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1. Introduction 

 
Steel frames, which undergo plastic strains and 

are subjected to variable repeated load, are considered in 
the paper. Under repeated loading a structure can lose its 
serviceability because of its progressive plastic failure or 
because of alternating strain (usually both cases are called 
cyclic-plastic collapse). The third case when the structure 
adapts to the existing load and further behaves only elasti-
cally is also possible. For civil engineering, the calculation 
of any complexity elastic–plastic frames subjected to vari-
able repeated load is relevant. Growing number of scien-
tific works dedicated to adapted structure calculation 
shows importance of these researches [1 - 8]. But there is 
especially small number of works concerning the optimiza-
tion of adapted structures under stiffness constraints. This 
had an influence on the topic of this paper: optimal shake-
down design of frames, subjected to variable repeated load, 
under stiffness constraints. Herein two types of problems 
can be considered [9]. The first problem is optimal shake-
down design of cross-sectional parameters (design prob-
lem) and the second one - load optimization problem for a 
frame subjected to variable repeated load (checking prob-
lem). By solving checking problem maximal load variation 
bounds, ensuring adapted state of the frame and satisfying 
stiffness requirements of the structure, are to be found. 

Solution of frame optimization problems at 
shakedown is complicated as stress–strain state of dissipa-
tive systems depends on loading history [10 - 14]. These 
difficult optimization problems are implemented applying 
extremum energy principles and the theory of mathemati-
cal programming [15]. That enables to create new iterative 
algorithm based on Rosen project gradient method [16- 

19]. Numerical examples of the frames are presented. The 
results are valid for small displacement assumptions. 
 
2. General mathematical models of optimization  

problems at shakedown 
 

General mathematical models presented in Table 
are the basis for the development of optimization mathe-
matical models of frames at shakedown considered in this 
paper. In both design and checking problems objective 
functions are described by formulas (1) and (6), where the 
vectors ,  and  contain coefficients of weight. 

Yield conditions 

L supT infT

jϕ ( Jj∈ ) are shown in formulas (2) and 
(7) , where  is the number of all possible combinations 

 of load bounds , . Formulas (3) and (8) repre-
sent complementary slackness conditions of mathematical 
programming, (4) and (9) are constraints for the problem 
unknowns. Stiffness constraints  are shown in (5) and (10). 

j

jF supF infF

Discrete model of the frame at shakedown con-
sists of s  ( s,...,,k 21= , ) finite elements. Limit 
force  (

Kk ∈

kS0 Kk ∈ ) is assumed as constant in the whole 
finite element. The degree of freedom is m , corresponding 

 - vector of displacements - u . 
Nodal internal forces of the element compound one n  – 
vector of discrete model forces 

m ( )1 2
T

e eu ,, e, e,mu ,..., u=

( ) ( )1 2

T T
v, ,..., ,..., Sζ= =S S S S S z  and strains – –vector n

( ,,...,, vΘΘΘΘ 21= ) ( )T T
z..., ζΘ Θ= ,  

 
Table 

General mathematical models of optimization problems 
Design problem Checking problem 

find  
 ( )0Sψmin 0

Tmin= L S  (1)
subject to  
 ( ) 0≥+−= ejj SG λΦS 0ϕ (2)

 
0T

j j =λ  ϕ 0≥ jλ

∑
j

jλλ = Jj ∈

0≥0S

max,rsup,rinf,rmin,r , uuuu ≤≤

,  

,  (3)

  (4)
  (5) 

find  
 ( )T T

sup sup inf infmax +T F T F  (6)
subject to  
 ( ) 0≥+= − ejj SGλΦS0ϕ  (7)

 
0T

j j =λ  ϕ 0≥ jλ,  

∑
j

jλλ = Jj ∈,  (8)

 0≥supF 0≥infF

max,rsup,rinf,rmin,r , uuuu ≤

,      (9)
 ≤  (10) 
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ζ...,,,v 21=  ( ), . The total number of 
design sections is 

Zv∈ n,...,,z 21=
ζ . 

Load  is characterized by time ( )tF t , independ-

ent variation bounds ( ,F,F sup,sup,sup 21=F )T

m,,F sup...  and 

 ( ). Elastic 
displacements  and forces  of the structure are 
determined using influence matrixes of displacements and 

forces, 

( )T
inf,minf,inf,inf F,...,F,F 21=F ( ) supinf t FFF       ≤≤

( )teu ( )teS

( ) 1T −
=β AK A , , respectively: 

, ,  . Here  is a 
coefficient matrix of equilibrium equations 

T=α KA β

( ) ( )tte Fβu = ( ) ( )tte FαS = 1−= DK A
FSA =  and 

 is a quasi-diagonal flexibility matrix. Residual dis-
placements  and forces  are related to the vector of 
plasticity multipliers  by influence matrixes 

D
ru rS

λ H  and G : 
T

r =u HΦ λ H λ= , T
r = =S GΦ λ G λ , 

( ) 1T −
=H AKA AK  and T= −G KA H K . Here Φ  – the 

matrix of peace-wise linearized yield conditions jϕ  (2) 
and (7). The number of all possible combinations  of 

load bounds ,  is  (
jF

supF infF mp 2= supjinf FFF        ≤≤ ): 

, , ( ). In the case of two loads 
, , a domain of elastic force variation (locus) is 

shown in Fig. 1.  

jej FαS = p,...,,j 21= Jj∈

1F 2F

 

α1 F1,inf

α2 F2,sup

α2 F2,inf

α1 F1,sup

Se1

Se2

Se3

Se4

S2
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Fig. 1 Locus of elastic forces 

Residual displacements r  of the structure at 
shakedown can be nonunique: they depend on particular 
loading history . If load is defined only by variation 
bounds , , the calculation of exact values of re-
sidual displacements becomes problematical because of 
unloading phenomenon appearing at cross-sections: then 
displacements  are varying nonmonotonically, it is pos-
sible to determine only their lower  and upper  
variation bounds ( sup,rrinf,r ). Stiffness condi-
tions (5) and (10) are realized by the restriction of the 
structure nodal displacement lower and upper variation 
bounds .  

u

)(tF

infF supF 

ru

inf,ru sup,r  u
t uuu    )(    ≤≤

max,rsup,rinf,rmin,r

Mathematical programming theory, the widely 
used method of the solution of extremum problems, helps 
not only for the formulation of shakedown problems the-
ory, but also for its solution. Problems (1)-(5) and (6)-(10) 
can be solved by various computer programs but in this 
case mechanical interpretation possibilities of optimality 

criterion of applied algorithms are not revealed. In our 
works mechanical interpretation of optimality conditions 
for Rozen algorithm is revealed – it is 

, uuuu ≤≤

strain compatibility 
equations [20]. 

 
3. Rozen project gradient method
 

Rosen project gradient algorithm is universal 
enough, that it can be applied when objective function and 
constraints are linear (1) - (5), (6) - (10), or nonlinear [20]. 
For the optimization problems of volume minimization and 
determination of maximal load variation bounds containing 
linear objective function and constraints, application of the 
Rosen algorithm will be shown. Generally the convex 
problem of linear programming reads 
find 

max ( )xF  (11) 

subject to 

( ) 0≤= xax T
iiϕ ,  , ... , l, i 21= ,  (12) Ii ∈

As function ( )xiϕ  is linear, its gradient is ( )i i∇ϕ =x a ; 
here  is n-vector of multipliers near unknown quantities. 
In the case of linear constraints (12) gradient matrix of 
active constraints is noted  i.e. 

ia

κA

( ) [ ]κiκ ...... aaaaAxΦ 21==∇  (13) 

here  is κA ( )κn ×  – order unit matrix, where n is the 

measure of Euclidian space  and  is the number of 
active constraints. Constraints, which are satisfied as 
equalities, (

nE κ

( ) 0k =xiϕ , Ii ∈ ) are called active ones. Vec-
tors from n-dimensional  space, satisfying conditions (12) 
as equalities, compound ( )κn × -order formation noted as 

G .κ  In Euclidian space  movement from  is per-
formed in the direction of vector  (Fig. 2), 

which is calculated according to the formula  

nE kx

( )k
κ∇P xF

( ) ( ) ( ) ( )( ) ( )kkTk
κ

kk
κ xxΦxVxΦIxP FF ∇∇∇∇  -=  (14) 

I  is ( )nn× -order unit matrix, )( kxF∇  is the gradient of 

objective function and ( )κκ× -matrix  is expressed 

as follows: 

( k
x xV )

( )=k
x xV  ( ) ( )( ) 1−kkT xΦxΦ ∇∇ .  is a projec-

tive matrix. 
κP

 

 
Fig. 2 Rosen algorithm for linear constraints 
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Kuhn-Tucker conditions Optimality criterion  
 

              
 

2x                                    ( )xF∇−  
( )x2ϕ∇  
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Fig. 3 Kuhn-Tucker optimality co it

Theory of elasticity 
 

S  aint-Venant equations

ar eformable body mechan

Theory of plasticity 
 

Stra ons 
(associative flow rule)
in compatibility equati

r ( )k
κ

kk ' xPxx F∇τ+=+1 , where 
{ ,'' 0>min' = τττ I  }l,...,,i 21 ++= κκ  is the step of the 

move. Only so vector 1+kx  “does not leave” admissible 
field ( ){ } 210 l,...,,,i ≤= xx ϕL . If the vector does 
not exist i the a ange '

i =
n dmissible r ττ <<0 , for which the 

magn ld be greater than at 
point  1+kx  then it is assumed that 1+= k

itude of objective function w
+k

ou
1~ xx and the cal-

culation process is continued.  If 
( ) ( ) 01 <+k

κ
T xPx k FF ∇∇ , then the objective function 

he  radius between points kx  and 
x . The new size of the step is calculated as follows 

reaches  its maximum in t
1+k

( ) ( )
( ) ( ) ( ) ( )1+−

= k
κ

kk
κ

kT

k
κ

kT

'
xPx

''
xPxxPx FFFF

FF ∇∇
τ  (15)

∇∇∇∇
τ  

In this case  is determined according to the formula: 
kk '' P

1+kx
( )k

κ xxx F∇+= . Vector τ+1 x  is the solution if the 
following conditions are satisfied 

( ) 0=xP F∇κ , (16) 
( ) ( ) ( ) 0≤xxΦxV F∇ (17) ∇ T

x  

For correct mechanic
ditions (16), it falls to use Kuhn-Tucker conditions [17]. So 
it is don

al interpretation of the con-

e in the research [20], where it is shown that equa-
tion (16) is strain compatibility equation (Fig. 3) and the 
left side of inequality (17) in absolute value  is a vector of 
plastic multipliers λ  

( ) ( ) ( )xxΦxVλ ∇x= F∇T  (1

4. Design of minimal volume f
 

s per-
rmed when yield limit 

8) 

rame at shakedown 

Design of the frame for optimal parameters i
fo ykσ  of the frame material and 

 sha  var
s pa

lengths kL  of its all elements k  ( Kk ∈ ) and load varia-
tion bounds supF , infF  are know epending on the 
cross-sectional pe ious yield conditions can be con-
sidered. In thi per, the focus is placed on yield condi-
tions for rolled I steel sections (Fig. 4). Relation 

n. D

kN 0

t 

kM
c 0= , Kk ∈  should be prescribed in advance. Limk it 

nmome ( )kykk,pl A,WM σσ0 ykk ξ==  and limit axial force 
AkykkN σ0 =  of 

area  and yield limit of
the element are functions of cross-

sectional  material ykkA σ . True, 
r the other specific dimension of the cross-

section (for instance, flange thickness ft  of I-section while 
the width of flange b  is fixed; see Example 1) participate 
in functional relation 

usually one o

( )kykk A,M σ0 ξ=  instead of cross-

sectional area kA . The problem of frame optimal parame-

ters distribution design   ∑
k

kk ML 0 , sub-

ject to the struc rength and stiffness constraints 
find 
 

reads: minimize

ture st

min  ∑
k

kk ML 0  (19) 

subject to 

( ) 0≥+−= ejSλGΦM 0jϕ   (20) 

j j 0T

j
∑ λ , 0≥ jλ , ∑=

j
jλλ  ϕ =  (21)  

max,k MMM 0 ≥≥ ,  ,  min,kk 00 2) Kk ∈ Jj∈  (2

inf,rmin uu ≤ ,     maxsup,r uu ≤   

Limit moments M e
plasticity multipliers  are unknowns of 

matic
t com ent

ica

(23) 

 k0  of the fram  elements and vectors of 
0≥jλ , Jj∈

nonlinear mathe al programming problem (19)-(23). 
Formulas (21) represen plem ary slackness condi-
tions of mathematical programming [21]. Constructive 
requirements of frames max,kM 0  and min,kM 0  are shown in 
conditions (22). Problem (19)-(23) is not exactly the vol-
ume minimization probl oments kM 0  
are used in objective function. When volume of the frame 
is directly included into objective function mathemat l 
model of the frame volume minimization is as follows 
find 

min 

em, because limit m

∑
k

kk AL  (24) 
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subject to 

( ) 0≥+−= ejj SλGΦM 0ϕ  (25)

ϕ  (26) 

,    
    r,uu

 

0T
j j

j
=∑ λ , 0≥jλ , ∑=

j
jλλ , Jj∈

min,kk AA ≥ Kk ∈ (27) 

inf,rminr, uu ≤ ,  xsup,r  ma≤  

Cross-sectional areas 
sion of the cross-se e e
of plasticity multipliers  are unknowns of 

l p gram

(28) 

kA , Kk ∈  (or other specific dimen-
ction) of lements and vectors  the fram

0≥jλ , Jj∈
nonlinear mathematica ro ming problem (24)-(28).  

 

1

O−M

−N0

4

0

0N

2

N

M M

3

0
⎥
⎥
⎥
⎥

⎦
⎢
⎢
⎢

⎣ −−
−

−
=

k

k

k
v

c
c
c

1
1
1

Φ  

Zv∈  

Fig. 4 Linear yield conditions 

Lower bounds of cross-sectional areas  are included 
into constructi . It is not dif-
ficult to introduce elastic displacem stiffness con-

influ

⎤
⎢
⎡ kc1

min,kA
ve constraints (27) min,kk AA ≥

ents into 
straints (28). Limit moments 0M  and ence matrixes 
α , β , G , H  are related with un k , Kkknowns A ∈ ; the 

listed matrixes are recalculated during solution of the prob-
lem (24)-(28). If stiffness cons ns are neglected, cyclic-

 of the frame is reached. 
When only bending moments 

trai
plastic collapse

M  are taken in to 
account in the frame calculation, the following mathemati-
cal model of the frame volume minimization is obtained 
find 

min ∑
k

kk AL  (29) 

subject to 

 (30) 

 (31) 

 
,     

Extreme tic 

0≥−−= e,maxmax MλGM 0ϕ

0≥++= mine,minϕ MλGM 0

0=max
T
maxϕλ , 0=min

T
min ϕλ , 0≥maxλ , 0≥minλ

( )T
min, λλλ max=  (32) 

min,kk AA ≥   (33) Kk ∈

maxr,r,sup   (34) r,infminr, , uuuu ≤≤

elas bending moments 

infinfsupsupe, FαFαM −=max , supinfinfsupe, FαFαM +=min  
are known in the problem (29)-(34). Matrix α  is for-

trieved from the influence m the rest components

 sup

mated in the following way: only positives values are re-
atrix  

are set to zero and respectively matrix infα  - only nega-
tives values are retrieved from α , the rest components are 

set to zero. Unknowns are cross-sectional areas kA , Kk

α , 

∈  
of the elements and vectors of plasticity ultipliers maxλ , 

minλ .  
In case of monotonically increasing load

 m

 1=j  
conditions (25), (26) of all discretized frame obtain the 

 and

following form: ( ) 0≥+−= eSλGΦM 0ϕ , 0=ϕTλ , 
 ome

u≤ . Scope  the p

hould be noted that 

min ⎜
⎝

++∑ min
T
minmax

T
max

k
kk AL ϕϕ λλ  (35) 

subject t  

 (36) 
 (37) 

0≥λ . Stiffness constrains (28) of the frame bec  

more simplified: λHu of rob-
5)-(28) becomes reduced and computer realization 

 is simpler.  
It s numerical solution of the 

problems (24)-(28), (29)-(34) is easier when complemen-
tary slackness conditions are moved to objective function. 
Then the

maxr,minr, ≤

lem (2
of the problem

 problem (29)-(34) obtains the following form 
[16] 
find 

⎞⎛ ⎟
⎠

o

0≥−−= e,maxmax MλGM 0ϕ

0≥++= mine,minϕ MλGM 0

0≥maxλ , 0≥minλ

( )T
minmax , λλλ =   

,   
(38) 

min,kk AA ≥   Kk ∈   (39) 

maxr,r,sup u≤   (40) r,infminr, , uuu ≤

5. Shakedown l ptim
 

In the case of variable repeat
ion is impor-

nt also. It stated as follo  shakedown load varia-
tion bou

oad o ization of frames 

ed load, the problem 
of load variation bound supF , infF  determinat
ta ws: find

nds supF , infF , satisfying the prescribed optimal-

ity criterion }{ infinfsupsup
T FFT +max , also strength and 

stiffness requ ents of the structure. Here supT , infT  are 
the optimality nt vectors.  

Then hakedown load op-
timization problem for the frames reads 
find 

TT

i efficie
 mathematical model of s

irem
 criter on weight co

 T T T
sup sup inf inf j jmax

j

⎧ ⎫⎪ ⎪+ −⎨ ⎬
⎪ ⎪⎩ ⎭

∑T F T F λ ϕ  (41) 

subject to 

( ) 0≥+−= ejSj λGΦM 0ϕ   (42) 

0≥λ j , ∑=
j

jλλ , Jj∈  (43) 

 (40≥supF , 0≥infF 4) 

inf,rminr, uu ≤ ,  u maxr,su,r up  (45) ≤
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The vector of limit bendi
limits of residual displacements nown in 
the prob he 

d λ

ng moments 0M  and the 

minr, maxr,

lem (41)-(45). Optimal solution of t problem 
(41)–(45) is vectors ∗

supF , ∗
infF  an j , . 

When only bending moments 

u , u  are k

 ∗ Jj∈
M  are taken in to 

account, the follow  m hemat al deing at ic mo l of frame 
shakedow  

sup sup inf infmax + −T F T F −λ ϕ  (46) 

subject to 

maxe,MλGM 0   

infinfsupmine, FαFαM +−=  (4
 (4

)min,=λ λ λ

u ≤ ru

Load variation bound F
plasticity

ming pr

orey frame shown in Fig. 5 is subjected 
y two independent loads: vertical forces of the magnitude 

2V, 3V a

n load optimization is obtained
find 

T T T{ max max }min min
Tλ ϕ

0≥−−=maxϕ

0≥++= mine,min MλGM 0ϕ  (47) 

infinfsupsupmaxe, FαFαM −=  

sup 8) 
0≥supF , 0≥infF 9) 

( T
max  (50) 
0≥maxλ , 0≥minλ  (51) 

≤inf,rminr, u maxr,sup, u  (52) , 

sup , infF  and vectors of 
 multipliers 0λ ≥j , J e unknowns of 

nonlinear mathematical program oblem (46)-(52). 
 
6. Numerical examples 

j∈  ar

 
6.1. Example 1 
 

The two-st
b

cting in the middle of each beam and horizontal 
forces 2H, H. Variation limits of the load are defined by 
inequalities kN400 =≤≤ supHH , kN650 =≤≤ supVV . The 
main task is to determine minimal volume of adapted 
frame (Fig. 5 ma  (24)-
(28) and (29)-(34), when the frame is made from steel, 
which elasticity modulus 210=E  GPa and the yield limit 

200=y

) according to the thematical models

σ  MPa. Cross-sections of the frame columns and 
beams are shown in Fig. 6. Parameters b  and h′  remain 

during all optimization process, only thickness of 
the flanges is varying. Initial thickness of  the flanges is 
assumed mm140 =col,ft  for the frame columns and 

20 =beam,ft beams. Thus, initial cross-sectional 

umns and beams are 20
2

0
1

0 cm56=== AAAcol  

and 20
4

0
3

0 cm80=== AAAbeam , respec  

of the struct 3cm0 . Limit forces of cross-
sections are calculated accord lowing formu-
las:  

the same 

mm0  for the 

areas of the col

 Init volume

2=V
ing to the fol

tively. ial 

ure is 0 5920

 

i rces of the columns are col,M

and 0 , limit forces of the beams are 

20
hAhbtM yy

′
=′= σσ , AbtN yy σσ == 20  

Initial lim t fo kNm160=  0
0

kN11200 =col,N

kNm3200
0 0=beam,M  and 1600 kN0 ; relations =beam,N

ccol 20.=  and 1250.mcbea = . Yeld conditions are 
r lines (c es described 

vΦ  are sh  in Fig. . 
aproximated by fou oefficients of lin
in matrix own  4)

2F = H

F = 2H

F = 2V3

1
4F = 3V
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Fig. 5 Discretized frame 

searching is performed in the two follow-

inner forces of discre-

Minimal volume 
ing cases: 

A1 – when the vector of 
tized frame is ( ) ( 1 2 3 14

T, M ,M ,M ,...,M ,= =S M N  

)6
T...,N ( )T

zS= , 2021 == n,...,,z , i.e. both 
bending moments 

1 2N , N ,
M  and axial forces N  are taken into 

ve ces of discre-
tized frame is 

account. 
A2 – when the ctor of inner for

( ) ( )TT
z M,...,M,M,MM 1431==M , 

21
2

14== n,. , i.e. only bending moments ..,,z M  are evalu-
ated. 

In the case A1 -
ng to the mathematical mod  (24)-(28). 

Unkno

 frame volume minimization is per
formed accordi el

wns are cross-sectional areas of the frame columns 
and beams kA , Kk∈  and vectors of plasticity multipliers 

jλ , 321 ,,j = .  In the case A2 the frame volume minimiza-
tion problem is solved using the mathematical model (29)-
(34). Unkno ns are cross-sectional areas kA , Kk

 
w ∈  and 

vectors of plasticity multipliers maxλ , minλ .  
 

h'

htf tf

b

tf /2 tf /2

b

tf

h

tf

tf /2

h'

tf /2

Columns:   b = 200 mm
                  h' = 250 mm

ms:  20
        40

Bea    b = 0 mm
       h' = 0 mm

 
Fig. 6 Geometry of cross-sections 

Without any residual displacement constr
(28) or (34), f the frame 
were obtained: 

t before cyclic pla

aints 
 the following minimum volumes o

3cm 265288=minV  in the case A1 and 
3cm 246812=minV  in the case A2 (in both cases elastic-

plastic state is jus stic failure). 
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Later, th
 

0

ter, th
 

u ≤≤0

e following residual displacement con-
straints were imposed for displacement 2,ru  (Fig. 5):

e following residual displacement con-
straints were imposed for displacement 2,ru  (Fig. 5):

max,r,r u2  (here 232015105 ,,,,u max,rmax,r,r u2  (here 232015105 ,,,,u max,ru ≤≤ =  mm). 
Variation of the frame volume depending prescribed 

ig. 7 for 
both cases A1 and A2. 

 

on 
limit on residual displacement r ,maxu  is shown in F
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Fig. 7 Variation of minimal volume in terms of 2,ru  

 
me is subjected by repeated variable load 

22 ,  ir . Dis-
cretized 
plication place is shown in Fig. m

 s l,

minV  

6.2 Example 2 

The fra
FF ≤≤ sup,0 sup,FF 330 ≤≤ sup,FF 440 ≤≤

frame, direction of forces 2F , 3F , 4F  and its ap-
5. Th ns HE 

300A and beams IPE 450 are made om tee  which elas-
ticity modulus GPa210=E  and yield limit 

MPa235=y

e frame colu
fr

σ . The main task is to determine maximal 
load variation bounds sup,2 sup,3  and sup,F4 , i. e. find  F , F
max ( )sup,sup,sup, FF32 + . 

Vector of the inner f  of discretized frame 
(Fig. ents 

F 4+
orces

5), when bending mom M  and axial forces 
are ta

N  
ken into account is:  ( ) T,=S M N  

( ,M,...,M,M,M 14321= )1 2 6
TN , N ,...,N ( )TS=

2021 == n,...,,z . Limit bending moment M

the following formulas: pyW

z  

0  and limit 
s are calculated axial force 0N  of the columns and beam

according to M σ=0 , 
AN yσ=0 . 
Load optimization problem x  ma

( )sup,sup,sup, FF3F 42 ++  is solved according to the mathe-
matical 
4, is taken into account.

ic plastic failure - the following 
load var

model (41)–(45), when matrix vΦ , shown in Fig. 
  

Without residual displacement constraints (45) - 
i.e. in the state near cycl

iation bounds were obtained: kN472572 .F sup =∗ , 

kN561513 .F sup, =∗  and kN651644 .F sup, =∗  (max 
( ) 685734 .FFF sup, =++ ).  

sidual displ ints (45)  
0

32 sup,sup,

When re acement constra
2 .uu ,r =≤≤ .uumm0100 2 max,r 33 max,r,r, mm015=≤   

and 0 ≤

bounds were o tai

kN9  (max 

≤

 mm01544 .uu max,r,r =≤  are evaluated, load varia-

tion b ned: kN551312 .F sup = , 

3 189 81kN,supF .= , 42164 .F sup, =

( ) 8553732 .FFF psup,sup, 4 su,+ + = ). 
 

7. Conclusions 

ain difficulty in solving the problem of 
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1. The m

d ating the optimal parameter distribution of 
adapted frame is the reasoning of more realistic relation 
between the area and limit bending moment of different 
shape cross-sections. For that purpose it is useful to obtain 
a correlation between the mentioned quantities. 

2. There are created mathematical models of the 
optimization problem for shakedown frames, which evalu-
ate steel plastic deformations and serviceability require-
ments. 

3. There is created a new algorithm that solves 
problemV

o
um

e 
V

l
 (c

m
3 ) 

m
in

s, which considers for the displacements non-
monotonic variation of shakedown frames. 

4. There is presented the possibility to use section 
databases

Residual displacement ur2 (cm) 
 in the real minimal volume frame design prob-

lems. 
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NETIESINIS PROGRAMAVIMAS IR RĖMŲ
OPTIMIZACIJA

R e z i u m ė 

Straipsnyje nagrinėjama matematinio programa
vimo teorija, 

optimizavimo uždavinių nagrinėjimui nuo jų ma-

tematinių modelių sudarymo iki skaitinio sprendinio rezul-
tatų. Bendrieji optimizavimo uždavinių matematiniai mo-
deliai pritaikyti optimalių idealiai tampriai - plastiškai de-
formuotų rėmų parametrų arba apkrovos pasiskirstymams 
prisitaikymo būvyje rasti. Uždaviniai spręsti taikant Roze-
no projektuojamųjų gradientų metodą. Pateikta šio metodo 
optimalumo kriterijaus mechaninė interpretacija. Skaitiniai 
rėmų optimizacijos rezultatai gauti prisilaikant mažų po-
slinkių prielaidos. 

J. Atkočiūnas, D. M

 

NONLINEAR P

S u m m a r y 

This 

s solution. It helps for the investigation of shake-
down problems from creating of it's mathematical models 
till receiving numerical solution results. Common mathe-
matical models of optimization are adapted to find optimal 
parameters or load distribution of elastic perfectly-plastic 
shakedown frames. Rosen project gradient method is ap-
plied to solve the problems. Mechanical interpretation of 
optimality criterion is presented for the mentioned method. 
Numerical results of frame optimization problems are re-
ceived with small displacements assumption.

Ю. Аткочюнас, Д. Меркявичюте, A. Венскус

НЕЛИНЕЙНОЕ 

ПРИСЛОСОБЛЯЕМОСТИ 
 
Р е з ю м е 
 

Тео
ш

ных задач, сопутствует исследованию задачи 
теории пластичности от ее постановки до окончатель-
ного решения. В статье общие математические модели 
оптимизации отнесены к определению оптимального 
распределения параметров или нагруэки идеально уп-
руго-пластических рам в условиях прислособляемости. 
Для решения полученых нелинейных задач применен 
метод проектируемых градиентов Розена. Приведена 
механическая интерпретация критерев оптимальности 
этого метода. Численые результаты оптимизации рам 
получены в рамках теории малых перемещений. 
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