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1. Introduction 

 

Deployable structure, which is a structure that can 

change its size by changing its shape, is widely used in 

daily life such as tents and umbrellas. Current interest in 

deployable structures arises mainly from their potential in 

space engineering, civil engineering and MEMS [1-3].The 

deployment analysis is an important part in the theoretical 

research and design of deployable structures.  

There are some methods developed for flexible 

multibody dynamic analysis. The classical method of kin-

ematics and dynamics of flexible multibody systems are 

described in many textbooks on multibody dynamics [4-6]. 

Moreover, it is implemented in some commercial software 

such as ADAMS and DADS. These methods are obtained 

with extending the methodology for rigid system by as-

suming that the global motion of structural members is 

composed of a rigid body motion and a small deformation 

[4, 7, 8]. The main limitation of these methods is that 

structural members should be linear elasticity in the rigid 

body frame, which leads to the nonlinear effects such as 

geometric stiffening cannot be considered.  

Another general and versatile approach in flexible 

multibody dynamics is the Finite Element method. In this 

method, the description of large displacements and rota-

tions requires a nonlinear geometric formulation [9, 10]. In 

order to circumvent the difficult treatment of rotations, 

Shabana [11] proposed the Absolute Nodal Coordinate 

Formulation, where the location and deformation of a ma-

terial point in the finite element are defined in the global 

coordinate system. This leads to great convenience for 

solving efficiently the dynamic equation of system [12]. 

The beam and shell element formulations of this method 

have been studied by many researchers [13-18]. However, 

the temperature field was not considered in most of these 

researches and all the analyzed mechanical systems work 

under the normal temperature. There are larger temperature 

changes for the work environment of deployable structures. 

The constraint forces and the internal forces of structural 

members will increase due to thermal stress with the raise 

of the temperature, which may leads to the failure of the 

deployment of deployable structures. Therefore, Li and 

Wang [19] investigated the flexible body dynamics of de-

ployable structures under different temperatures using the 

absolute nodal coordinate formulation. They found that the 

influence factors of deployment dynamic characteristics 

include the structural form, material properties, geometric 

parameters and deployment planning in ambient and ther-

mal/vacuum environments. 

On the other hand, Géradin and Cardona [20] 

proposed a systematic methodology for mechanisms analy-

sis using the advanced Finite Element method. They pre-

sented a full departure from traditional approaches in the 

sense that the total motion, which consists of rigid body 

motion and elastic deformation, is directly refereed to the 

inertial frame. Therefore, elastic effects are naturally intro-

duced in the model. The stiffness properties of each elastic 

member can be described in a quite rigorous manner, in-

cluding the geometric stiffening effects. Moreover, the 

topology of the structure is implicitly contained in the fi-

nite element mesh, which avoiding the need for a descrip-

tion of complex closed loop systems based on graph theory 

[20-22]. 

Normally, it is necessary to use a computer to 

simulate the kinematics and dynamics of the flexible sys-

tem. The existing commercial software such as ADAMS 

and DADs can simulate the rigid and flexible multibody 

dynamics of mechanical systems, but the structural analy-

sis cannot be considered [19]. In this paper, a method is 

presented for the flexible multibody dynamic analysis of 

deployment of deployable structures under the temperature 

field. The finite element method originally proposed in [20] 

by Géradin and Cardona is employed here. The paper is 

organized as follows: Section 2 gives the general formula-

tion of the dynamics of a multibody system. Following by 

the dynamic equations considering thermal effects are giv-

en in Section 3. Then two numerical examples are carried 

out in Section 4 to study the influence of thermal loading 

on the behavior during the motion. Conclusions are given 

in Section 5. 

 

2. General formulation of the dynamics of a multibody 

system 
 

It is very convenient to express the dynamic equa-

tions of a multibody system in terms of finite element co-

ordinates [20-22]. Therefore, this section will briefly intro-

duce the kinematic and dynamics of a bar system with the 

method proposed by Géradin and Cardona [20]. 

The axial strain components of bars are given 

with the adaptation of the Green-Lagrange strain tensor as: 
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where li and li,0 are the current and origin lengths of the 

element. 

Then the strain energy of the system, U, can be 

given as: 

21

2
i i

i

U D   , (2) 

where the stiffness coefficient is defined as Di = Ei Ai li, 

Ei Ai is the extension’s stiffness of bar i. 

Strain energy is the functional of the strain. Con-

sidering the stationary conditions for the strain energy, i.e. 

the variation of the function equals to zero, leads to: 

0i i i
ii

U
D q


 


  , (3) 

where q is the nodal coordinates.  

Then the kinematic of the system can be de-

scribed as: 

 

0;

, 0,

U

q t









, (4) 

where Φ(q, t) is the constraint equation of the system. 

To solve the kinematic problem Eq. (4), a set of 

Lagrange multipliers λ will be introduced to put the prob-

lem in the equivalent unconstrained matrix form as: 

       
1

, ,
2

T Tf t U Φ ε q Dε q λ Φ q , (5) 

where D is the kernel stiffness matrix as diag(Ei Ai li). 

The stationary of the above functional generate 

the variation equations as: 

     

 
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T T T

T

δ

δ

     
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

q E q Dε q B q λ

λΦ q
 (6) 

where E and B are the strain matrix and Jacobian matrix of 

the constraints given as:
δ

δ


ε
E

q
 and 

δ

δ


Φ
B

q
. 

Taking account of the arbitrariness of the virtual 

displacement provides then the set of nonlinear equations 

become as: 

     

 
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0

T T

.

  
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E q Dε q B q λ

Φ q
 (7) 

Then the dynamic equation can be obtained with 

the Hamilton’s principle as [20]: 

       

 

, 0;

, 0,

T T Tt t

t

    




Mq E q Dε q F B q λ

Φ q
 (8) 

where F is the external load. 

The finite element coordinates used above are ab-

solute coordinates, and the total motion (rigid-body motion 

and elastic deformation) is directly referred to an inertial 

frame. Due to the large displacements and rotations of the 

mechanical elements with respect to this frame, the linear 

theory of elasticity is not applicable, and a nonlinear theory 

is necessary. An updated Lagrangian point of view can be 

used. 

Let us suppose an approximate solution to Eq. (8) 

at time t is  , , * * *q q  and the exact solution at time t in 

the incremental form is  *  q q q , *  q q q  

*  λ λ λ . 

Then according the dynamic equation, the exact 

solution should satisfy: 

     

  
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* T * *
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r q q q q λ λ  (10) 

and 

  0*  Φ q q , (11) 

where r is the residual vector, which indicates the unbal-

anced force of the system. 

The Taylor expansion of the residual vector can 

be given as: 
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where r* is the residual vector of the approximate solution, 

K is the stiffness matrix of the system and B2 is the second 

derivative of the constraint to the nodal coordinates, which 

can be given as: 

       

  

      
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;
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The Taylor expansion of the constraint equation is: 

   
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Φ q q Φ q q

q
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Thus, the above equations can be gathered in the 

single matrix equation as: 
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M 0 q qK B B

0 0 q λB 0

r q q λ

Φ q
 (15) 

The Newark’s formula [23], which is widely used 

by structural engineers to solve problems of structural dy-

namics, is used in this paper to solve iteratively the dynam-

ic Eq. (15). 

 

3. Dynamic equations considering thermal effect 

 

The effects of thermal loading on the mechanical 

behavior of structures have been studied and it shows the 

influence is significant [24-26]. Therefore, the movement 

of a multibody may be affected by the temperature chang-

es. In this study, the temperature-dependent elastic modu-

lus E is assumed to be constant over the cross section and 

along the longitudinal axis. This is because the temperature 

changes considered here are under 300℃. Under tempera-

ture change, the thermal strain at the axial line is: 

t t T   , (16) 

where ΔT is the temperature increment relative to its ambi-

ent value and αt is the coefficient of thermal expansion that 

is taken as 2.0 × 10-5/℃ in this study. 

The total strain of the bar can be described by:  

e t    , (17) 

where εe is the mechanical elastic strain and εt is the ther-

mally induced strain. All the strains are defined as positive 

when acting in tension. Thus the mechanical strain εe of bar 

i can be given as: 
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2

i i ,

ei i ti t

i ,

l l
T

l
    


    . (18) 

Substituting Eq. (18) into Eq. (15) leads to the 

dynamic equations under external loads and temperature 

changes as: 
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where T is the ambient temperature at time t, the residual 

vector can be written as: 

   

        

, , , 

, , 

* * * * *

T * * T * *

T

T T T

 
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r q q λ M q

E q Dε q F B q λ , (20) 

and F(ΔT) is the nodal force induced by the temperature 

changes, which can be written as: 

     ,T *

tT T T  F E q Dε . (21) 

4. Numerical examples 

 

Numerical simulations are presented in this sec-

tion in order to investigate the effect of thermal loading on 

the dynamic performances of deployable structures. A type 

of foldable truss system as shown in Fig. 1, which is based 

on based on the four-bar linkage, has been used for the 

retractable roof. Therefore, two numerical examples shown 

in Fig. 2, a general four-bar linkage and a parallel four-bar 

linkage, are used to compare the dynamic performances 

under different temperatures. 

 

Fig. 1 Foldable truss structures 
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 a b 

Fig. 2 Four-bar linkages: a - a parallel case, b - a general 

case 

 

The two examples, whose material and geometric 

parameters are the same as those in Refs. [18] and [19], are 

given in Table 1, which shows the mass m, the elastic 

modulus E, the length l, the second moment of area I and 

the cross-sectional area A of the components. In this study, 

the lowest temperature is assumed to be about -150℃ and 

the highest is nearly +150℃. In order to investigate the 

effect of thermal loading on the motion of the mechanism, 

three cases in different temperature environments are es-

tablished including the high temperature +150℃, the nor-

mal temperature 20℃ and the low temperature -150℃. 

Therefore, the temperature changes for these cases are:  

C,            

C,            

C,      

1

2

3

130 Case I high temperature;

0 Case II normal temperature;

170 Case III low temperature.

T :

T :

T :







 


 
   

. (22) 
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Table 1 

Geometry and Material Parameters of Four-bar Linkages 
 

Linkage model 
Element  

Number 
E, MPa A, m2 m, kg l, m 

Parallel four-bar 

linkage 

1 1.5 × 1011 4.64 × 10-5 0.288 0.288 

2 1.5 × 1011 4.64 × 10-5 0.357 0.357 

3 1.5 × 1011 4.64 × 10-5 0.288 0.288 

General four-bar 

linkage 

1 1.0 × 109 1.26 × 10-3 0.6811 0.2 

2 5.0 × 106 1.96 × 10-3 2.474 0.9 

3 5.0 × 108 7.07 × 10-4 1.47 0.5197 

 

It should be noted that the parallel four-bar link-

age deploys with the initial angle γ = 5°, which will lead to 

avoid the bifurcation point of the motion path. In order to 

make the movement smoothly, bar 3 of the parallel four-

bar linkage and bar 1 of the general four-bar linkage are 

driven following the specified motion planned by STEP 

function, the angle ω applied on driving bars is defined as 

follows: 

 

   

2

2

0 365 3 2 ,                          0 1;

0.365,                                        1 4;

0.365 0.365 4 11 2 ,    4 5.

. t t t

t

t t t



   


  


    

 (23) 

4.1. Results without thermal loading 

Figs. 3 and 4 show the variation of element strains 

and nodal coordinates with time for parallel four-bar link-

ages and non-parallel four-bar linkages, respectively. It can 

be found from these figures that the change trend of ele-

ment strains and nodal coordinates have the characteristic 

of symmetry for the parallel four-bar linkage. Moreover, 

the strains of every element have the same order of magni-

tude. However, for the non-parallel four-bar linkage, the 

difference of strains of every element is significant. This is 

because the elastic modulus of element 2 is smaller than 

other elements. 

    

 a b 

Fig. 3 Results of parallel four-bar linkages: a - element strains; b - nodal coordinates 

    

 a b 

Fig. 4 Results of non-parallel four-bar linkages: a - element strains; b - nodal coordinates 

http://dict.cnki.net/dict_result.aspx?searchword=%e5%90%8c%e4%b8%80%e9%87%8f%e7%ba%a7&tjType=sentence&style=&t=the+same+order+of+magnitude
http://dict.cnki.net/dict_result.aspx?searchword=%e5%90%8c%e4%b8%80%e9%87%8f%e7%ba%a7&tjType=sentence&style=&t=the+same+order+of+magnitude
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4.2. Results with thermal loading 

The influence of thermal loading on the move-

ment of four-bar linkages is shown in Fig. 5, which gives 

the strain variation of element 2 under different load cases. 

For the parallel four-bar linkage, it can be found the effect 

of temperature changes on the element strain is slight. 

However, the effect is significant for the non-parallel four-

bar linkage. The element strain increases with the rise of 

the temperature during the most motion process. That is to 

say the thermal stress due to heat expansion will increase 

the constraint forces and the internal forces of bars. More-

over, the element strain also reduces with the decrease of 

the ambient temperature during the most motion process. It 

can also be found from results that the parallel four-bar 

linkage may be more suitable than the non-parallel four-

bar linkage for retractable roof structures, because the in-

fluence of thermal effects is slight. 

 

    

 a b 

Fig. 5 Effects of thermal loading: a - parallel four-bar linkages; b - non-parallel four-bar linkages 

5. Conclusions 

 

The thermal stress due to temperature rise may 

increase the element strain and internal forces. Moreover, 

this may induce the failure of the deployment of deploya-

ble structure. Therefore, it is necessary to discuss the flexi-

ble multibody systems under different thermal loading,. 

Based on this idea and formulation of finite element meth-

ods, the dynamic equations of the system considering the 

temperature effect are derived. Then two examples, a par-

allel four-bar linkage and a non-parallel four-bar linkage 

are presented in this paper to study the influence of thermal 

loading on the behavior during the motion. 

In the present case, it was possible to omit taking 

into account bending deformation thanks to the 2D nature 

of the problem where hinge joints do not transit bending. 

For 3D problems, the need to consider rotations about arbi-

trary directions in space would be generally imply the in-

troduction of bending strains also, which will be investi-

gated in future. Another problem is to deal with the tem-

perature effect of the cable structures including the air 

damping [27], which is very complex and difficult issue. 
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Jianguo Cai, Xiaowei Deng, Yaozong Zhao, Jian Feng 

EFFECTS OF THERMAL LOADING ON THE DE-

PLOYMENT OF FOUR-BAR LINKAGES FOR RE-

TRACTABLE ROOF STRUCTURES 

S u m m a r y 

The thermal stress due to temperature rise may 

increase the element strain and internal forces, which may 

lead to the failure of the deployment of deployable struc-

ture. However, few works are carried out to study the dy-

namic performance of the flexible multibody under differ-

ent temperatures, especially for retractable roof structures. 

Based on this idea and formulation of finite element meth-

ods, the dynamic equations of the system considering the 

temperature effect are derived. Then two examples, a par-

allel four-bar linkage and a non-parallel four-bar linkage, 

are presented in this paper to study the influence of thermal 

loading on the structural behavior during the motion. The 

results show that the effect of temperature changes is slight 

for the parallel four-bar linkage, but the influence is signif-

icant for the non parallel four-bar linkage. It can be con-

cluded that the former case may be more suitable for the 

deployable structures. 

 

Keywords: temperature field; deployment; multibody dy-

namics; linkage; retractable roof. 
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