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1. Introduction

Conventionally the used in practice layered con-
struction by joint of the layers can be divided into two
groups: the structures with rigidly jointed layers and the
structures with partially rigidly jointed layers. The follow-
ing two differences substantially determine which calcula-
tion method can be used for the stress and strain calcula-
tion. When the layers are connected using flexible connec-
tors or the joints of the layers are partially rigid for the
calculation of the stresses build-up bars theory can be ap-
plied [1]. For the calculation of sandwich type layered
beam other calculation theories can be used as well [2-5].
Frequently the layers of the layered structure are connected
absolutely rigidly. When the joint of the layers is abso-
lutely rigid then all the layers deform together and slip of
the layers should not be taken into account. In this case the
stresses of the layers are proportional to its stiffness.

For the calculation of hygrothermal stresses of the
layered beam with absolutely rigid joint when shear strain
is taken into account the following methods can be used
[6,7]: classical beam theory, first-order beam theory, sec-
ond-order beam theory, third-order beam theory and etc.
The first and higher order beam theories are applied to
thick or deep beam, for which shear deformation is signifi-
cant. Many engineering tasks can be solved using the clas-
sical beam theory. This theory is applicable to thin beams.
It is based on the assumption that plane sections that are
perpendicular to the neutral layer before bending remain
plane and perpendicular to the neutral layer after bending.
This assumption is known as plane section hypothesis. The
classical beam theory is also based on the assumption that
transverse shear and transverse normal strains are equal to
zero. For the calculation of such layered beam the classical
layered beam theory is widely used [4,8]. However, this
theory is complicated and therefore unhandy for engineer-
ing applications. Although present numerical modeling
methods are universal they take additional time and require
specific engineering background.

In [9], proposes a simple engineering method to
calculate stress and strain of layered beam caused by ex-
ternal forces. Therefore, this method does not take into
account hygrothermal strain which is often generated in the
building structures and other laminated beam. These de-
formations can be a reason of failure of single layer and
overall structures. For engineering applications it is neces-
sary to make simple and herewith accurate methods for the
calculation of hygrothermal stresses of layered beams.

The main goal of this work is to develop the
method proposed in [9] for calculation total stresses and
strain of layered beams under hygrothermal and mechani-
cal loads. The developed method is user-friendly to practi-
cal engineering application. The obtained relationships are

presented in explicit functions form.

2. Main dependences
2.1. Calculation of neutral axis of coordinate

In case of unaxial stresses state the layered beam
can be considered as one-dimensional object (Fig. 1). The
calculation is performed using the well-known assumption
of materials mechanics of bending beams.

Assumptions:

e all assumptions of classical beam theory are taken
into account;

e the bond between layers is perfect, i.e. slip of the
layers is impossible;

e hygrothermal strain of the beam is independent on

z coordinate (Fig. 1), i.e. does not change through

width of the beam.
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Fig. 1 Scheme of a layered beam, coordinates and forces

The location of neutral axis of the layered beam
[9], in pure bending case, was obtained using the condition
that the ratio of longitudinal strain at an individual node
and distance from the neutral axis of a cross-section is the
same. Other methods for calculation of neutral axis coordi-
nate have been proposed in [10,11] articles. In these arti-
cles it was taken that a neutral axis coordinate is equal to
the ratio between total first moments of layers longitudinal
rigidity and an overall beam longitudinal rigidity. How-
ever, the location of neutral axis can be obtained using
another condition — generalized axial force, in pure bend-
ing case, is equal to zero [12]

N=Y [[o,(z)dvdz =0 (1)
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where o; is stress in X,Y,Z, coordinates and A, is cross-
sectional area of ith layer. The stress of Eq. (1) can be ex-
pressed in terms of strain

0,(z)=E¢&(z)=Exz, i=1...n )

i i



where z is the coordinate of a node in X,Y,Z, system, « is
the curvature. After putting Eq. (2) in to Eq. (1) and taking
into account, that elasticity modulus is constant through the
depth of each layer and curvature of all layers has the same
value we get
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height and elasticity modulus of ith layer respectively. The
curvature k=0 therefore the (3) conditions can be satisfied
only if the sum of integrals is equal to zero
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where z, is coordinate of neutral axis. Solving the Eq. (4)
for z, we get the expression of the coordinate of neutral
axis
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where B, = E; A, . It must be emphasized that the obtained

(5) relationship haves analogy with the relationship of J.
Bareisis [9] of neutral axis coordinate calculation method
of layered structural elements. But Eq. (5) was obtained
using another condition.

2.2 Stress state of a layered beam

Hygrothermal stress can be obtained subtracting
hygrothermal strain of the material from total hygrothermal
axial and bending strain of the beam. Multiplying the ob-
tained restrained hygrothermal deformation by elasticity
modulus of materials of the layer we get the stress. The
total stresses in the layered beam are obtained by summing
up the mechanical and hygrothermal stress components,
respectively.

Axial force of the beam, from which its axial
strain is equal to the hygrothermal strain, can be found
from such formula [13]

(6)

where 4 is the area of cross section of the layered beam,
&pi(z) is distribution function of hygrothermal strain
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through the depth of ith layer in XYZ coordinates (Fig. 1).
When temperature and humidity through the depth of the
layer is uniform ie. ¢&,(z)—const, then N,=

Z, \Eibhe,, . Total axial strains of a layered beam can

be obtained by summing up the strain due to hygrothermal
load and axial force respectively

g_N°+N,,

3 (7

where N is external force, B is longitudinal rigidity which
E A. formula [9]. Ow-

=1 i

is calculated according to B= "

ing to hygrothermal strain of each layer the beam is bend-
ing. The bending moment in the layered beam caused by
hygrothermal strain can be expressed as [13]

M, = ”.E(Z)Sb (z)zdzdy =

n 0,5b; a

-3 faute

=l —0,5b; ay

) zdzdy = ZE,b, j &, (z)zdz (8

i=1 ay
When temperature through the depth of each layer
is uniformly distributed i.e., &, (z)—const, then M, =0.
Owing to axial forces of each layer the layered beam addi-
tionally bends because localities of the layers are nonsym-
metrical in respect to neutral axis. Due to axial force of
each layer its bending moment is calculated
My, =Ny, i=
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where g is the distance between centroid of the ith layer to
neutral axis calculated according to formula

i h
p=h iz, (10)
a2

In Eq. (9) N, is the force of the ith layer due to hygrother-
mal load and axial force calculated by using Eq. (6) and (7)

a
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The total bending moment consist of’ the external
bending moment M’; bending moment of each layer gener-
ated owing to external load and hygrothermal strain; due to
nonlinear distribution of hygrothermal strain through the
depth of each layer

M=M"+M,+Y" M,, (12)

Then the curvature of layered beam calculated according to
this formula

(13)

where D is flexural rigidity of layered beam calculated
according to D = Z E.I. [9]; I; is the second moment of

=1 i
area to neutral axis calculated according to the well known



formula 7, = b, () 12+ A2

If we have strain of the layered beam then stress

calculation at any point is not complicated

o, :E,.(g+/cz—g,,v,.(z)) (14)
where z is the space between neutral axis and the node of
considered layer of the beam, ¢, (z) is the distribution func-
tion of hygrothermal strain of the ith layer in XYZ coordi-
nates (Fig. 1).

In practice may be a case when the layered beam
can not bend. For example, plastered or finished in another
way external layer of masonry by flexible joint connected
to the internal bearing wall with high flexural rigidity. If
shear stiffness of the joint is not high then we can consider
that only the bending deformation is restrained. In this case
the stress can be calculated according to the Eq. (14) for-
mula taking that x=0. When the ends of the beam are
hinged to two fixed bearing then the beam can bend but
can not deform in axial direction. In this case stress is cal-
culated also according to (14) but taking that e=0. If the
beam can not bend and deform in axial direction, for ex-
ample the ends of the beam are rigidly fixed then we con-
sider that k=0 and =0.

3. Analysis of the results

The dependence of neutral axis location of lay-
ered beam upon various factors was investigated in
[10,11,14]. In the equations describing changes in the stiff-
ness center and neutral layer directions upon various fac-
tors have been found [10,11].

In the current analysis, the limiting values of neu-
tral axis location, curvature, hygrothermal stresses and
strains upon elasticity modulus and depth of the layers are
presented. Also is considered the analysis of bilayer beam
stresses upon various factors: diference of layers hy-
grothermal strains, depth of the hygrothermal strain, lay-
ers’ materials’ elasticity modulus ratio, support of beam.

When material’s elasticity modulus of one of the
layer is infinitely big or infinitely small in comparison with
elasticity modulus of materials of other layers then limiting
value of coordinate of neutral axis is as follows

lim z, —>Zhj—%h,. (15)

E;—>© =

With decreased elasticity modulus of kth layer
with regard to other layers, the coordinate of neutral axis
tend to the following limit

lim z, —>
E,,—0

%

i=1

ihk -2B, ihk - iEib,.hf +E b I
k=1 k=1 i=1

z(gg,._gmj

ﬁ

(16)

Also the following limiting values of curvature,
axial strain and stress upon elasticity modulus and depth of
the layers are determined. When the elasticity modulus of
ith layer increases, the curvature and the axial strain of a
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layered beam tend to limits
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i.e. the curvature and axial strains of a layered beam tend
to the curvature and axial strains of a beam which consist
only of ith layer.

If hygrothermal strain through the depth of ith
layer is uniform, i.e. &, (z)—const, and the elasticity
modulus as well as the depth of this layer increase, such
dependences of a layered beam are determined: curvature
tends to 0; axial strains tend to the ith layer’s hygrothermal
strains; stresses of ith layer tend to 0

lim k >0 (19)
;0
lim & —>¢&,,(z) (20)
P;—>0
lim Gi(Z)—)O (21)

;>0

where @, €{E,,h}.

When ¢,4(z)—const, with increased elasticity
modulus and depth of kth layer, stresses of other layers
tend to limit

lim o,(2) > E,(&,,(2)—¢,,(2)). ki

Pk

(22)
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Fig. 2 Stress state of bilayered beam upon the difference of
uniformly distributed hygrothermal strain: a - stress
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distribution  through depth of the layers
1,2 —,,=-350-10°,,1=0, 3,4 —g,,=-700-10°,
£5.1=0, 5,6 —,,=-1400-10", £5,1=0,

7,8— eb,2=280~10'6, &,1=0; b - dependence of stress
at the joint of layers upon difference of layers hyg-
rothermal strain: 9 — first layer, /0 —2nd layer, pa-
rameters of the beam are given in the table

The stress states upon different distributions of
hygrothermal strain through the depth of the beam are in-
vestigated using bilayer beam. The parameters of the beam



are presented in the Table.

Table
Parameters of bilayered beam
Layer No. b, m h, m E, GPa Epn
1 layer 1 0.05 5 0
2 layer 1 0.1 10 350-10°

As we can see from Fig. 2, owing to the uni-
formly distributed hygrothermal strain through the depth of
the layer maximum stresses are generated at the joint of the
layers. Also in this case stresses through the depth of the
layer change linearly. In such structures fracture of a layer
due to hygrothermal strain begins at joint of the layers. It is
found that the dependence of stresses on the difference of
hygrothermal strain is linear (Fig. 2, b).

The decreasing depth of hygrothermal strain of
2nd layer results in its stress increasing while the stress of
Ist layer has tendency to be decreased (Fig.3). Hy-
grothermal strains only in surface layers occur when ambi-
ent conditions (temperature and humidity) change sharply.
Therefore, in this case sharp temperature and humidity
changes increase cracking possibility of the layers.
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Fig. 3 Dependence of stresses on the depth of 2nd layers
hygrothermal strain: a - distribution of stresses
through the layers depth: /, 2 — when hygrothermal
strain are distributed by (b) case, 3, 4 — when hygro-
thermal strain are distributed by (c) case,
5, 6 —when hygrothermal strain are distributed by
(d) case, 7, 8 —when hygrothermal strain are dis-
tributed by (e) case; (b-e) - distribution of hy-
grothermal strain in the 2nd layer; parameters of
layers are give in the Table

The dependence of stresses on elasticity modulus
is illustrated in Fig. 4 and 5. As we can see with increase of
the ratio of elasticity modulus of the layers absolute value
of stresses increase, but asymptotically tends to a specific
limit Eq. (22). When the beam can not bend and the distri-
bution of hygrothermal strain through the depth of a layer
is uniform then stresses through the depth of each layer are
distributed uniformly.

Mostly various protective and finishing covers
have less depth than the base. Often various coverings
have to meet physical requirements such as density, water
permeability, abrasion resistance, etc.
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Fig. 4 Dependence of stresses on the ratio of elasticity
modulus when E,=10GPa: a - stress distribution
through depth of the layer: 1, 2 — E,/E=0.02, 3, 4 —
E,/E\=0.4, 5,6 —-EyE =1, 7,8 — E2/E\=2;
b - stresses dependence on the ratio of elasticity
modulus E,/E;: 9, 10 — stresses of the 1st layer at
outside (z=0) and at joint of the layers (z=0.1), /1
and /2 — stresses of the 2nd layer at joint of the lay-
ers (z=0.1) and outside (z=0.15); parameters of lay-
ers are give in the Table
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Fig. 5 Dependence of stresses on the ratio E,/E; owing to
uniformly distributed hygrothermal strain through
the depth of the layers when the beam can not bend
when E;=10GPa: a - distribution of stresses through
the depth of the Ilayers: [1,2-E,)/E=0.02,
3,4—-EJE\=04, 5,6-EJE=1, 7,8-E)/E=14;
b - dependence of stresses on the ratio of elasticity
modulus: 9 — Ist layer, /0 —2nd layer; parameters
of layers are give in the Table



If we select the covers with particular physical
properties then its elasticity modulus can also change. If
due to increasing elasticity modulus of materials strength
increase of the material is less than of the stresses, then
cracking possibility of covers increases. For thin covers it
is possible to take that conditions (22) are valid, therefore
such conditions of layers noncracking can be written

lim o, > E,(&,, -, )< f,.k=i (23)

Ejp—>o

Considering derivatives of Eq. (23) inequality in
respect to E; we get such condition
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Fig. 6 Dependence of stresses on the ratio /,/h; owing to
uniform distribution of hygrothermal strain through
the depth of the layer: a - distribution of stresses
through the depth of the layers: [/,2-
h2/h1=0.05, 3, 4 - hz/h1=0.2, 5, 6— hz/h1:0.7, 7, 8-
ho/h=1.5; b - dependence of stresses on ratio of
depth of the layers: 9 and /0 — stresses of st layer
at outside (z=0) and at joint of the layers (z=0.1), /1
and /2 — stresses of 2nd layer at joint of the layers
(z=0.1) and outside (z=0.15); parameters of layers
are give in the Table

If (23) and (24) conditions are satisfied then with
increasing of elasticity modulus of 1-st layer its cracking
possibility do not increases.

The dependence of bilayered beam stresses upon
depth ratio of the layers is shown in Fig. 6. As illustrated in
Fig. 6 with the depth increase of the second layer stresses
of the first layer asymptotically tend to (22) limit. With
increasing h,/h; ratio stresses of the second layer decrease.
The irregularities of stresses change with the ratio /Ay/h,
change arise owing to the change of neutral axis location.

When layers cannot bend then stresses of the
layer without local extremes tend to (22) limits. This is
perfectly illustrated in Fig. 7. By comparing the first

layer’s stress of simply supported beam (Figs.2 and 6)
with the stress of beam the deformation of which is re-
strained (Figs. 5 and 7) we notice, that this restraining can
highly increase the stress. However, in general case layer‘s
stresses at the joint of the layers of bended beam owing to
bending moment may exceed the stresses of the beam
whose bending deformation is restrained. The performed
analysis also shows that the stresses of layers owing to
restrained axial strain are greater than the stresses owing to
restrained bending deformation.
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Fig. 7 Dependence of layers stresses upon the ratio of layer
depth when the layer can not bend: / — Ist layer,
2 — 2nd layer; parameters of layers are give in the
Table

4. Conclusions

Owing to uniform distribution through the depth
of the layer hygrothermal strain the layer‘s stresses of sim-
ply supported beam are generated at the joint of the layers.
Therefore at this place the possibility of layer’s cracking is
the greatest.

With the reduction of the depth of hygrothermal
strain stresses of the material at this depth increase. How-
ever, stresses of the material decrease at the space which
does not deform thermally and hygrally.

Restraining of hygrothermal strain increases the
stresses of the layers. Due to the restrained axial strain
stresses of the layers exceed the stresses generated owing
to restrained bending strain.

In comparison with other layers the increases of
elasticity modulus of thin layers increase the probability of
cracking.
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ISORINIU APKROVU, TEMPERATURINIU IR
DREGMINIU DEFORMACIU VEIKIAMU
SLUOKSNIUOTUJU SIJY ITEMPIU IR
DEFORMACIU BUVIO ANALIZE

Reziumé

Darbe pateikta sluoksniuotyjy siju iSoriniy apkro-
vy ir temperatiiriniy bei drégminiy deformacijy salygojamo
itempiy ir deformacijy buivio inzineriné skai¢iavimo meto-
dika ir analizé. Sudarytos priklausomybés remiasi klasikine
sluoksniuotyjy strypuy teorija. Pagal gautas priklausomybes
atlikta realios dvisluoksnés sijos itempiuy priklausomybés
nuo sluoksniy temperatiiriniy ir drégminiy deformacijy
skirtumo, sluoksniy medziagy tamprumo moduliy santy-
kio, sluoksniy storiy santykio ir temperatiriniy bei drég-
miniy deformacijy pasiskirstymo sluoksniy storyje analizé.
Nustatyta, kad didziausi sluoksniy ijtempiai susidaro
sluoksniy salyc¢io vietoje. Sijos temperatiriniy ir drégminiy
deformacijy suvarzymas gali gerokai padidinti itempius.
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STRESS AND STRAIN ANALYSIS OF LAYERED
BEAMS UNDER HYGROTHERMAL AND
MECHANICAL LOADS

Summary

In the paper an engineering method for the calcu-
lation of stress and strain of layered beams under hy-
grothermal and mechanical loads is proposed. The analysis
of bilayer beam stresses and strain states is also given. The
proposed relationship is based on classical layered beam
theory. According to the obtained relationship the analysis
of dependences of stress and strain state of bilayerd beam
upon the difference of layers® hygrothermal strain is per-
formed. Variations of layers elasticity modulus and their
depth ratio as well as the distribution of hygrothermal
strains through layer depth are also considered in analysis.
It has been determined that maximal stresses occur at the
layers joint. Restraining of hygrothermal deformations for
the beam may significantly increase layer stresses.

J. 3abynénmc

HAIIPSDKEHHO - JE©OOPMHUPOBAHHOE
COCTOSIHUE CJIOMCTOM BAJIKM OT JEMCTBUS
BHEIIHUX HAT'PY30K, TEMIIEPATYPHBIX U
BJIAXKHOCTHBIX JJE®@OPMALINI

PeszowMme

B crathe mnpeanoxkeHa HHXKEHEpHas METOJMKA
pacdera HanpspDkeHHH W aedopMaryii CIONCTOH Oamku OT
JIeHCTBUSI BHELIHUX HArpy30K, TEMIEPATYPHBIX U BIIAXKHO-
CTHBIX Aedopmarnmii. IIpemioskeHHbIe 3aBUCHMOCTH TOJTY-
YEHBI HA OCHOBE KJIACCHMYECKOW TCOPUH CIOHCTBIX CTEPIK-
Heil. C TOMOIIBIO ITONYyYEHHBIX 3aBHCHMOCTEH CleNaH
aHaJIM3 HarpsHKeHHO—Ie(OpPMUPOBAHHOTO COCTOSIHUS pe-
ANBHOM JBYXCJIOHHON OaJIKM B 3aBHCHMOCTH OT Pa3HHUIIBI
TEMIIEPaTYPHBIX M BIKHOCTHBIX JedopMaiuii cioes, Mo-
JyJsl yOpyrocTH MAaTepUasioB CIOEB, TOJIIMHBI CIOEB U
pacmpezeneHus TeMIepaTypHbIX M BIAXKHOCTHBIX Jedop-
Manuii 110 BBICOTE ITOIIEPEYHOr0 CeUeHHs OaKu. Y CTaHOB-
JICHO, YTO MAKCUMAJIbHBIE HAINPSDKEHUS CIIOEB 00pa3yroTCst
B cTbike. CTECHEHHWE TEMIEPAaTYypPHBIX M BIaKHOCTHBIX
nedopmanuii O0alKu MOXET BBI3BaTh 3HAUUTEIHHBIA POCT
HaIpsHKEHUN.
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