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1. Introduction 

 
Most of modern household refrigerating compres-

sors are connecting rod driven reciprocating compressors. 
Slider-link driven compressors are considered outdated, 
but still are manufactured and even have some advantages 
when displacement of the compressors is decreasing. They 
are compact, light in weight and easy to manufacture.  

One of disadvantages of slider-link driven com-
pressors is high losses for friction in a slider – link pair. 
However, in experiments with the compressors without 
such losses (the losses were eliminated by the use of con-
necting rod with spherical joint) a very limited effect was 
obtained. The measured decrease in power consumption 
did not exceed 4 W for a compressor with the volume 8 
cm3. Transition from slider-link driven design to connect-
ing rod driven design does mean changing of almost all 
manufacturing equipment. Justification of such invest-
ments requires stronger arguments and deeper analysis.  

The presented mathematical model was devel-
oped with multiple tasks in mind. It can be used by devel-
opers of slider-link driven compressors for the calculation 
of loads on compressor parts, unbalanced inertia forces, 
losses due to friction, etc. The model is also intended to be 
used for compressor optimization, i.e. for the selection of 
such geometrical parameters (piston stroke to diameter 
ratio, eccentricity of the piston, clearance between the pis-
ton and cylinder, etc.), which will ensure the highest effi-
ciency. It may also be helpfull in determining the most cost 
– effective technological improvements. Finally, it could 
serve as the means to justify transition to connecting rod 
driven design in case the cost effective development paths 
for slider-link driven compressors will not be found.  

 
2. Equation of motion of the piston 

 
In the model the orthogonal coordinate system is 

defined. The zyx ,,  coordinate is fixed on the cylinder. 
The origin O  lays at the intersection of the crankshaft 
rotation axis and perpendicular plane, which goes through 
compressor’s mass centre, x  axis is parallel to the cylinder 
axis of symmetry and z  axis coincides with the crankshaft 
rotation axis. The directions of x ,  and y z  are shown in 
Fig. 1, Fig. 4 and Fig. 5 (the direction of z  is downwards).  

The main variable is turning angle of the crank-
shaft with 0=ϕ  when the piston is at the upper dead cen-
ter. ϕ  is defined as positive when the turn is counter 
clockwise respectively to the coordinate axis z . As the 
direction of z  axis is downwards, in Fig. 1-3 ϕ  is positive 
when the turn is clockwise.  
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Fig. 1 Coordinate and variables. D is diameter of the pis-

ton; Lc is length of the cylinder; Lp is distance from 
the piston end to the link center axis; ecl is distance 
from the piston mass center to symmetry axis; xp is 
distance from the piston end to rotation axis; Ds is 
diameter of the slider; e is eccentricity of the link;  
R is radius of the crankshaft 

 
Fig. 2 shows all the possible forces and the mo-

ment exerted on the piston as well as the points at which 
the forces are exerted. The gas pressure pushes the end of 
the piston from the side of the cylinder. The constraint 
forces and the frictional forces arise at contact points with 
the cylinder and slider. Gas force  is given in the fol-
lowing form 

gF

 
 ( ) pcg AppF 0−=  (1) 
 
where ,  are pressure in the cylinder and in the com-
pressor’s shell;  is area of the piston. If , direc-
tion of  is opposite to 

cp 0p

pA 0ppc >

gF x . Pressure  assumed con-
stant,  calculated using the model, described in [1]. 

0p
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Coordinate, velocity and acceleration of the pis-

ton in x  axis direction are 
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Coordinate, velocity and acceleration of the slider 

in  axis direction are y
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Frictional force exerted on the link from the side 
of the slider at points  or  is perpendicular to the 
direction of motion of the piston. The constraint force, 
which arises at the same points, is parallel to the direction 
of piston motion, but the point at which the force is exerted 
is changing as the crankshaft rotates. Therefore the piston 
center line slightly tilts in clockwise or counter clockwise 
directions. Note that not all the forces, shown on Fig. 2, 
arise at the same time. This depends on the direction, in 
which the piston center line tilts, as well as on the direction 
of constraint force exerted on the link from the side of the 
slider.  

1B 2B

 
Fig. 2 All the possible forces exerted on the piston 

 
  If the piston tilts in counter-clockwise direction 

then it contacts with the cylinder at  and  points. 
There constraint forces  and  together with the 
frictional forces  and  arise. Otherwise, when the 
piston tilts clockwise, forces , ,  and  
arise at points  and .Near the dead centers the situa-
tion can also occur when the piston does not tilt and is 
pressed to one side of the cylinder. 
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Constraint force exerted on the link from the 
slider’s side is parallel to x  axis. If directions of the force 
and the axis coincide, contact point the link and the slider 
is , otherwise the contact point is .  1B 2B

The direction of frictional forces exerted at the 
cylinder and piston contact points is opposite to the direc-
tion of piston movement. The direction of frictional force 
exerted at the link and slider contact point coincides with 
the direction of slider movement. 

Directions of the constraint forces exerted on the 
piston and the link at the contact points are unknown and 
have to be assumed. After the initial assumption is made, 
the equation of reciprocating motion of the piston in x  
direction, equilibrium equation of forces in  direction 
and that of the moment about  point can be obtained. 
Point  is the intersection point of the cylinder center 
line and  axis (Fig. 2). After solving the system of equa-
tions the assumption has to be verified. 
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Unknown constraint forces are found from a sin-
gle system of equations which does satisfy all cases (i.e. 

various possible contact points). In such system  and 
 are replaced with , and  and  are re-

placed with . If , contact point of the cylin-
der and the piston is , otherwise (if ) the con-
tact point is . Similarly the forces  and  are 
replaced with , the forces  and  are replaced 
with , the forces  and  are replaced with 

, and the forces  and  are replaced with .  
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Since it is considered that frictional state at the 

cylinder – piston pair and the link – slider pair is under the 
boundary lubrication, frictional forces ,  and 

 at , , , ,  and  points are subjected 
to Coulomb’s law of friction 
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where cμ , sμ  are friction coefficients in the pairs cylinder 
– piston and link – slider respectively; Variables 1δ , 2δ , 

3δ , 4δ  and 5δ  are given by the following definitions 
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( )xsgn  is the function, given by the following definition 
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  Friction force in a fluid film between the cylinder 
and the piston is calculated according to Petroff law, which 
in our case can be expressed 
 
 ( )( ) ppcFG cxRLDF &ϕηπ cos1−−−=  (7) 
 
where  is radial clearance between the piston and the 
cylinder; 

pc
η  is dynamic viscosity of the lubricant.  

  Friction force in a fluid film between the slider 
and the link could be ignored due to higher clearance. 
  The equation of reciprocating motion of the pis-
ton and the equilibrium equation of forces in  direction 
are 

y
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  Since 2 =iδ , the equilibrium of moments about 

 point is obtained in the following form 
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  The Eqs. (8) and (9) make the system of linear 
equations with , , and  as arguments 1GNF 2GNF BNF
 
  (10) [ ] ( ) ( )BFA =×
 
where [  is  matrix with the following elements ]A 33×
 
 ca μδδ 3111 = ,   ca μδδ 4112 = ,    113 =a
 ,   ,   121 =a 122 =a sa μδδ 5223 =  
 pc LDa −−= 2131 μδ  
 ( )( )ϕμδ cosRLLDa cpc −+−−−= 12132  
 2233 ss DsinRea μδϕ −+=  
 
Vectors  and (  are given in the following forms ( )F )B
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T

GN GN BNF F F F=
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  The solution of the system can be obtained using 
Cramer’s rule 
 
 ,,, 32211 AAFAAFAAF BNGNGN ===  (11) 
 
where A  is the determinant of matrix [ ; ]A 1A , 2A  and 

3A  are the determinants of the matrixes obtained by re-
placing respectively the first, the second and the third col-
umns of matrix [ ]A  with vector . Table 1 shows the 
expressions of determinants

( )B
A , 1A , 2A  and 3A .  

 

Table 1
Determinants of the matrixes [ ]A , [ ]1A , [ ]2A  and [ ]3A   

 
Expression of the determinant 
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( ) ( )( ) ( )( )( ).114313 FGgcppcclc FFcosRLmxcosRLeA −−++−++−= ϕϕδδμδ &&  (15)
 
3. Equation of motion of the slider 
 
  Fig. 3 shows the forces and the moments exerted 
on the slider. The constraint force  and frictional force 

 arise from the side of the link. These forces have the 
same values and opposite directions as forces  and 

  respectively,  i.e.  

ANF

ATF

BNF

BTF BNAN FF −= ,  . When 
, forces  and  are exerted at point , 

otherwise the forces are exerted at point . Moment  
is also exerted on the slider from the side of the link, 
which was not taken into account considering all the mo-
ments and forces exerted on the piston. 

BTAT FF −=
0>BNF ANF ATF 1A

2A bM

  The bearing of the slider and the crankpin is lu-
bricated by the oil pump, and frictional state of this bear-
ing is evaluated by the theory of hydrodynamic lubrica-
tion. Frictional moment  and resultant  of the oil 
film force exerts on the inside surface of the slider (  is 
equal to the load of the bearing).  

kM kF

kF

  Coordinate sx , velocity  and acceleration  
of the slider in the direction 

sx& sx&&
x  are the same as these of the 

piston (Eq. (2)). Coordinate, velocity and acceleration of 
the slider in the direction  are given in Eq. (3).  y
  Considering  all  forces  exerted  on  the slider, 
the 

 
Fig. 3 Forces and moments on the slider 
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equilibrium equations in the directions x  and  are y
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where  is slider mass, Fkx, Fky are oil film forces in the 
directions 

sm
x  and . Since y BNsBT FF μδδ 52= , the final 

forms of the equations are 
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  The oil film force  and angle kF β  are  
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 22
kykxk FFF += ,   ( )kxky FFarctg=β .  (18) 

 
4. Equation of motion of the crankshaft 
 

Before equations of motion of crankshaft can be 
derived, we have to make a choice between two-
dimensional and three-dimensional model. Two-
dimensional model is correct if the bearings are spaced 
symmetrically relatively to the cylinder. Such approach is 
often used for rotary compressors simulation as [2, 3]. It 
would be still acceptable for describing design with addi-
tional support (bearing) on the opposite side relatively to 
the cylinder, as in simulation of older designs of recipro-
cating connecting rod driven compressors [4]. In our case, 
however, such support is not used, and the crankshaft is 
under the cantilever load. The same scheme without addi-
tional support is used in the modern designs of connecting 
rod driven compressors. For such scheme the three-
dimensional model is preferable. 

Another question for consideration is which equa-
tion to choose for the calculation of friction coefficients in 
bearings. In [2] the friction coefficient for unloaded bear-
ing is used, calculated according to Petroff law  
 
 ( )ψπηωμ p=  (19) 
 
where η  is dynamic viscosity of the lubricant; ω  is angu-
lar velocity of sliding (in our case ϕω &= ); ψ  is relative 
clearance of the bearing, rc=ψ  (where  is radial clear-
ance of the bearing, i.e. difference between the radii of 
bush and shaft, 

c

r  is the radius of the shaft); ( )ldFp =  is 
unit pressure in the bearing;  are respectively length 
and diameter of the bearing. 

dl,

In our case, however, the bearings are heavily 
loaded and Eq. (19) equation is hardly acceptable. One 
possible approach would be to use an equation, which does 
not take into account eccentricity in the bearings, for ex-
ample the following one  
 
 ( ) ( )mdlp ψψπηωμ 55.0+=  (20) 
 
where  for  and  for .  5.1=m dl < 1=m dl >
 Another approach is to use an equation, in which 
eccentricity is taken into account, e.g. the following 
 
 ( ) Tp Φψηωμ ×=  (21) 
 
where TΦ  dimensionless coefficient of friction in fluid 
film. The coefficient is a function of the dl  ratio and of 
the position of the shaft in the bush. If misalignment is not 
taken into account, the position is defined by eccentricity 
ratio ε  which is the ratio of eccentricity to clearance 
( ce=ε );  is the eccentricity, i.e. distance from the cen-
tre of the bush to the centre of the shaft.  

e

To find eccentricity ratio, dimensionless load capacity 
coefficient pΦ  must be calculated 

 

 ( ) ( )ldFp ×= ηωψΦ 2  (22) 

  Then eccentricity ratio can be found from the 
function ( )εΦ ,dlfp = . Such approach complicates the 
model, since at every step of integration we will have to 
solve a system of nonlinear equations (one additional 
equation for each bearing). The model can be improved 
even further if misalignment in the bearings is taken into 
account using advanced techniques and models described 
in [5].  
  Fig. 4 shows forces and moments exerted on the 
crankshaft (unbalanced inertia forces and moment of the 
forces are not shown on the figure).  
  The motor torque  is exerted on the crank-
shaft in counter clockwise direction respectively to the 

vM
z  

axis.  
  Frictional moments in a bearings  (in crank-
pin bearing),  (in upper bearing) and (in lower 
bearing) are exerted in counter clockwise direction and 
expressed as following 
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where bak μμμ ,,  are friction coefficients in the bearings, 
calculated according Eq. (21); , ,  are loads of the 
bearings; ,  are radii of crankpin and crankshaft.  
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Fig. 4 Forces and moment exerted on the crankshaft (iner-

tia forces not shown).  the distance from midline 
of the upper bearing to midline of the lower bearing; 

 the distance from midline of the upper bearing 
to midline of crankpin bearing in the direction of 
axis 

bz

pz

z ;  the distance from compressor’s center of 
mass to the piston axis of symmetry in the direction 
of axis 

sz

z  
 
  For the calculation of friction moment in thrust 
bearing  the following equation was used tM
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 ( ) ( )3 3 2 22 3t t t t t t tM F R r R rμ= × − −  (24) 
 
where tμ  is friction coefficient in the bearing; ,  are-
outer and inner radii of the bearing,  is load of the bear-
ing (equal to total weight of crankshaft with rotor).  

tR tr

tF

  According to experiments 3 to 3.8 W were dissi-
pated for friction in the thrust bearing, which gives friction 
coefficient of 0 086 0 108t . .μ = − . If surfaces were not par-
allel, friction power increased up to 6.8 W ( 194.0=tμ ). 
The results correspond with reference data for boundary 
lubrication in a cast-iron friction pair ( 0 1 0 2. . )μ = − .  
  Friction moment in an oil pump  assumed 
conctant (friction power assumed equal to 2.5 W).  

pM

  The projections of inertia forces from rotation of 
the crankshaft (with rotor) on the axes x  and  are y
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where  is mass of crankshaft with the rotor; e  is dis-
tance from the rotation axis 

rm cr

z  to the center of mass of the 
crankshaft with rotor in the direction opposite to the crank-
pin (Fig. 5).  
 

 
 

Fig. 5 Coordinate and variables.  compressors center of 
mass (without shell);  center of mass of the 

crankshaft with rotor;  the distance from the 
mass center of the compressor to symmetry axis of 
the piston in the direction of axis 

cG

rG

sz

z ;  the distance 
from rotation axis 

cx
z  to the mass center of the com-

pressor  the distance from rotation axis cre z  to the 
mass center of the crankshaft with rotor 

 
  Moments of the inertia forces with respect to 
axes x ,  and y z  are, respectively 
 

 

( )
(

2

2

Rx x z

Ry x z

Rz z

M J sin cos

M J cos sin

M J

where  is product of inertia of the crankshaft with rotor 
and counterweight with respect to , 

zxJ '

x′ z  axes (axis x′  is 
rotating with the crankshaft, and coincides with axis x  
when the piston is at the upper dead center);  inertia 
moment of the crankshaft with rotor with respect to 

zJ
z  

axis. 
  Considering all forces exerted on the 
crankshaft, equilibrium equations of the forces in x  and 

 directions are given in the following forms y
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where , , ,  are components of reactions at 
supports  and . The reactions are equal to the load of 
bearings.  
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aF bF

The equilibrium equations of moments relatively 
to axes x  and  and the equation of rotational motion 
relatively axis 
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z  are 
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  The components of reactions at supports , 

, ,  can be found from the following systems of 
linear equations 

axF

ayF bxF byF

 

 
( ) ( )

( ) ( )

ax bx Rx kx

ax s p bx s p b Ry kx s

ay by Ry ky

ay s p by s p b Rx ky s

F F P F

F z z F z z z M F z

F F P F

F z z F z z z M F z

+ = − + ⎫
⎪

− − − − − = − + ⎪⎪
⎬+ = − + ⎪
⎪− + − − = − + ⎪⎭

 (30) 

 
  Expressions obtained after solving the systems 
are given in the Table 2.  
  In the expressions 1γ , 2γ  and 3γ  are functions, 
defined by the following equations 
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  The reactions at supports are  
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  Frictional moments in the bearings  and  
depend on the reactions, and are given by Eq. (23). The 
moments are part of the Eq. (29), from which the equation 
of rotating motion of the crankshaft is obtained. For nu-
merical solution the equation should be presented in the 
following form 

aM bM

( )tf ,, ϕϕϕ &&& = . However, this is not possi-
ble even after significant simplification, and the equation is
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Table 2
Components of reactions at supports , ,  and  axF ayF bxF byF
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presented as ( tf ,,, )ϕϕϕϕ &&&&& = . Therefore the special algo-
rithm for numerical integrating of differential equation 
must be developed.  
  In the Eq. (29) the terms with  and  con-
tain inertia terms caused by reciprocating motion of the 
piston. Deriving the inertia terms, we can obtain that 
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where functions 4γ , 5γ  and 6γ  are defined as follows 
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  By making use of Eq. (33), from the equilibrium 
of moments Eq. (29) the equation of rotating motion of the 
crankshaft is obtained by the following form 
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  The equation can be used for the evaluation of 
unbalanced inertia forces, losses due to friction and vibra-
tions of the slider-link driven compressor. 
 
5. Unbalanced inertia forces and equations of vibration 
 

To examine the compressors vibrations all forces 
and moments exerted on the cylinder block and the crank 
journal have to be clarified. Aranging the total of all forces 
and moments, resultant force and moment are derived in 
forms of unbalanced inertia forces.  

The projections of inertia forces from rotation of 
the crankshaft (with rotor) on the axes x  and  are ex-
pressed as Eqs. (25), and moments of the forces with re-
spect to axes 

y

x ,  and y z  are expressed as Eqs. (26).  
Inertia force from motion of the piston in the di-

rection x  can be expressed  
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Moments of the force with respect to axes  and y

z  are  
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Projections of inertia forces from movement of 

slider on axes x  and  are y
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Moments of the forces with respect to axes x ,  

and 
y

z  are expressed as  
 

( )
(

⎪
⎭

⎪
⎬

⎫

−=

+−==

−=−=

ϕ

ϕϕϕϕ

ϕϕϕϕ

&&

&&&&&

&&&&&

RmM
sincosRzmzxmM

cossinRzmzymM

sSz

sssssSy

sssssSx
2

2

)  (39) 

 
Taking into account expressions (25), (26), (35)-

(39), the components , ,  of the resultant force at 
the coordinate center  and the moment , ,  
about 

xF yF zF
O xM yM zM

x , , y z  axis take the following forms of the unbal-
anced inertia forces 
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The Eqs. (40) were derived for coordinate system 

with origin O  on the axis z  (rotation axis of crankshaft). 
To represent the compressor vibrations, X , Y , Z  coordi-
nate system is defined, in which the origin coincides with 
the compressor’s mass centre  at rest and each axis is 
parallel to corresponding axis of 

cG
x , , y z  coordinate sys-

tem. For the new coordinate system with the origin in  cG
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and axes X , Y , Z  components of the resultant force and 
the moment about axis X  and Y  have the same forms as 
Eqs. (40) for x , , y z  coordinate system, i.e. xX FF = , 

, , , . The moment 
about 

yY FF = zZ FF = xX MM = yY MM =

Z  axis  is ZM
 
  (41) yczZ FxMM −=

 
where  and  are moment and force, calculated ac-
cording to Eqs. (40).  

zM yF

 For X , Y , Z  coordinate system vibrations of 
the compressor are subject to the following matrix equa-
tion: 
 
 [ ][ ] [ ][ ] [ ][ ] [ ]FXSXCXM =++ &&&  (42) 
 
where  is displacement matrix of mass center ; 

 is mass matrix; [  force matrix, composed of unbal-
anced inertia forces; [  is damping matrix, determined by 
viscosity coefficients; [  is stiffness matrix determined by 
spring constants of the suspension system.  
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where , ,  are displacements of  in the direc-
tions of 

GX GY GZ cG
X , Y  and Z ; XΘ , YΘ , ZΘ  are angles of rota-

tion of the compressor about X , Y  and Z ; M  is com-
pressor mass; , ,  are inertia moments of the 
compressor with respect to 

XJ YJ ZJ
X , Y  and Z . 

 Determination of [  and  is complicated. On 
the other hand, when natural frequency of vibration system 
is fairy small compared with the crankshaft speed, solution 
of the vibration Eq. (42) can be approximately obtained by 
the following equation 

]C [ ]S

 
  (43) [ ] [ ] [ ]FMX 1−=&&

 
6. Conclusion 
 
 The described mathematical model is targeted for 
the evaluation and minimization of losses due to friction 
and compressor vibrations. The model could be useful tool 
for designers at early stage of compressor development. 
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V. Dagilis, L. Vaitkus, D. Kirejchick 
 
KULISINIS KOMPRESORIUS (I). MATEMATINIS  
MODELIS 

R e z i u m ė  

  Aprašytas matematinis modelis yra skirtas kulisi-
niam kompresoriui optimizuoti, t. y. parinkti tokiems geo-
metriniams parametrams (stūmoklio eigai ir skersmens 
santykiui, stūmoklio ekscentricitetui, tarpeliui tarp stūmok-
lio ir cilindro ir t. t.), kurie užtikrintų didžiausią efektyvu-
mą.  
 
 
V. Dagilis, L. Vaitkus, D. Kirejchick 
 
SLIDER-LINK DRIVEN COMPRESSOR (I).  
MATHEMATICAL MODEL 

S u m m a r y 

  The presented mathematical model is targeted for 
the optimization of slider-link driven compressor, i.e. for 
the selection of such geometrical parameters (piston stroke 
to diameter ratio, piston eccentricity, clearance between 
the piston and the cylinder, etc.), which will ensure the 
highest efficiency.  
 
 
В. Дагилис, Л. Вайткус, Д. Кирейчик 
 
КУЛИСНЫЙ КОМПРЕССОР (I).  
МАТЕМАТИЧЕСКАЯ МОДЕЛЬ 

Р е з ю м е 

  Представленная математическая модель пред-
назначена для оптимизации кулисного компрессора, 
т.е. для подбора таких геометрических параметров 
(отношения хода поршня к диаметру, эксцентрицитета 
поршня, зазора между поршнем и цилиндром и т. д.), 
которые обеспечивают высшую эффективность.  
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