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1. Introduction 

 

Nowadays, the mechanics of nanofluids has forced 

the recent researchers for the enhancement of thermal con-

ductivity of base fluid. The word “nanofluid” introduced by 

Choi [1], it denotes to a liquid suspension containing ul-

trafine particles having diameter less than 50nm and these 

particle can be discovered in the metals such as (Al, Cu), 

oxides (Al2O2), carbides (SiC), nitrides (SiN) or nonmetals 

(Graphite, carbon nanotubes, nanofiers, nanosheets, drop-

lets) [2-3]. Nanofluid flows also play indispensable role in 

some industrial and biomedical instruments, such as drug 

delivery, photodynamic therapy, molecular motors, neuro 

electronic interfaces, cancer diagnosis and therapy, surgery, 

in vivo therapy, neuro electronic interfaces, cell repair ma-

chines, protein engineering and shedding new light on cells. 

It may be famous that particle size is an important physical 

parameter in nanofluids because it can be used to tailor the 

nanofluid thermal properties as well as the suspension sta-

bility of nanoparticles. The use of magnetic particles in the 

treatment of cancer is less focused on the delivery of drugs 

and more on their use as a new therapeutic concept in which 

tumor cells are damaged by applying local heat through an 

external magnetic field. A phenomenon that nanofluids has 

a characteristic feature of thermal conductivity enhance-

ment, which indicates the possibility of using nanofluids in 

advanced nuclear systems investigated by Masuda et al. [4]. 

An analytical model for convective transport in nanofluids 

considering of the Brownian diffusion and thermophoresis 

are studied by Buongiorno and Hu [5].  

 The initial study on the peristaltic flow of a 

nanofluid in a diverging tube is highlighted by Akbar et al. 

[6].  They have observed that the pressure rise decreases 

with the increase in thermophoresis number. Heat transfer 

and flow field in a wavy channel with nanofluid is numeri-

cally examined by Heidary and Kermani [7]. It has been 

viewed that the skin friction coefficient is almost insensitive 

to the nanoparticle volume fraction. Akbar and Nadeem [8] 

considered the peristaltic flow of a nanofluid in an endo-

scope. The slip effect on the peristaltic flow of nanofluid in 

an asymmetric channel has been investigated by Akbar et al. 

[9]. It was observed that the pressure rise decreases when 

the values of thermophoresis parameter and slip parameter 

have been increased. Akbar [10] presented the peristaltic 

flow of a Sisko nanofluid in an asymmetric channel. It can 

be found that an increase in Sisko nanofluid parameter, pres-

sure rise increases in the peristaltic pumping region. The 

boundary flow and heat transfer over a permeable stretching 

sheet due to a nanofluid with the effects of magnetic field, 

slip boundary condition and thermal radiation were carried 

out by Ibrahim and Shankar [11]. The influence of nanofluid 

characteristics on peristaltic heat transfer in a two dimen-

sional axisymmetric channel was discussed by Tripathi and 

Anwar Beg [12]. They have examined that the nanofluids 

tend to suppress backflow compared with Newtonian fluids. 

Akbar et al. [13] studied MHD peristaltic flow of a Carreau 

nanofluid in an asymmetric channel.  Some recent studies of 

nanofluid due to peristaltic motion are given in Refs. [14–

21]. 

Motivated by the above discussion in mind, it is to 

highlight the significance of the tapered asymmetric channel 

conditions with peristaltic flow of Jeffery nanofluid. This 

mathematical model can be viewed as a good application for 

cervical cancer transport in Cervix blood small vessels. Per-

haps, it is very necessary to revise the problem of intrauter-

ine fluid motion in a non-pregnant uterus induced by my-

ometrial contractions which is in the form of a peristaltic – 

type fluid motion and the myometrial contractions may oc-

cur in both symmetric and asymmetric directions [22]. To 

the best of author’s knowledge, there is no investigation 

made yet about the effect of thermal radiation and magnetic 

field on the peristaltic flow of a Jeffrey nanofluid in the ta-

pered asymmetric channel. The exact analytic solutions for 

temperature field, nanoparticle fraction field, axial velocity, 

stream function, pressure gradient and shear stressare ob-

tained under long wavelength and low-Reynolds number as-

sumptions. The effects of various emerging parameters on 

the flow characteristics are studied in detail with the help of 

graphs. 

 

2. Mathematical formulation 

 

Let us consider a two-dimensional flow of an in-

compressible Jeffrey nanofluid in a vertical tapered asym-

metric channel under the action of a magnetic field. The 

nanofluid is electrically conducting in the presence of a uni-

form magnetic field 0B  applied in the transverse direction.   

Let 1
Y H   and 2HY    be  right  hand  side  and left  
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Fig. 1 A physical sketch of the problem 

 

hand side wall  boundaries and the medium is considered to 

be induced by a sinusoidal wave train propagating with a 

constant speed c  along the asymmetric trapped channel 

wall (Fig. 1) such that:  
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where d  is the half-width of the channel, 1a  and 2a  are 

the amplitudes of left and right walls respectively,  c is the 

phase speed of the wave,  'm  1  is the non – uniform 

parameter,   is the wave-length, the phase difference   

varies in the range  0 , 0  corresponds to 

symmetric channel with waves out of phase and    the 

waves are in phase, and further ,1a 2a d  and   satisfy the 

following condition at the inlet of divergent channel, 

otherwise the walls will be collapsed: 
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The constitutive equations for an incompressible Jeffrey 

nanofluid are: 
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where T and S are Cauchy stress tensor and extra stress 

tensor respectively, p is the pressure, I is the identity ten-

sor, 1  is the ratio of relaxation to retardation times, 2  is 

the retardation time,   is the coefficient of viscosity of the 

fluid,   is the shear rate and dots over the quantities indi-

cate differentiation with respect to time. 

The equations governing two-dimensional motion 

of an incompressible, MHD Jeffrey nanofluid are: 
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 The continuity equation is:  
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 The equation of temperature is: 
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(7)

 

and the nanoparticle volume fraction phenomena is:  
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(8)

 

where VU , are the components of velocity along X and 

Y  directions respectively, t   is the dimensional time, g is 

the acceleration due to gravity, P  is the pressure,    is the 

electrical conductivity of the fluid, 0
B  is the  uniform ap-

plied magnetic field, f is the density of the nanofluid, g

is the acceleration due to gravity,  the thermal expansion 

coefficient, p is the density of the nanoparticle, mT is the 

fluid mean temperature, 'c is the volumetric volume expan-

sion coefficient,   is the thermal conductivity, P is the 

pressure, C  is the nanoparticle phenomena, the ambient 

values of T and C  as y tend to 1H  are denoted by 0
T  and 

0C  and y tend to 2H  are denoted by 1T  and ,1C BD  is the 

Brownian diffusion coefficient, TD is the themophoretic 

diffusion coefficient 
( ')

( ')

p

f

c

c





  is the ratio of the effective 

heat capacity of nanoparticle material, is the thermal ex-

pansion coefficient, '  is the coefficient of expansion with 

concentration and heat capacity of the fluid with  being 

the density. The radiative heat flux in the X-direction is con-

sidered negligible as compared to Y-direction. Hence, by us-

ing Rosseland approximation for thermal radiation, the ra-

diative heat flux rq is given by [9]  

4
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that the temperature difference within the flow is suffi-

ciently small such that the term 
4

T in a Taylor series about 

a free stream temperature 0T and Neglecting higher order 

terms in the first order in )( 0TT  , we obtain: 

4 3 4

0 0
4 3 .T T T T     (10) 

Thus, substituting the Eq. (9) into Eq. (10), we get:  

3

0
16 *

.
3 *

r

T T
q

k Y

 
 


                 (11) 

In order to describe the fluid flow in a non-dimen-

sional form, we introduce following quantities in Eqs. (5,7-

11), 
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and the stream function  ,u v
y x

 

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Using the long wavelength approximation and neglecting 

the wave number along with low-Reynolds number, one can 

find from Eqs. (4-8) that:  
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 Elimination of pressure from Eqs. (13) and (14), 

gives: 
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The corresponding boundary conditions are given below:     
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where x  is non-dimensional axial coordinate, y is non-di-

mensional transverse coordinate, t  is dimensionless time, 

u and v  are non-dimensional axial and transverse velocity 

components, p  is dimensionless pressure, a and b are am-

plitudes of right and left walls respectively, Sc is the 

Schmidt number,   is wave number, m  is the non -  uni-

form parameter, R is the Reynolds number,  is the 

nanofluid kinematic viscosity,   is the dimensionless tem-

perature,   is the dimensionless rescaled nanoparticle vol-

ume fraction, rP is the Prandtl number, M is the Hartmann 

number, rG is the local temperature Grashof number, rB is 

the local nanoparticle Grashof number, bN  is the Brownian 

motion parameter, tN  is the thermophoresis parameter and 

nR  is the thermal radiation parameter.  

 The average flow rate defined as [15-16, 25]: 
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3. Exact Solution of the problem 

 

 Integration of Eq. (16) with respect to y  and im-

plementation in Eq. (15) and boundary conditions of 

Eqs. (18), the dimensionless temperature field is obtained 

as: 
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                 (20)   

substituting Eq. (20) into Eq. (16), moreover Eq. (16) inte-

grating with respect to y and using proper boundary condi-

tions of Eq. (18), the nanoparticle fraction field is received 

as:  
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differentiation of Eqs. (20-21) with respect to y, then sub-

stituting in Eq. (17), we get:  

1

2 3 4 1

2

5 1 6 7

( 1 )

( 1 ) ,
A y

A A y A cosh M y

A sinh M y A e A y

 




    

     
  

(22) 



377 

1

4 1

3 1

5 1

1 6 7

1 )
1

( 1 )

2 ,
A y

A sinh( M y
u A M

A cosh M y

A A e A y








  
    
   

 

 
  

(23)

 

 

     

 

1 1

1 2 1 1

3

1 11 1 1 6

1 2 1

12

3

1 ( )( (1 ) )

1 ( )

1 1 . .
.

r b t

b

A h

t r b r

A h A h

b

h B N NA A Ap

x N h h

e N B N G
A N

N e e








 

  
   

  

  
 


 (24)

 

The average rise in pressure P  is evaluated by taking the 

average values of )(tP over one period of wave are given 

as follows: 
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the non-dimensional shear stress at the left wall of the chan-

nel is reduced to:  
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4. Numerical results and discussion 

 

In this section, numerical effects of the problem 

under discussion are investigated by graphs. The expression 

for average pressure rise is computed numerically using 

mathematical softwares Mathematica and Matlab. Figs. (2-

4) are exposed to see the influences of average rise in pres-

sure for various values of the non-uniform parameter  ,m  

Hartmann number  ,M  Jeffrey parameter  .1 The graph 

is sectored in four parts (i.e.) the upper right- hand quadrant 

(I) denotes the region of the peristaltic pumping ( 0  and 

0p ). Quadrant (II) is designated as augmented flow 

when 0  and 0p . Quadrant (IV) such that 0  

and 0p  is called retrograde or backward pumping. It 

indicates that there is a linear relation between p and 

. It is found from Fig. 2 that with an increase in non-uniform 

parameter m, the average rise in pressure decreases in peri-

staltic pumping. Fig. 3 gives the influences of Hartmann 

number M on ,p  it is examined that an increase in M 

results decrease in the peristaltic pumping rate, free pump-

ing and adverse pressure gradient. The variation of average 

rise in pressure with the mean flow for different values of 

1 is shown in Fig.4.  It is clear that the average rise in pres-

sure increases when 1  increases.  

Velocity profiles are plotted in Figs. (5-6) to study 

the effects  of different parameters such as  1  and M.  It is 
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Fig. 2 Variation of pressure rise 

p versus   for 

different values of m  

 
Fig. 3 Variation of pressure rise 

p versus   for 

different values of M 

 
Fig. 4 Variation of pressure rise 

p versus   for 

different values of M 
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noticed that the behavior of axial velocity at the 

boundaries and central part of the channel is not similar, also 

the maximum velocities are always occurred at the heart part 

of the channel, decaying smoothly to zero at the periphery 

(channel wall). Fig. 5 is drawn to study the effect of Jeffrey 

parameter  1  on the axial velocity  .u  It reveals that the 

velocity profiles are parabolic. Moreover, the axial velocity 

decreases in the region  24.0,42.1y and in other part of 

the channel it increases as Jeffrey parameter increases. The 

axial velocity for the Hartmann number M is illustrated in 

Fig. 6. It is observed that an increase in M causes decrease 

in magnitude of axial velocity u at the centre part of the 

channel. Physically speaking, Magnetic nanoparticles were 

injected into the tumor and then heated in an alternating 

magnetic field. The instillation of magnetic nanoparticles in 

glioblastoma multiforme (GBM) patients induced the up-

take of nanoparticles in macrophages to a major extent, and 

the uptake was further promoted by magnetic fluid hyper-

thermia (MFH) therapy [23]. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
Fig. 8 The axial shear stress distributions at the upper wall 

for different value n
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Fig. 9 The axial shear stress distributions at the upper wall 

for different value r
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Fig. 5 Influence of 1

  on axial velocity  u  

 
Fig. 6 Influence of M on axial velocity  u  
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Fig. 7 The axial shear stress distributions at the upper 

wall for different value t
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Fig. 11 The axial shear stress distributions at the upper 

wall for different value 1  
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Fig. 12 The axial shear stress distributions at the upper wall 

for different value 
bN  

 
Fig. 13 The axial shear stress distributions at the upper wall 

for different value m  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

The axial shear stress distribution  xy
S on the 

right wall of the tapered asymmetric channel is presented in 

Figs. (7-13). Physically speaking, the particles settled rap-

idly, forming a layer on the surface and reducing the heat 

transfer capacity of the fluid.   We notice that stress is in 

oscillatory behaviour, which may due to peristalsis.  

Figs. (7-12) demonstrate that the effects of 

1,,,, rrnt GBRN  and bN  on the axial shear stress. It is ob-

served that the amplitude of the stress oscillations decreases 

as  rnt BRN ,,  and ,rG  while absolute value of axial shear 

stress increases as 1  and bN  increase. Moreover, the val-

ues of axial shear stress are larger in case of a Jeffrey fluid 

when compared with Newtonian fluid.  In Fig. 13 the axial 

shear stress xyS  is graphed versus y for different values of 

m. We can notice that, when x < 0 shear stress decreases 

with increasing m but this behavior is reversed, when x > 0. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
 

Another inspiring phenomena of peristalsis is trap-

ping, the expression of an internally circulating bolus of 

fluid which moves along with the wave. Based on the effects 

of the mean flow rate    on trapping, we have prepared 

Fig. 14. We interest to observe that the trapping also exists 

along the right and left walls of the tapered asymmetric 

channel. The results show that the trapped bolus increases 

along both the walls with increasing .  The streamlines for 

the different values of phase difference  are plotted in 

Figs.15. It is observed that the number and size of the 

trapped bolus decrease with the increase in . 
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Fig. 14 Streamlines when ,2.0a  ,3.0b  ,1.0m
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5. Concluding remarks  

 

In the present study, an analysis of peristaltic mo-

tion of a Jeffrey nanofluid in the tapered asymmetric chan-

nel under a uniform magnitude field has been made. The 

governing two dimensional equations have been modelled 

and then simplified using long wavelength and low – Reyn-

olds number approximations. Exact expression of tempera-

ture field, nanoparticle fraction field, axial velocity, stream 

function, pressure gradient, shear stress, heat and nanoparti-

cle volume fraction transfer coefficients are developed. The 

results are discussed through graphs. We conclude the fol-

lowing observations: 

 It is found that the average rise in pressure increases 

when the non-uniform parameter  m and Jeffrey pa-

rameter  1  are increased.  

 The axial velocity increases with increasing 1  while 

it decreases with increasing M in the core part of the 

channel. 

 It is analyzed amplitude of the stress oscillations de-

creases as nR  and ,rG  while absolute value of axial 

shear stress increases as 1  and bN  increase.    

 The size of the trapped bolus decreases with an in-

crease in phase difference.  

 Further it has also been noticed that the size of the 

trapped bolus decreases with increasing 1
 . When 

amplitude of ,ba   phase difference ,0  Prandtl 

number ,1rP  radiation parameter 0
n

R , rheolog-

ical parameter 0
1
   and non-uniform parameter 

,0m  our results are in good agreement with Tripa-

thi and Anwar Beg [24]. 
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M. Kothandapani, V Pushparaj, J. Prakash  

 

NONLINEAR PERISTALTIC MOTION OF A JEFFERY 

NANOFLUID WITH SHEAR STRESS AND MHD 

EFFECTS 

S u m m a r y 

A mathematical model based on Jeffrey nanofluid 

under the effect of magnetic field and thermal radiation pa-

rameter for the peristaltic flow is considered in a channel, 

which is assumed to be in the form of a tapered asymmetric 

walls. The tapered asymmetry channel is produced by 

choosing the peristaltic wave train on the non-uniform walls 

to have different amplitudes and phase but with same wave 

speed. The analytical expressions for temperature field, na-

noparticle fraction field, axial velocity, stream function, 

pressure gradient and shear stress are derived under the as-

sumptions of long wavelength and low Reynolds number 

approximations. The salient characteristics of pumping and 

trapping are discussed with particular focus on the effect of 

geometry parameters, Hartmann number, thermal radiation 

parameter and rheological parameter. It has been observed 

that the pressure rise and axial velocity increase with in-

creasing rheological parameter 1 .  

 

Keywords: Peristaltic transport; Jeffrey Nanofluid; Shear 

stress; MHD; Tapered asymmetric channel. 
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