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Nomenclature 
 

βF - steering error; βL - steering angle of the wheel;  

βS - steering wheel angle; βV - toe angle; CCD - central 

composite design; DSA - design sensitivity analysis;  

eL - unit vector of the steering axis; eYR - unit vector of the 

wheel rotation axis; FFD - full factorial design;  

LF - wheelbase, mm; MSE - maximum steering error, º;  

O - centre of the bend; SA - centre of gravity of the vehicle 

body; sR - track width, mm; SS - sweep study; ΔzA8 - wheel 

displacement, mm 
 

1. Introduction 
 

Through their design simplicity and ease of manu-

facturing, Ackerman trapezoidal linkage has a broad appli-

cation area as the steering system of heavy commercial 

vehicles equipped with solid axles. On the other hand, as a 

result of the comfort and control requirements, one of the 

main targets to be reached in the design of vehicle suspen-

sions is to keep the unsprung mass as small as possible. In 

order to satisfy these demands, independent front suspen-

sions (IFS) are applied increasingly on busses and trucks 

by the heavy commercial vehicle manufacturers [1]. In this 

case, more sophisticated systems are demanded to meet the 

sufficient steering and independent wheel travel functions 

simultaneously. Because of its design advantages, multi-

link steering linkage (or “opposed four-bar linkage” [2, 3]) 

is used in the majority of the passenger busses equipped 

with IFS. This mechanism basically consists of two relay 

levers, one track rod, two tie rods and two steering arms as 

seen in Fig. 1. 

Kinematic  model  of  a typical  bus IFS including 

 

Fig. 1 General view of a bus IFS with the multi-link  

steering linkage 

the multi-link steering linkage is also seen in Fig. 2. Here, 

A8 is the centre of mass of the wheel assembly. A7 is the 

intersection point of steering axis and wheel rotation axis 

which are described by the unit vectors eL and eYR respec-

tively. The co-ordinate system x-y-z is described at the 

vehicle body centre of gravity SA. As can be seen from this 

model, the relay levers are attached to the vehicle body via 

revolute joints A14. Transmission of the rotational motion 

between the relay levers is provided by a track rod which is 

mounted to the relay levers with spherical joints A13. In 

majority of the busses, assembly of the relay levers and the 

track rod is planar. Tie rod is also connected to steering 

arm and relay lever spatially via spherical joints A9 and A10 

respectively. 

 

Fig. 2 Kinematic model of the IFS and steering linkage 

Generally, one of the main requirements of a ve-

hicle steering mechanism is to give to the steerable wheels 

a correlated βL such that, the intersection of the wheel axes 

should meet at the centre of the bend, O [3, 4]. This rule 

which can also be seen for a two axle vehicle in Fig. 3 is 

known as “Ackermann Principle”. 

 

Fig. 3 Ackermann steering geometry and βV angle of the 

wheel 1 
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Mathematically, Ackermann principle can be ex-

pressed as: 

  1 1
LaA Li
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j

cot
L

 







, (1) 

where βLa is the steering angle of the outer wheel and βLaA 

is the ideal turning angle which is obtained from Eq. (1) 

for a given steering angle βLi of the inner wheel. The devia-

tion βF between the ideal steering angle and real turning 

angle of the wheel which is caused by the steering mecha-

nism geometry is called “the steering error” or “Acker-

mann error”. Basically, a steering mechanism should satis-

fy Ackermann principle for given steering error tolerances. 

βF can be written as: 

      F Li La Li LaA Li       . (2) 

The spatial position of the tie rod of a multi-link 

steering system also affects the toe (βV) deviation of the 

wheel (Fig. 3) as well as MSE. Hence, during the kinemat-

ic design process of a multi-link steering mechanism, the 

deviation of βV caused by the wheel travel should also be 

taken into account. 

In literature, there are some published works on 

kinematic optimisation of the steering systems. Zhou et al. 

optimised a rack-and-pinion steering mechanism by com-

bining MATLAB genetic algorithm toolbox with MSC. 

Adams® to improve steering and βV characteristics [5]. 

Hanzaki et al. performed the combined kinematic and sen-

sitivity optimisation of a rack-and-pinion steering linkage 

used in passenger cars [6]. Oz et al. presented a model val-

idation methodology and the optimisation study on the 

hardpoints of solid axle suspension and steering systems of 

a heavy commercial vehicle by using Design of Experi-

ments DOE approach [7]. Liang and Xin optimised the toe 

deviation of a double wishbone suspension during vertical 

wheel travel via Adams/View [8]. An interesting paper was 

published by Kim et al. on the effect of the drag link hard-

points on βV angle and the deviation of the wheelbase for a 

solid front axle. In their work, they used a L27(3
13

) type 

orthogonal array and ANOVA to obtain the optimal com-

bination of design parameters [9]. In open literature, to 

date and to the best of the authors' knowledge there have 

been a few works published on the kinematic optimisation 

the multi-link steering mechanisms for independent sus-

pensions. Bian et al. established the multibody model of 

the steering mechanism based on the R-W (Robertson and 

Wittenburg) method for the MacPherson strut [10] and 

double wishbone suspension [11] for automobiles. In these 

two works, the suggested models are identical. In sum-

mary, all of these works mainly focalise on optimisation of 

the partial kinematic parameters of a steering system rather 

than presenting a complete optimization procedure. 

In the present study, a response surface-based de-

sign procedure to build a multi-link steering system for a 

passenger bus IFS which satisfies optimum tolerances of 

βV and βF deviations is proposed. A brief summary of the 

method used in this work is seen in Fig. 4. In stage 1, a 

multibody model of a bus IFS including the steering mech-

anism was performed by using MSC. Adams
®

 commercial 

software. In order to compose the IFS model, the hard-

points A1 to A8 were drawn from a produced intercity bus. 

In this model, primary position of the tie rod and the posi-

tion tolerances of the hardpoints A9 and A10 were chosen 

by considering the design limitations such as the brake 

system and the knuckle design. In stage 2, optimal posi-

tions of A9 and A10 which directly affect the βV angle of the 

front wheels during the wheel travel were determined by 

using DOE approach via Adams/Insight™ multi-objective 

optimisation tool. To this end, firstly the most important 

factors among the Degrees of Freedom (DOF) of A9 and 

A10 on βV deviation were chosen via a factorial design-

based DSA. Results obtained from FFD study were utilised 

in MINITAB
®
, a practical stastistical software package 

[12]. In order to find out the exact optimum locations of A9 

and A10, CCD was also utilised. By using the results, the 

vertical position of the multi-link mechanism plane was 

also determined. In stage 3, which is the final phase, MSE 

was optimised in the βL range of the front wheels by taking 

Ackermann principle into account. For this reason, an H-

shaped parallel arm mechanism which is the most general 

from was chosen as the base model for optimisation study. 

Optimal positions of the hardpoints A10, A13 and A14 which 

constitutes the kinematic shape of the relay lever and di-

rectly affect the steering error is studied by using a compo-

site method including SS and CCD. 

 

 

Fig. 4 Summary of the optimisation process 
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2. Multibody model of the double wishbone suspension 

 

A three dimensional multibody model of the bus 

IFS including the full steering system is composed by us-

ing Adams/Car™ module of MSC. Adams
®
. In this model 

which is seen in Fig. 5, Adams/Car™ co-ordinate axis 

convention was applied [13]. Model consists of 15 ele-

ments. Kinematic constraint elements are also shown in 

Fig. 6. In this model, steering wheel 1 and steering column 

2 are directly connected with the upper part of the interme-

diate shaft 3 via universal joint (U). A translational joint 

(T) which has single sliding DOF is defined between the 

upper and lower parts of the intermediate shaft. Lower part 

is also connected to the rack of the steering box 4 by a uni-

versal joint. Pitman arm 5 is fixed to the output shaft and 

also connected to the drag link 6. The other end of drag 

link and track rod 8 is mounted to the relay lever 7 via 

spherical joints (S). In order to reduce the DOF and simpli-

fy the model, “Convel” homokinetic joint (C) which has 2 

DOF is utilised instead of a 3 DOF spherical joint for relay 

lever-tie rod 9 connection (A10). Steering arm 10 - tie rod 

connection is provided by a spherical joint. 

 

Fig. 5 Multibody model of the bus IFS and steering system 

 

Fig. 6 Kinematic constraints of the steering mechanism 

Steering axis is defined as the rotation axis of a 

revolute joint (R) which is located on the upright 11. Up-

right is also connected with upper 13 and lower 12 wish-

bones via revolute and spherical joints. Air spring 15 is 

directly mounted on upright instead of a wishbone. Ac-

cording to [14, 15] spring rate of the suspension can be 

assumed as iF ≈ 1 (-) for this design type. PAC2002 tyre 

model [16] was used for tyres with dimensions of 295/80 R 

22.5 which is similar those fitted on the bus axles. 

3. Methodology  

 

In this study DOE-RSM methods are utilised to 

determine the optimum values of the parameters providing 

the desired ranges of βV deviation and βF. Optimisation 

process was carried out by Adams/Insight™ which in-

cludes DOE and RSM tools. The DOE approach is used for 

understanding the correlation between the design parame-

ters of the system and its performance [17]. Essentially, 

RSM is one of the extended DOE methods which uses a 

polinomial type regression model y(x) [18]. Principal target 

of the response surface experiments is to obtain an appro-

priate model to estimate and analyse the relationship be-

tween design variables and system response. For a second 

order response surface model, the regression model is de-

fined in general form as [19]: 

0
1

k k

i i ij i j
i i j

y x x x   
 

     .  (3) 

Eq. (3) may also be written in terms of e.g. two 

variables as: 

 2 2

0 1 1 2 2 3 1 4 2 5 1 2y x x x x x x             . (4) 

In order to linearise the regression model, new 

variables may be expressed as x3 = x1
2
, x4 = x2

2
 and 

x5 = x1x2. Hence, Eq. (4) can be written as: 

0 1 1 2 2 3 3 4 4 5 5y x x x x x             .  (5) 

This model can also be expressed in matrix form 

for M experiments as: 

y    ,  (6) 

where 

 1 2, , ,
T

My y y ... y ; (7) 

11 21 51

12 22 52

1 2 5

1

1

1 M M M

x x ... x

x x ... x

... ... ... ... ...

x x ... x



 
 
 
 
 
 
 
 

;  (8) 

 0 1 2 3 4 5, , , ,
T

,       ;  (9) 

 1 2, , ,
T

M...    ,  (10) 

here y is vector of observations, X is the model matrix, β is 

the vector which includes the interception parameter β0 and 

the partial regression coefficients and ε is the vector of 

random errors [20], the estimated value of β which mini-

mises ε can be expressed as: 

 
1

T Tˆ y   


 .  (11)  

 

ADAMS/Insight™ uses the method of least 

squares to estimate the β coefficients in the regression 

model [21]. In this study, CCD type which is offered in the 

design specification table of Adams/Insight™ was utilised 
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for this purpose. The CCD involves the use of a two-level 

factorial or fraction combined with 2k axial or star points. 

Hence, the design includes factorial points, 2k axial points, 

and total nc centre runs, yielding a total number of 

2
k
+2k+nc runs are carried out to achieve experimental 

data. A comparison of the two level FFD and the CCD for 

three factors is seen in Fig. 7. 

 

Fig. 7 Comparison of FFD and CCD (according to [17]) 

Methodology of the study is summarised in 

Fig. 8.  

 
Fig. 8 Flow chart for the optimisation process 

At the first stage, a primary simulation (parallel 

wheel travel or steering) is carried out by using the initial 

kinematic model generated in Adams/Car™. The design 

objective (βV or βF) is defined. Except for some differ-

ences, optimisation procedures for βV and βF are similar. 

Absolute value of the maximum deviation of the objective 

obtained from the primary simulation is imported to Ad-

ams/Insight™. The factors and design targets are also de-

fined. In the light of the design constraints, the variation 

ranges of the factors are chosen. Effective and non-

effective parameters are identified by screening experi-

ments. Results obtained from these experiments are also 

used for the SS of βF optimisation. For the optimisation 

processes, investigation strategy is chosen as DOE-RSM. 

Number of the runs is determined according to the design 

type. The design space and workspace which contain the 

full set of the design trials and the results of their analyses 

are generated. Optimum set of the factors which gives the 

target value of the design objective is obtained by fitting 

the results to a polynomial or a response surface. In order 

to control the estimation results of the regression analysis, 

a multibody model which contains the optimum values of 

the factors is also carried out. Results obtained from this 

model are compared with the target value. Some steps of 

this flow chart have similar characteristics with the meth-

odology given by [22] for the optimisation of the suspen-

sion parameters to improve impact harshness (IH) of road 

vehicles. 

 

4. Toe optimisation 

 

Fig. 9 shows the six total translational DOF of the 

hardpoints A9 and A10 which determine the position of the 

tie rod and directly affect the βV in case of wheel travel. 

Since tie rod is connected to the relay lever by the spheri-

cal joint A10, initial position of the hardpoints A13 and A14 

does not have any remarkable effect on βV for a given val-

ue of βL. Hence, only the hardpoints of A9 and A10 are cho-

sen as factors in stage 2. A summary of the design limita-

tions are also given in Fig. 10. Here OV, the midpoint of 

the front axle was chosen as the reference point for this 

work. Appropriate positions of the hardpoints A9 and A10 

were searched in the design volumes Cube 1 and Cube 2. 

Initial positions of the cubes and their edge lengths were 

chosen according to the design limitations which are sum-

marised below. Position of A9 in x axis should render pos-

sible enough space for wheel-end and brake system (Vol-

ume B) to eliminate any penetration of the mechanical el-

ements. Initial value of A10x co-ordinate is chosen such that 

the mechanism should not be blocked in the βL range of the 

front wheels. As a design rule,  the angles φ and ζ  between 

steering arm and tie rod should not be lower than 15° [2] in 

 

Fig. 9 Factors for A9 and A10 
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course of the maximum steering position of the front 

wheels as seen in Fig. 11. 

Steel wheel limits the -y co-ordinate of A9 be-

cause of the installation issues. A gap “e” is necessary 

which limits the -y co-ordinate of A10 because of the instal-

lation issues. In this design, gap e is assumed as 60 mm by 

considering the physical diameter of the spherical joint 

A10. 

 

a 

 

b 

Fig. 10 Summary of design limitations (schematic): a - end 

view, b - plan view 

 

Fig. 11 Full left turn simulation 

Because of the design issues, position of the steer-

ing arm - knuckle connection is lower than the wheel cen-

ter A8 as seen from Fig. 12. Moreover, lower wishbone 

limits the vertical position of the tie rod. Hence, it is as-

sumed that the vertical (z) co-ordinates of A9 and A10 

should be in the range of z = (0 - 80) mm. For this assump-

tion, brake system geometry is also taken into account. 

Design criterion was chosen such as the βV should not ex-

ceed ±
 
0.3º in the wheel travel range of ΔzA8 = ±

 
100 mm.  

 

Fig. 12 Design limitations for brake system and wishbone 

Before the optimisation process, DSA was applied 

to determine the effective and non-effective parameters 

among the tie rod factors on the response of the system. 

The two-level FFD type was chosen to generate the screen-

ing experiments of the DSA, since it is the most proper 

type [22]. In this design type, only the lowest and the high-

est values of each factor are taken into account. As a rule, 

full factorial design provides 2
n
 runs for a single screen of 

experiments where n is the number of the factors. For 

n = 6, FFD provides 64 trials (runs) which is considered as 

a reasonable experiment number. The results of the trials 

were fitted to a first order polynomial, whose general form 

is given in Eq. (5). Schematic of the design model can be 

seen in Fig. 13. Here, A9 and A10 (the red line) represent 

the chosen initial position of the tie rod. In Fig. 13, A9i and 

A10i also stand for the i-th observation as an example (the 

green line). All of the possible design combinations which 

connect A9 and A10 were generated by Adams/Insight™ 

with the use of the cube edges. Successive simulations for 

every design combination were carried out. Length of the 

cube edges were chosen as 80 mm. 

 

Fig. 13 Model for the tie rod position (schematic) 

In order to determine the effects of the factors on 

βV clearly, results obtained from the 64 trials given in the 

design space were imported to MINITAB
®
, statistical 

software. Design type was defined as custom factorial de-

sign. βV was also defined as the response of the analysis. 

The level of significance α was chosen as 0.01. Fig. 14 

shows the Pareto chart of the standardised effects obtained 

from MINITAB® for the total 6 factors of A9 and A10. In 

this chart, only the main effects of the DOF’s are taken 

into account. For α = 0.01, the threshold value was calcu-

lated as u = 2.665. Since their standardised effects are 

greater that this limit, A9z and A10z are predicted as the fac-

tors which directly affect the βV during jounce and re-

bound. In order to test this result, the co-ordinate A9x 

which is the most effective factor under the u limit was 

solely altered in the range of ±
 
40 mm. It was found that 

this alteration changed βV about 2.5% for zA8 = 100 mm 

which can be considered as negligible effect.  

Since it uses a first order polinomial type regres-

sion model, the two level factorial experiments based DSA 

 

Fig. 14 Pareto chart of the standardised effects (α = 0.01) 
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does not give information about the possible curvature 

characteristic of the response. Hence, a second order poly-

nomial model whose general form is given in Eq. (3) was 

utilised. CCD type that is offered in the design specifica-

tion table of Adams/Insight™ was used to determine the 

optimum hardpoint locations of the tie rod. Total 50 runs 

were generated for the CCD process by the software. Op-

timal hardpoint co-ordinates of the tie rod obtained from 

Adams/Insight™ are compared with the initial model in 

Table 1 (for wheel 1). Parallel wheel travel simulation ex-

ample of the IFS [23] for ΔzA8=±100 mm is seen in 

Fig. 15. 

 

Table 1  

Initial and optimised hardpoint co-ordinates for tie rod  

Factor, mm Initial Optimised CCD 

A9x -268 -308 

A9y -795 -755 

A9z -80 -55.25 

A10x 200 240 

A10y -100 -140 

A10z 0 -42.4 

 

a 

 

b 
 

 

c 

Fig. 15 Parallel wheel travel simulation of the IFS: ΔzA8=: 

a -  +100 mm; b - 0 mm; c - 100 mm 

 

Deviation characteristics of initial and optimised 

models are given in Fig. 16. Maximum βV values were ob-

tained for + 100 mm bump and -100 mm rebound of the 

wheel as -0.26º and -0.32º respectively.  

In order to evaluate the interaction effects of the 

tie rod factors on βV deviation, the design matrix obtained 

from CCD was also imported to MINITAB
®
. Fig. 17 

shows the contour plots obtained from the software for the 

interactions of the design parameters where, the first term 

indicates the ordinate and the second is for abscissa.  

 

Fig. 16 Comparison of the βV deviation for initial and op-

timised designs 

 

Fig. 17 Contour plots for βV 

In order to obtain these plots, firstly, all of the 

factors were adjusted to their optimal values (hold values) 

obtained from CCD (Table 1). Then, only two of the fac-

tors were varied in the range of ±
 
40 mm. As can be clearly 

seen from the contour plots, βV deviates strongly along the 

A9z and A10z axes. The response surface given in Fig. 18 

which is identical to contour plot (A10z*A9z) also shows 

that A9z has a greater effect on the βV than A10z. This result 

is compatible with the Pareto chart shown in Fig. 14. 
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Fig. 18 βV response as a function of A9z and A10z 

5. Steering error optimisation 
 

Basic dimensions of the passenger bus used in 

this study are seen in Table 2. βF and MSE values were 

obtained by taking these values as reference. Since a lower 

range of βL is used in most of the driving conditions of a 

passenger bus, minimising the βF for this range is accepta-

ble [10, 11]. 

 

Table 2 

Basic dimensions of the passenger bus (mm) 

LF  LV  sRV  sRH  j  

6050 3957 2096 1825 1844 
 

In this study, design criterion was chosen such as 

maximum steering error which is defined as: 

   La Li LaA LiMSE max.       (12) 

should not be higher than ±
 
0.5º in the range of βLi = ±

 
20º. 

MSE20 is the maximum steering error obtained in 

βLi = ±
 
20º range. Fig. 19 shows installation region of the 

steering system on the bus framework structure (area C) 

and the base model used in the third stage of this work 

respectively. In order to optimise MSE, an H-shaped planar 

parallel arm mechanism which is consisted of two relay 

levers and a track rod was chosen as the base model.  

 

Fig. 19 Bus framework structure and the schematic  

H-shaped base model for the optimisation study 

In this model, initial position of the track rod was 

selected in the middle of the relay lever. The length L of 

the relay lever in x axis is directly affects the overall steer-

ing iS ratio which can be defined as: 

S
S

L

i



 , (13) 

where, βS is the steering wheel angle. In this study, possi-

ble range of iS was chosen in the range of 18-23 (-) due to 

the manufacturers demand. Effect of relay lever length on 

iS of the base mechanism can be seen as a function of βS in 

Fig. 20. L1 was chosen as 540 mm.  

 

Fig. 20 Effect of the relay lever length on iS 

Design schematic of the relay lever-vehicle body 

connection is illustrated upside down in Fig. 21. Here, the 

longitudinal rails M are welded to the lateral rail N on 

which the bearing of A14 is located. In order to find out the 

appropriate design range for optimisation of the relay lev-

er, a pre-study includes the SS option of Adams/Insight™ 

was carried out. In this type of design study, the possible 

range of a factor is determined by taking the design limita-

tions into account. The chosen number of runs specifies 

how the factor interval will be divided [21]. Results of the 

runs give an estimation for the deviation characteristic of 

the MSE20 response. 

 

Fig. 21 Design detail of the vehicle body-relay lever con-

nection 

In this work, SS is performed in two successive 

steps: Primary position of A10 was assumed as fixed in x-y 

plane. Position of hardpoint A14 was changed in y axis in 

the range of ±
 
50 mm. Dimensions of the rails on which 

relay lever attached via A14 bearings were taken into ac-

count to determine this design limit. In Fig. 21, u repre-

sents the initial trial point of the SS1. Step size was chosen 

as 5 mm for the total s1 = 100 mm design length. 21 trials 

were generated. As can be seen from the convergence his-

tory of SS1 shown in Fig. 22, minimum value of MSE20 

was obtained at trial 19 as MSE20 = 0.525º. Here, trial 11 

represents the base model. In the subsequent step, hard-
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point A14 was adjusted to the minimum value obtained 

from SS1. Then, the planar position of track rod was al-

tered only in x axis in the range of ±
 
50 mm. Step size was 

also chosen as 5 mm for the total s2 = 100 mm design 

length. For SS2, 21 trials were generated where v repre-

sents the initial trial point. Convergence history of the SS2 

shows that (Fig. 22) trial 10 provides an estimated opti-

mum value of MSE20 which is calculated as 0.524º. All of 

the trials of SS1 and SS2 were analysed for βS = + 420º 

which correponds to iS ≈ 21 and βLi ≈ 20º.   

 

 

                           a                                             b 

Fig. 22 Convergence histories for: a - SS1; b - SS2 

Since the main target of the SS1 and SS2 is to pre-

dict the reasonable design range of the hardpoints for the 

multi-link mechanism, results obtained from these studies 

are rough. These results were used to perform a final opti-

misation process using CCD. According to research [23], λ 

angle (Fig. 11) also affects the steering error. Because of 

this, A9x and A9y should also be taken into account for the 

CCD study. Hence, A9, A10, A13 and A14 were chosen as 

the design variables. On the other hand, in order not to 

increase the βV deviation during the wheel travel, all of the 

factors cannot be used for the optimisation process. As can 

be seen from the Pareto chart in Fig. 14, A10x and A10y 

which have lower standardised effects than u = 2.665 can 

be chosen as design variables for the relay lever. Because 

of the planarity of the mechanism, A13z and A14z were as-

sumed as equal to A10z obtained from CCD. Variation 

range of the factors was chosen in x-y plane as ±
 
10 mm 

except A9x and A13x. In order to shorten the design length 

of the steering arm, design constraint for A9x was selected 

as (0-40) mm. It is known from Pareto chart that this alter-

ation does not have any remarkable effect on the βV angle. 

A13x range was also selected as (0- 30) mm to increase the 

rigidity of the frame. By using CCD option of Ad-

ams/Insight™ 88 trials were generated by the software for 

8 factors. Convergence history can be seen in Fig. 23 

where minimum MSE20 was obtained as ≈ 0.2º. By using 

the optimal hardpoint co-ordinates obtained from  

Adams/Insight™ which are compared with the base model 

in Table 3, a final multibody model was composed and 

analysed via Adams/Car™. 

Comparison of the base and optimal multi-link 

model geometries is seen in Fig. 24. It was found that, for 

the optimised model, ζ angle between tie rod and steering 

arm satisfies ζ ≥ 15º condition. ζ was obtained as ζ ≈ 20º 

for βLi = 55º which portrayes the extreme steering condi-

tion. For the optimal design, the angle between the line 

|A10-A14| and the x axis was calculated as ξopt ≈ 4.5º. MSE20 

was achieved as 0.34º. 

 

Fig. 23 Convergence history of CCD (estimations) 

Table 3  

Hardpoint co-ordinates of base and optimised models 

Factor (mm) Base Optimised CCD 

A9x -308 -270.7 

A9y -755 -746.49 

A10x 240 -240.83 

A10y -140 -140.3 

A13x -28.5 -1.9 

A13y -140 -140.41 

A14x -300 -296.32 

A14y -140 -182.77 

 

Fig. 24 Comparison of the base and optimised geometries 

Obtained minimum values and percent reductions 

of MSE20 after every step of the optimisation study are 

given in Table 4 and in Fig. 25 respectively. In Fig. 25, a. 

the estimated MSE20 values for SS1, SS2 and CCD are 

compared with βF (βLi) = 2.22º that is also obtained from 

the base model for βLi = 20º. 
 

Table 4  

Estimated and obtained MSE20 values (βLi ≈ 20º) 

Estimations Final model Design target 

SS1 SS2 CCD 
0.34º ≤ ±

 
0.5º 

0.525º 0.524º 0.2º 
 

In order to calculate the percent reduction, MSE20 

of the base model was assumed as 100%. As can be seen 

from Fig. 25, a, MSE20 dramatically decreases after SS1 

where the reduction was calculated as 80.1% in compari-

son with the base model. MSE reduction after SS2 and 

CCD were also calculated as 0.04% and 12.3% respective-

ly. Hence, it can be concluded that the most effective fac-

tor on MSE20 reduction is A14y or the ξ angle. Additionally, 

it should be noted that the calculated MSE20 obtained from 

SS1, SS2 and CCD are the estimated values. MSE20 provid-

ed from the multibody analyses of base and final optimised 

models are also given in Fig. 25, b. Total reduction of 

MSE20 was obtained as 84.8%. 

Ackermann error deviations of the base and the 

optimised models as a function of βLi are given in Fig. 26. 

As also can be seen that MSE achieved from the final op-
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timised model is 0.46º at βLi = 30º in the range of  

βLi = (0-44º) which exceedingly satisfies the design target. 

For instance, by using Eq. (1) βLi is calculated as 33.14º for 

R0min = 10.4 m, the minimum turning radius of the passen-

ger bus and the dimensions given in Table 2. Steering error 

of the base mechanism was obtained for βLi = 30º as 4.4º 

which means the reduction by 89.6%. 

 

 a b 

Fig. 25 Reduction of MSE20: a - estimations during the 

optimisation stages; b - comparison of base and op-

timised models 

 

Fig. 26 Comparison of the βF (βLi) curves for base and op-

timised models 

6. Conclusions 

 

In this work, a DOE-RSM based design applica-

tion to obtain a multi-link steering mechanism which gives 

optimum deviation of βV and steering error was developed 

and applied on an MSC.Adams
®
 multibody model of a bus 

IFS. In order to carry out the optimisation of the βV, the 

most effective parameters among the tie rod co-ordinates 

on βV deviation were first identified via DSA by using Ad-

ams/Insight™ multi-objective optimisation tool. The FFD 

was used to determine the rank of importance of the co-

ordinates of the tie rod hardpoints on βV angle. Results 

were evaluated by using MINITAB
®
 a practical statistical 

software package. Since the FFD merely uses the high and 

low values of the factors, it is not adequate to determine 

the possible curvature of the response. In order to find out 

the intermediate values of the parameters which give the 

optimal tie rod position, CCD was also applied. In the final 

stage of the study, geometry of the steering trapezoid 

which gives the optimum MSE was determined via SS and 

CCD. In order to do that the co-ordinate A10z was assumed 

as the design constraint which determines the vertical posi-

tion of the multi-link mechanism plane. Results obtained 

from this study are summarised as follows: 

1. Results of the DSA showed that for a multi-link 

steering mechanism, the most effective factors among the 

tie rod co-ordinates on βV are the vertical components A9z 

and A10z. For this design example, percent effects of A9z 

and A10z were calculated as 44.71% and 31.76% respec-

tively. CCD gives the optimum values of these co-

ordinates more precisely than the FFD with a fewer num-

ber of design trials. 

2. By using CCD, βV deviation during the wheel 

travel was reduced up to 85.4% in comparison with the 

initial design. Maximum βV values were obtained for +100 

mm bump and -100 mm rebound of the wheel as -0.26º and 

-0.32º respectively. 

3. By optimizing the shape of the relay lever, 

MSE of the initial parallel arm (H-shaped) base mechanism 

was reduced up to 89.6% via SS1, SS2 and CCD in the 

range of βLi = ±
 
44º. It is observed that the most effective 

part of the estimation analyses on MSE reduction is SS1. 

By this way it can be concluded that co-ordinate A14y (or 

the angle ξ) has the greatest effect on MSE. In this design, 

effect of SS2 can be assumed as negligible. 

4. The obtained optimal mechanism satisfies the 

design target of MSE ≤ ±
 
0.5º in the range of βLi = ±

 
44º. 

Moreover, the mechanism can perform its function up to 

βLi = 55º without any lock up effect. 
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M. M. Topaç, U. Deryal, E. Bahar, G. Yavuz 

OPTIMAL KINEMATIC DESIGN OF A MULTI-LINK 

STEERING SYSTEM FOR A BUS INDEPENDENT 

SUSPENSION: AN APPLICATION OF RESPONSE 

SURFACE METHODOLOGY   

S u m m a r y 

A response surface-based design application to 

obtain an optimum multi-link steering mechanism is pre-

sented. Design problem is essentially established on two 

main goals: minimum deviation of toe angle (βV) during 

the wheel travel and optimum steering error during the 

steering angle (βL) range of the wheel. In the first stage, a 

complete multibody model of the suspension system in-

cluding the steering mechanism was composed by using 

MSC.Adams
®
 software. In order to identify the most effec-

tive parameters among the tie rod co-ordinates on βV devia-

tion, a Full Factorial Design (FFD) - based Design Sensi-

tivity Analysis (DSA) was carried out via Adams/Insight™ 

multi-objective optimisation tool. Central Composite De-

sign (CCD) was also implemented to find out the optimum 

position of the tie rod. In the final stage, optimum hard-

point positions of the steering mechanism were searched 

by a combination of sweep study (SS) and CCD to provide 

the minimum deviation of Ackermann error. The optimisa-

tion results show that it is possible to reduce the maximum 

steering error (MSE) of the system up to 89.6 % in com-

parison with the parallel arm base mechanism by using the 

proposed methodology. 

 

Keywords: Ackermann steering, central composite design 

(CCD), design of experiments (DOE), independent front 

suspension (IFS), maximum steering error (MSE), multi-

link steering system, optimisation, regression, response 

surface methodology (RSM). 
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