor is separated from the arch until reaching the extreme 

position. 

Thus, the forms of impact load can be roughly di-

vided into the following three categories. First, multiple 

pulses with amplitude variation form under a little mass im-

pact shown as Fig. 2, a. Second, the “M” form shown as 

Fig. 4, a when the impact mass is larger, and the impact ve-

locity is smaller than the dynamic stability critical impact 

velocity and the last category is the triangular impact load 

shown as Fig. 5, a when the impact mass is larger, and the 

impact velocity is great than or equal to the dynamic stabil-

ity critical impact velocity. 

2.2. Dynamic stable critical state 

The dynamic stable critical state of arches can be 

obtained by repeating trial-calculation. The finite element 

model analyzed in this section is in 30 m span and in 0.15 

rise to span ratio, and the cross section of the arch is rectan-

gular which is 0.8 m and 1m in width and length. 

As mentioned above, there are many factors that 

affect the forms of impact load. When impact mass is rela-

tively large, the time history curve of the impact load in the 

state of arch for dynamic instability is close to triangle in 

shape. At first, six groups of trial calculations were per-

formed for the arch under the relatively great mass impact 

whose values range from 2e6 kg-1.2e7 kg. Some of the nu-

merical simulation results are shown in Fig. 6 and critical 

impact velocities for ranges of impact masses are listed in 

Table 1. 

Table 1 

Dynamic stability critical impact velocity 

Impact mass/kg critical impact velocity/m/s 

2.00E+06 43.3 

4.00E+06 30.5 

6.00E+06 25 

8.00E+06 21.5 

1.00E+07 19.2 

1.20E+07 17.5 

 

The critical impact velocities shown in Table 1 are 

obtained by interpolation approximation as shown in Fig. 6. 

The movements of the arch crown under impact applied 

when the dynamic stability critical state of the arch is 

reached are indicated by the black solid curves shown in 

Fig. 6. It could be observed from Table 1 that the critical 

impact velocity decreases with the increase of the impact 

mass. 

The impact load produced by the impact of a rigid 

body with a smaller mass is different with that a rigid body 

with a large mass which is in the form of multiple pulses 

with amplitude variation shown as Fig. 2, a, but the state of 

the arch can also be determined by the movement of the arch 

crown which can be observed form the time-history curves 
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of arch crown’s vertical displacement. The dynamic stable 

critical state when impact in small mass applied is gotten by 

repeating trial-calculation with finite element method 

shown as Fig. 7 and the critical impact critical impact veloc-

ities corresponding to varies of impact mass whose values 

range from 2e5 kg-1.2e6 kg are shown in Table 2. Similarly, 

with the increase of impact mass, the dynamic stability crit-

ical impact velocity decreases. 

 

a 

 

b 

Fig. 6 The curves of crown displacement varying with time 

under impact when the impact mass is relatively 

large: a) Impact mass= 2e6 kg; b) Impact mass= 

=1.2e7 kg 

 

a 

 

b 

Fig. 7 The curves of crown displacement varying with time 

under impact when the impact mass is relatively 

small a) Impact mass= 2e5 kg; b) Impact mass= 

=1.2e6 kg 

Table 2 

Dynamic stability critical impact velocity 

Impact mass, kg Critical impact velocity, m/s 

2.00E+05 150.4 

4.00E+05 101.9 

6.00E+05 81.6 

8.00E+05 70.2 

1.00E+06 62.2 

1.20E+06 56.6 

2.3. Energy characteristics of arches at dynamic stability 

critical state 

As discussed above, in the ideal dynamic stability 

critical state of arches under impact by rigid bodied, the arch 

will almost stop moving, and the kinetic energy of the sys-

tem is minimized and the kinetic energy and potential en-

ergy of the impactor are almost transformed into the strain 

energy of the arch. The kinetic energy and strain energy of 

arches analyzed in in the above section when impact applied 

are listed in Table 3. It could be observed from Table 3 that 

the kinetic energies of arches are so smaller than strain en-

ergies that the ratios of kinetic energies to strain energies are 

no more than 1.2% and besides that, the strain energies of 

arches under different initial impact conditions are close in 

value. The converter efficiencies for kinetic energy of the 

impactor that transformed into the strain energy of the arch 

in the ideal dynamic stability critical state are also listed in 

Table 3. The converter efficiencies for kinetic energy ap-

proaches 100%. Thus, when the geometry of the arch is con-

stant, the initial energies possessed by the impactors which 

will led the arches reaching the dynamic stability critical 

state are roughly the same according to Table 3. 

As known from the above analysis, the state of 

arches can be determined by the strain energy of the arch 

after impact and the critical strain energy is fixed when the 

geometry of the arch is constant. The strain energies of 

arches at dynamic stability critical state under impact are 

close to that of a state for the arch when static central radial 

load applied on arch shown as point B in Fig. 8, in which 

the curve of static load-crown displacement is given. The 

static analysis is obtained by Abaqus/Static, RIKS. The arch 

moving to the state at point A shown in Fig. 8 is reaching its 

static stability critical state and after that state, the arch 

buckle accompanied by the decrease of bearing capacity. 

The bearing capacity of the arch is completely lost when it 

reached the position of point B and the arch will make a sud-

den jump from the configuration at point B to that at point 

C. The strain energy of arches at dynamic stable critical state 

are compared with that at the state of the arches in the same 

geometry under static load corresponding to point B shown 

as Table 4. It could be observed from that table the differ-

ences between them are very small and no more than 3.6%. 

From the foregoing comparison, the strain energy 

of arches under static load at the state corresponding to point 

B in Fig. 8 can be accurately estimated the strain energy of 

the arch at dynamic stable critical state in the same geome-

try. When the geometric dimension is determined, the load-

deformation relationship shown as Fig. 8 of the arch is 

unique [17-18] and the strain energy can be obtained. Con-

sidering that the initial energy possessed by the impactor 

which will led the arch reaching the dynamic stability criti-

cal state is fixed and almost equal to the strain energy of 
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arches at dynamic stable critical state when the geometry of 

the arch is constant, the initial condition of the impact the 

arch can bear can be determined. 

Table 3 

Energy characteristics of arches when impact applied 

Impact 

mass, kg 

Impact 

velocity, 

m/s 

Kinetic energy 

of arches at dy-

namic stable 

critical state, J 

Strain energy of 

arches at dynamic 

stable critical state, J 

Kinetic energy / 

Strain energy at 

dynamic stable 

critical state of 

arches 

Artificial strain 

energy, J 

Initial kinetic 

energy of the 

impactor, J 

The energy con-

version rate after 

removing the ar-

tificial strain en-

ergy 

2.00E+05 150.4 2.1018E+07 1.9006E+09 1.106% 3.3852E+08 2.2620E+09 98.81% 

4.00E+05 101.9 1.1467E+07 1.8836E+09 0.609% 1.7670E+08 2.0767E+09 99.14% 

6.00E+05 81.6 1.2173E+07 1.8631E+09 0.653% 1.1637E+08 1.9976E+09 99.04% 

8.00E+05 70.2 4.6105E+06 1.8591E+09 0.248% 1.0124E+08 1.9712E+09 99.42% 

1.00E+06 62.2 4.6476E+06 1.8487E+09 0.251% 7.4789E+07 1.9344E+09 99.41% 

1.20E+06 56.6 4.9354E+06 1.8479E+09 0.267% 6.2502E+07 1.9221E+09 99.37% 

2.00E+06 43.3 3.4802E+06 1.8302E+09 0.190% 3.4376E+07 1.8749E+09 99.44% 

4.00E+06 30.5 2.7921E+06 1.8349E+09 0.152% 1.5917E+07 1.8605E+09 99.48% 

6.00E+06 25 4.2366E+05 1.8558E+09 0.023% 1.1672E+07 1.8750E+09 99.60% 

8.00E+06 21.5 2.8183E+06 1.8331E+09 0.154% 5.8519E+06 1.8490E+09 99.46% 

1.00E+07 19.2 1.1486E+06 1.8296E+09 0.063% 5.2161E+06 1.8432E+09 99.54% 

1.20E+07 17.5 1.0082E+06 1.8256E+09 0.055% 3.8097E+06 1.8375E+09 99.56% 

 

 

Fig. 8 Load-displacement curve of arch under static load 

Table 4 

The elastic strain energy of arches 

Impact 

mass, kg 

Critical 

impact 

veloc-

ity, m/s 

Strain energy at 

dynamic stable 

critical, J 

Strain energy 

of point B on 

static bal-

anced route, J 

Percent-

age val-

ues of 

the dif-

ferences 

2.00E+05 150.4 1.9006E+09 1.8923E+09 0.44% 

4.00E+05 101.9 1.8836E+09 1.8923E+09 -0.46% 

6.00E+05 81.6 1.8631E+09 1.8923E+09 -1.54% 

8.00E+05 70.2 1.8591E+09 1.8923E+09 -1.75% 

1.00E+06 62.2 1.8487E+09 1.8923E+09 -2.30% 

1.20E+06 56.6 1.8479E+09 1.8923E+09 -2.35% 

2.00E+06 43.3 1.8302E+09 1.8923E+09 -3.28% 

4.00E+06 30.5 1.8349E+09 1.8923E+09 -3.03% 

6.00E+06 25 1.8558E+09 1.8923E+09 -1.93% 

8.00E+06 21.5 1.8331E+09 1.8923E+09 -3.13% 

1.00E+07 19.2 1.8296E+09 1.8923E+09 -3.32% 

1.20E+07 17.5 1.8256E+09 1.8923E+09 -3.53% 

3. Numerical analysis of elastic-plastic arch under im-

pact 

The arch used in this section for studying the me-

chanical properties of elastic-plastic arch under impact is 

same in dimensions as section 2 and the numerical simula-

tions are carried out with the same software as section 2. The 

material property of arches in this section is perfect elastic-

plastic steel whose Young's modulus is 210 GPa, yield 

strength is 235 MPa and Poisson ratio is 0.3. 

3.1. The impact load varying with time 

The time history curves of impact load acting on 

the arch under impact with different initial conditions in im-

pact velocity and mass are shown in Fig. 9 by finite element 

analyses. The number M1.2E5V11 in Fig. 9 means that the 

impactor is 1.2e5 kg in mass and 11m/s in velocity and so 

on. 

 

Fig. 9 The impact load of elastic-plastic arches under impact 

The time history curves of impact load acting on 

the arch under impact with different initial conditions in im-

pact velocity and mass are shown in Fig. 9 by finite element 

analyses. The number M1.2E5V11 in Fig. 9 means that the 

impactor is 1.2e5 kg in mass and 11m/s in velocity and so 

on. 

3.2. Dynamic stable critical state 

For elastic arches, the dynamic instability of the 

arch can be determined by whether the arch snaps through 

or not, if the elastic arch does not snap through after impact, 
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it will eventually return to the initial position and vibrate 

with small amplitude shown as Fig. 6 without losing stabil-

ity. If the plasticity of the material is taken into account, the 

plastic deformation will not disappear with the disappear-

ance of the external load. The elastic-plastic instability pro-

cess under static load applied is shown in Fig. 10. 

Four inflection points can be observed from the 

load-displacement curve of elastic-plastic arch shown as 

Fig. 10, a and four inflection points can also be found in the 

elastic strain energy-displacement curve correspondingly 

shown as Fig. 10, b. The expanding law of plastic region of 

the arch under the central radial static load applied corre-

sponding to the state of the four inflection points in Fig. 10 

are shown as Fig. 10. 

 

a 

 

b 

Fig. 10 The load and elastic strain energy-displacement 

curve of elastic-plastic arch when static load applied 

From Fig. 11, A to Fig. 11, D, it shows that the state 

of arch is from the beginning of the static load applied to 

structural instability occurred. The arch worked in elastic 

behavior before the state shown as Fig. 10, A reached and 

the load-displacement curve is linear. The arch’s crown 

yields firstly at the state shown as Fig. 11, A and with the 

structural configuration changes shown as Fig. 11, B, the 

force state of the arch is changing from state A to state B 

which cause the internal force redistribution and the plastic 

region changing. Thus, the slope of the load-displacement 

curve shown in Fig. 10, a changes significantly. When the 

structure moves to the state shown as Fig. 11, B, the stiffness 

of the structure decreased significantly and the plastic re-

gion expands rapidly to the state shown as Fig. 11, C, and 

then, the plastic region expansion basically stops and the 

bearing capacity reaches the limit value shown as Fig. 10, a. 

But elastic strain energy steel increase after the state shown 

as Fig. 10, b, that is due to the crown’s vertical displacement 

is still increasing until the plastic hinges is formed at 1/4 and 

3/4 span shown as Fig. 11, D. The structure moves around 

the plastic hinge after the state shown as Fig. 11, D, and 

crown’s vertical displacement increase rapidly accompa-

nied by structural instability. After the state shown as 

Fig. 11, D, the work done by the external force is mainly 

transformed into plastic dissipation. 

Plastic region

 

A 

Plastic region

 

B 

Plastic region
 

C 

Plastic region
 

D 

Fig. 11 The expanding law of plastic region and the defor-

mation characteristics of the arches 

The expanding law of plastic region and the defor-

mation characteristics of the arches under impact are the 

same with that when static load applied shown as Fig. 11. 

At first, the arch yields at crown, and then the plastic region 

moves to about 1/4 of both sides of the arch and with the 

extension of the yield region, the stiffness of the arch de-

creases significantly. Finally, with the rapid concentration 

of plastic regions on both sides of the arch, plastic hinges 

are formed and the arch reaches the stable critical state. The 

arch working in elastic behavior can return to it’s initial state 

without affecting the bearing capacity after external load is 

removed, but after it reaches the plastic phase, deformation 

is not entirely reversible and with the deformation increas-

ing, the stress of the arch will redistribute. The yield at the 

vault does not have much effect on the stiffness or bearing 

capacity of the structure. Plastic hinges formed at 1/4 on 

both sides of the arch can be used as the sign of instability 

for elastic-plastic arch. 

3.3. Energy characteristics of arches at dynamic stability 

critical state 

The instability of elastic-plastic arch can be deter-

mined by the forming of plastic hinges at about 1/4 on both 

sides of the arch, but the stability of an elastic-plastic arch 

can’t still be determined by the movement of the vault 

shown as Fig. 12. When the arch is impact by a rigid body 

in impact mass of 1.2e5 kg, buckling occurs on the arch 

when the impact velocity increase to 11 m/s determined by 

the forming of plastic hinges at about 1/4 on both sides of 

the arch. Shown as Fig. 12, when the impact mass is con-

stant, relatively small velocity, such as 10 m/s, the arch vi-

brates with a small amplitude at a certain distance from the 

initial position after impact rather than moves back to its in-

itial position. With the increase of the impact velocity, the 

maximum displacement of the crown of the arch increases 

and the vibration amplitude decreases but the arch won’t oc-

cur snap through buckling like elastic arch shown as Fig. 6. 

Thus, the critical impact velocity the elastic-plastic arch can 

bear can’t be determined by the movement of the vault. 

The mechanical analysis of elastic-plastic arch 

under impact becomes more complicated. Considering in 

the static loading process, the elastic strain energy of the 

arch reaches the maximum when plastic hinges are formed 

at about 1/4 on both sides of the arch, it is assumed that the 

elastic strain energy of the arch which can lead to the 

A 

B 
C D 

A 

B 

C 

D 
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generation of plastic hinges on the arch is certain when the 

geometry of the arch is constant. The time history curves of 

elastic strain energy of arches analyzed by FEM are partially 

given in Fig. 13. The elastic strain energy of the arch under 

impact applied when the dynamic stability critical state of 

the arch is reached are indicated by the black solid curves 

shown in Fig. 13. 

 

Fig. 12 The curves of crown displacement varying with 

time under impact when impact mass=1.2e5 kg 

Taking Fig. 13, c for example, the characteristics 

of elastic strain energy varying with time of elastic-plastic 

arch under impact in different initial conditions are ana-

lyzed. The time-history curves of elastic strain energy all 

have obvious indentations at different moments shown as 

Fig. 13, c, which is because that the impact process goes 

through two pulses acted on arches shown as Fig. 9 and 

stress wave transfer causes the indentations appearing at dif-

ferent times. When the impact velocity is relatively large, 

such as 10m/s, the curve goes down to the indentation after 

a sharp increase which is caused by stress fluctuations when 

plastic hinges formed, and then the trend of the curve is al-

most horizontal until the end of the impact process accom-

panied by the elastic strain energy falls back quickly, which 

shows that the work done by the second pulse is converted 

into plastic dissipation and kinetic energy of arch rather than 

elastic strain energy. The plastic hinges have been formed 

when the impact velocity is 10 m/s, thus the dynamic insta-

bility of the arch occurred. 

Giving the impactor a slightly smaller initial veloc-

ity of 8 m/s, it can be observed that the wave crest before the 

indentation flattens out which is because the extreme value 

of the first pulse decreases with the decrease of the impact 

velocity, but the plastic hinges also formed and the subse-

quent horizontal duration of the curve is shortened due to 

the pulse duration of the second pulse is shortened compared 

with that when impact in initial velocity of 10m/s acting on. 

A smaller impact velocity than 8m/s would make the wave 

crest flatter and the subsequent horizontal duration shorter 

shown as Fig. 13, c until that the impact in critical initial 

velocity of 6.5 m/s act on, the wave crest eventually van-

ishes and plastic hinges won’t form in the whole process of 

impact. Continuing reducing the impact velocity, instability 

won’t happen on the elastic-plastic arc. Based on the above 

analysis, it can be considered that the elastic strain energy 

of the elastic-plastic arch brought about by the first pulse 

under impact applied with the critical initial impact condi-

tion is the critical elastic strain energy for dynamic instabil-

ity of that elastic-plastic arch. In other words, if the first 

pulse can make the elastic strain energy of the arch exceed 

the critical strain energy, plastic hinges will be formed and 

the arch will buckle. 

 

a 

 

b 

 

c 

Fig. 13 Elastic strain energy time history curve of elastic-

plastic arches under impact: a) Impact mass =             

= 1.2e5 kg; b) Impact mass =1.8e5 kg; c) Impact 

mass = 2.8e5 kg 

The maximum elastic strain energy value of elas-

tic-plastic arch under static load in the same geometrical di-

mensions shown as point D in Fig. 10 is marked by horizon-

tal dotted lines shown as Fig. 13 and it could be observed 

that the maximum elastic strain energy under static load is 

closed to the critical elastic strain energy for dynamic insta-

bility. The elastic strain energy for dynamic and stability 

critical state analyzed by FEM in this section are listed in 

Table 5 and difference values between them are very small 

which are no more than 3%. Thus, it is accurate enough to 

estimate the critical elastic strain energy of elastic-plastic 

arch under impact by using the elastic strain energy of the 

arch when plastic hinges at about 1/4 on both sides of the 

arch are formed obtained by static loading. 
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Table 5 

The elastic strain energy of arches 

Impact 

mass, kg 

Critical 

impact 

velocity, 

m/s 

Strain energy 

of arches at 

dynamic sta-

ble critical 

state, J 

Maximum 

strain energy 

of arches un-

der static load 

(point D), J 

Percent-

age val-

ues of 

the dif-

fer-

ences, % 

1.20E+05 11.00 1.3971E+06 1.3603E+06 2.699 

1.40E+05 9.50 1.3523E+06 1.3603E+06 -0.595 

1.60E+05 8.50 1.3256E+06 1.3603E+06 -2.557 

1.80E+05 8.00 1.3289E+06 1.3603E+06 -2.314 

2.00E+05 7.75 1.3407E+06 1.3603E+06 -1.444 

2.20E+05 7.50 1.3488E+06 1.3603E+06 -0.851 

2.40E+05 7.00 1.3490E+06 1.3603E+06 -0.835 

2.60E+05 6.75 1.3665E+06 1.3603E+06 0.456 

2.80E+05 6.50 1.3792E+06 1.3603E+06 1.387 

 

4. Conclusions 

Based on the energy characteristics of arch under 

impact, the method for determining the critical state of dy-

namic stability of both elastic arch and elastic–plastic arch 

under impact are discussed and conclusions are as follows:  

1. By finite element analysis, the stability of the 

arch can be determined by the movement of the vault both 

elastic arch under impact. The dynamic instability of the 

arch can be determined by whether the arch snaps through 

or not, if the elastic arch does not snap through after impact, 

it will eventually return to the initial position and vibrate 

with small amplitude without losing stability. Ideally, when 

the elastic arch is impacted by the impactor with critical in-

itial conditions of dynamic instability, the motion of the arch 

almost stopped at its critical stable state and the impactor 

separated from the arch simultaneously. 

2. It can be concluded from the finite element anal-

yses that when the geometric dimension is determined, the 

strain energy of the elastic arch at dynamic stable critical 

state can be accurately estimated by that under static load at 

the state in which the bearing capacity of the arch drops to 

zero and the differences between them are very small and 

no more than 3.6%. Considering the converter efficiencies 

from initial kinetic energy possessed by the impactor to elas-

tic strain energy of arch approaches 100% when impact act 

on the arch with dynamic critical initial conditions that is 

proved by numerical simulation results, the initial condition 

of the impact the arch can bear can be determined by static 

calculation. 

3. It has been found from analysis that the instabil-

ity of elastic-plastic arch can be determined by the forming 

of plastic hinges at about 1/4 on both sides of the arch. The 

initial impact conditions which will cause the arch reach the 

dynamic stable critical state can be obtained through the re-

peating trial-calculation by FEM.  

4. The maximum elastic strain energy of elastic-

plastic arches under static load is closed to the critical elastic 

strain energy for dynamic instability and differences values 

between them are very small which are no more than 3%. It 

is accurate enough to estimate the critical elastic strain en-

ergy of elastic-plastic arch under impact by using the elastic 

strain energy of the arch when plastic hinges at about 1/4 on 

both sides of the arch are formed obtained by static loading. 
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K. Qin, J. Ju, J. Li, M. Liu 

DYNAMIC STABILITY OF ARCHES IMPACTED BY 

RIGID BODY 

S u m m a r y 

The dynamic in-plane instability process of pin-

ended arches under a central radial impact applied is ana-

lyzed with numerical simulation method. Based on energy 

characteristics of arch under impact, the method for deter-

mining the critical state of dynamic stability of both elastic 

arch and elastic–plastic arch under impact are discussed in 

this paper. The calculation results show that the strain en-

ergy of the elastic arch at dynamic stable critical state is con-

sistent with that at a state after buckling under static load in 

which the bearing capacity of the arch drops to zero, and the 

difference between them are very small and no more than 

3.6%. When impact act on the arch with dynamic critical 

initial conditions, the converter efficiencies from initial ki-

netic energy possessed by the rigid body to elastic strain en-

ergy of arch approaches 100%, therefore a feasible method 

is provided to determine the dynamic stability of elastic arch 

under impact on the energy method. Then the impact analy-

sis of arch considering material nonlinearity is carried out, 

it is proposed that the instability of elastic-plastic arch can 

be judged by the forming of plastic hinges at about 1/4 on 

both sides of the arch. It is found that the elastic strain en-

ergy of elastic-plastic arch at dynamic stability critical state 

is very close to maximum elastic strain energy of the arch 

under static load, and the differences between them are no 

more than 3%. 

Keywords: Rigid body impact; critical stable state; elastic 

strain energy; material nonlinearity. 
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