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1. Introduction

When developing and researching structures it is
often necessary to calculate the stress strain state of rein-
forced concrete members at sections perpendicular to the
axis (at normal sections). The calculations have to be per-
formed at different stages of loading:

e before cracking, (calculation of the stress of pre-
stressed concrete, calculation of the losses of prestressing
of reinforced concrete members);

e at cracking stage (defining the cracking moment);

e in concrete members with cracks at service stage
(forecasting the width of cracks, the curvature and stiffness
of the structures with cracks);

o at element failure stage (defining bearing strength
of the element).

In the regulations [1], for the calculations of the
parameters of these states simple but very conditional dia-
grams of the stresses are used:

= to calculate stresses before cracking triangular di-
agrams of elastic materials are taken;

= the cracking moments are calculated according to
a very inaccurate pattern: in tensile zone — rectangular
diagram, in compressed zone — curvilinear diagram that is
not clearly defined;

= the empirical formulae for calculating crack width
curvature and stiffness and the equations of the element
strength were obtained having assumed a rectangular
compressed concrete stresses diagram; the tensioned con-
crete above the crack tensioning is absolutely disregarded
here.

In the missing of a uniform calculation method
and when calculation patterns are so grossly distorted it is
assumed:

o numerous correction coefficients need to be used,;

o the empiric formulae of these correction coeffi-
cients are sometimes very bulky and cumbersome and de-
vising of such formulae is costly;

o there is no possibility to calculate the height of
the cracks and the height of tensile zones of the concrete
above them;

o the height of compressive zone of the concrete is
defined with a very low degree of accuracy;

o it is impossible to calculate stress strain state of
reinforced members according to the measured parameters
for the stages before cracking and before failure;

o itisimpossible to define stress strain state in plas-
tic hinges of the continuity beams, i.e. when the strength of
the member decreases due to the fact that the stress of the
reinforcement exceeds yield limit or/and the stresses of the
compressive zone of concrete exceed the strength limit of
concrete;

o there is no method of defining stress strain state of

reinforced members according to the measured parameters
of the cracks (the height and the width of the cracks and
the distance between the cracks) in stages when their loads
exceed the service loads.

In the absence of a general calculation method
and when so grossly distorted calculation patterns are as-
sumed, the calculation has a lot of shortcomings.

It is possible to solve many of these problems us-
ing more realistic curvilinear diagrams of interrelation be-
tween strain and stress of concrete. Such a curvilinear dia-
gram is presented in the regulations [1, 2]. But its use is
aggravated by the integral calculation problems.

Unfortunately, there exists no such universal but
user-friendly method that would directly use nonlinear
stress strain relation without replacing it, for instance, by
broken lines comprised of segments of a straight line [3] or
would take into account the possible deviations of the
strains of the materials from the plane sections hypothesis
[4].

In the calculation methods proposed by the author
[5, 6] simple-to-integrate curvillinear diagrams of materi-
als are used ant it is possible to take into account the devia-
tions of the strains from the plane sections hypothesis.

The relevance of the use of curvillinear dia-
gramso — ¢ is proved by research papers of numerous
authors [7-15].

The objective of the present paper is to describe
the most general curvilinear diagram of interrelation be-
tween strain and stress of concrete presented in the the
regulations [1, 2] Eq. (1) so that it would be easy to inte-
grate and would be applicable to the concrete of strength
classes C8/10-C90/105.

2. Object of the work

The present paper deals with the normal, heavy
and fine-grained concrete of classes C8/10-C90/105.

The key designations are the same as in the regu-
lations [1]: o, is normal stresses of compression of con-
crete; f., isaverage compression stress of concrete; f, is
characteristic concrete crushing stress; E,,
secant modulus of elasticity; ¢, is strain of concrete; ¢,
is strain of concrete corresponding to f_,; &, is limiting
strain/deformation of concrete.

Sl units used in the paper:

— of stress — MPa;
— of elastic modulus — GPa;
— of strain — %.

Fig. 1 shows curvilinear interrelation between
strain and stress o —& of concrete specified in the con-
crete and reinforced concrete design regulations [1] adopt-
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ed for the eurocode area [2].
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Fig. 1 Stress strain interrelation of concrete (Eq. 1)

This o—¢ interrelation is described by expressions

(1-3)
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k — cmgcl (3)
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Here and hereafter the values of e and o, are
considered to be positive. If E =11E, and
Vg = Ton / Ecéeys then k=1/v, and
_ n / Va — 772

C cm *

1+ (/v -2)p
Eq. (1) is simple, but is unhandy when we have to

Values of coefficients c,

¢, ={2(n, +DA-7,) = (1, ~D)e, +[(57, —=3)n, + (37, -
CZ :{(77r2 +477r +1)(77r _1)3 + (277r2 _nr _1)er + 2[(1+77r _Snrz)nr + (S_nr _ﬂrz)ﬂf]vcl}/[nrz (nr _1)3]
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¢y =41, 1% + (1, ~Ve, +2[A-27,)n, + (21,0’ W} 0.2 (1, -]

3. Calculation procedure of stresses o, employing the
proposed method

Assuming that k,=k-2,
n,=1¢,, B, =0,/ f,,, fromEq. (1) we get

— f(:m (k - 77)77
1+k,n

c

n= gc/gcl = ’71180 '

(10)
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integrate curvilinear diagrams of stresses.

In the methodology proposed by us [5, 6] for the
calculation of the parameters of stress of strain of rein-
forced concrete at normal sections a curvilinear o — ¢ dia-
gram is used which is described by the following formula

o, =Vv.E.e, =v.o, 4

In Egs. (4-9)
v, =1l+cn+cn+cn’+c,n’ 5)
E.=tanp; E =tan(-y); e =E /E., o,=Ezs,

Oe1 =Bl 0u=Tfni vya=0ul0: Vi =0g | Oge s
nr:Vr/Vclzﬂr/nr; ﬂr:O_cr/O—cl; nr:gcr/gcl' For
values g, y and for values of indexes see Fig. 2.
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Fig. 2 Interrelation between strain and stress of concrete
(Eq. 4)
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k- Bk, /(k—ﬂckz)z ~
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de, (1+k,n)?

The values of E, calculated using Eq. (12) in the
interval ¢ <&, are positive, and in the interval &, >¢
they are negative.



When 8. =0,i.e o,=0,then =k .
Using the formulae given in the regulations [1]
we get the following values of the parameters

for = foc 8 (13)
E. = 22(f,, /10)* 14
E, =1.1E,, )
£, =071 16)
£,,=35, if f, <50 MPa .

£, = 2.8+27[(98— f,)/100]°, if f, >50 MPa

The next step is as follows:
it is assumed that o then

o ! € When < 1,1, then in-
stead of the actual value of 7, we assume that
1. =0,5;

according to n=n, from Eqg.(10) we get
o, =0, and using Eg.(12) we get the value
E, = E, of the tangential modulus;

€ :‘gcul’

nr:gcr/gcl:g

we calculate

p=p =o,lo,=0,1f,,
n=v/lvy=81n, e, =E, /E, and
vy = fon ! E.
using Eq. (4) we calculate the values of o, .
For the calculation of the values of stress o, us-
ing Eq. (1) and Eq. (4), the author of the present paper has
developed respective programmes. When calculating o,
the value of only one parameter f, needs to be entered in
the programs.

The comparison of the results of stress calculation
o, according to Eqg. (1) of the regulations [1] and Eq. (4)
proposed by the author of the present paper is illustrated in
Fig. 3 and in the Table. The results of the calculation of
strain ¢, in the interval from zero till ¢, (in Fig. 3 the
limit ., is marked by vertical lines in the graph, and by
bold numbers in the Table) according to both methods are
very close: the maximum difference is 1.5 %. The results
are also close when ¢, >¢,, .

We have also analysed the values of o for the
concretes whose f, = (5-8) MPa and f, =(90-130) MPa,

that have been similarly calculated using Eq. (1) and
Eq. (4). Good results have been obtained.

gcl 4

4. Examples of the curvilinear diagram use

We illustrate the possibility of using the curvilin-
ear diagram by an example of the calculation of the rein-
forcement and bearing strength of a reinforced concrete
beam.

The cross-section to be calculated and the forces
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acting in it are shown in Fig. 4. The stresses of the concrete
in tensile zone are disregarded. The stresses of the concrete
in compressive zone are calculated from Eq. (4). The re-
sultant force N, of these stresses and its moment M, in
respect of the neutral axis 0—-0 is calculated from the
Egs. (18) and (19)

0
N, = [ o.b(dx,) =we,E_ bx, = ws, E.bd&,

Xw

(18)

0
M, = [ o.bx (dx,) = @e, E bx} = @e, E bd?EZE (19)

Xw

In Egs. (18), (19) (see [5 or 6])

1 ¢ € , C 3 C 4
w=—+—"n+2p°+=2p+2 20
PR Al B A (20)
1 ¢ € , C 3 C 4
T=—+2n+2n"+2np+ = 21
PR A A e (21)

&
\
n=—,
ECI

q_mmms@@)g:?

Eccentricity e, of force N in respect of the neu-
tral axis 0—0 is as follows

(22)

When the plane-sections hypothesis is assumed,

then
Su_ X _ S (23)
& d- Xw 1- éw
and the force of the reinforcement
d-x
NSZGSAS:‘C"SVSESAS:VSESAS W[;‘W:
XW
1-—
=v E A, é:—cfwgw (24)

In Eq. (24) E, is the module of elasticity of rein-
forcement and v, = o, / ¢,E, is the coefficient of elastici-

ty of reinforcement.
Interval from N, to N

N

,=d-a =d —[1—£jdgw
[0

S

where

(25)

ac=xw—ec=déw—3d§w=[1—3]dsw (26)
[0}
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Fig. 4 The cross-section to be calculated and the acting forces

The moment of force N, in respect of axis s —s
o)
9

The conditions of static equilibrium of axial forc-
es and bending moments in respect of the axis s —s of the
centre (point) of gravity of the reinforcement

:

M, =Nz, = ws,E bd¢, Ll— |

Jd

= [a)éw —(a)—iﬂ')f‘f’]gchbdz (27)

]__
we Ebd &, —stSAsﬁgw =0 (28)
we EbdEl +vee EAE, ~vee, EA =0 (28a)
M —[wé, — (0 - w)é‘fv]sw Ecbd2 = (29)
(0—@)e,Ebd*El —we, Ebd?E, +M =0 (29a)

When the plane-sections hypothesis is disregarded
and it is assumed that ¢, =¢,, and o, = f, (here f, is

stress of reinforcement), simpler equations are received

we Ebdé,, — A =0 (30)

E bd?

M =M, =Nz, =[0f, - (0-@)& e, E, (31)

For example, dimensions of the rectangular
cross-section shown in Fig.4: b=0.20m; h=0.50m;
d =0.46 m; strength class of concrete C25/30
o, = f, =33MPa; E_ =31.476 GPa, ¢, = 2.0694 %;
€41 = 3.5%; reinforcement S400: f, = f, =400 MPa;
E, =200 GPa.

E, =1.1E,, =1.1-31.476 = 34.623 GPa,

b |
[ | |
-  w- i -w
|
i
- I
= i
N, !
i
i
|
i
i
o i
e i
i i~
I
o i =
(] | )
+ | 0—=|—== j— == —0
| | |
i |
| [ |
« ! 1 |
- ! i [
: | i !
| | |
: A, |
X - == =
- Sl g [ e § ¥
N i v |
g I i J v
o 33
v cl = 0.5066 |,

cl

T E,e, 31.476 - 2.0694
a, =E, | E, =200 /34.623 = 5.7765 .

When ¢, = ¢, = 3.5 %o, then

n= S _ 35 1.6913 , and from Egs. (6-9):
g, 2.0694
¢, =-0.6311, c, =0.1059 , ¢, = —0.01559 and
c, = 0.001389 .
From Egs.(20) and (21) @ =0.20674 and

@ =0.11622 .

4.1. Calculation of the area A, of the reinforcement, when
the bending moment M =240 kN-m

cl=¢,E,bd =3.5-34.623-0.20 - 0,46 =11.1486 MN;
c=¢,Enbd?=35-34.623-0.20-0.46 = 5.1284 MN-m;
@ —@ =0.20674 —0.11622 = 0.09052 .

From Eq. (29a) we calculate the value of &,

(0.20674 -0.11622) -3.5-34.623-0.20-0.46° - &2 +
—0.20674-3.5-34.623-0.20-0.46° - £, +240-10° = 0;
0.09052 -5.1284 - £ —0.20674 -5.1284 - £, + 240 -10~° = 0;
0.46422 -£2-1.06025 - &£, +240-10° =0 ;
£2-2.28394 -£, +0.51700 =0;

2
_ 2.282393 i\/[2.28:93} 051700 =

=1.14197 £0.88718 = 0.25479
X, =&,d =0.25479 -0.46 =0.11720 m

w

From Eq. (30) we calculate the area A, of cross-
section of the reinforcement



A, =ws,, Ebdg [ =
=0.20674-3.5-34.623-0.20-0.46 -0.25479/ 400 =
=14.681-10"m?

The reinforcement rate
p, =14.681-100/(20- 46) =1.596 %.

4.2. Calculation of the bending moment M when the area
of the reinforcement A, =14.681-cm?.

From Eq. (30) we calculate &,

f,A,  400-14.681-10""
" we,,E.bd 0.20674 -11.1486

cul™=c

= 0.25478 .

From Eq. (31) we calculate the bending moment:
M =[wé, - (» —w)fvzv] achbd2 =

=[0.20674-0.25478 —0.09052 -0.254787]-5.1284 =
=0.2399952 MN-m = 240 KkN-m.

5. Conclusions

For the calculation of stresses o, of heavy and

fine-grained concrete of strength classes C8/10-C90/105
within the strain interval ¢, the interval from zero till ¢,

instead of the equation adopted in the regulations [1] (in
our paper it is marked by number (1)) Eqg. (4) can be used.
It is reasonable to do this when there is a need to perform
integral calculation curvilinear diagram of stresses.

The results of calculation of stresses o, using

Egs. (1) and (4) are also close for concretes e f, = (5-
8) MPaand f, =(90-130) MPa.

When the stress strain relation is described in an
easy-to-integrate form such as Eq. (4), a lot of things may
be calculated using the method proposed, for instance, in

paper [6].
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L. Zidonis

LENGVAI INTEGRUOJAMA BETONO
DEFORMACIJU IR ITEMPIY TARPUSAVIO
PRIKLAUSOMYBE IR JOS APRASYMO METODIKA

Reziumé

Daznai tenka apskaiciuoti gelzbetoniniy elementy
deformacijy jtempiy blivi normaliniuose pjuviuose. Tai
daroma jvairiose elemento apkrovimo stadijose: iki plysiy
susidarymo, plySimo, konstrukcijy su plySiais eksploata-
vimo, elemento irimo stadijose.

Siy stadijy deformacijy jtempiy biivio par-
ametrams apskaiCiuoti naudojamos labai salygiskos
itempiy diagramos. Néra kaip apskaiciuoti plysiy bei tem-
piamo betono auks¢io vir§ jy. Labai netiksliai nustatomas
gniuzdomos betono zonos aukstis. Negalima apskaiciuoti
minéty parametry stadijose prie§ plySiy susidaryma bei
prie§ elementy irima. Neturime galimybés nustatyti defor-
macijy jtempiy bikle nekarpyty elementy plastiSkumo
Sarnyruose. Néra metodo nustatyti gelzbetoniniy elementy
deformacijy jtempiy bikle pagal iSmatuotus plySiy para-
metrus (plySiy plotj, aukstj ir atstuma tarp jy) stadijose,
artimose elemento irimui.

Daug problemy galima iSspresti, naudojant rea-
lesnes, kreivines betono deformacijy jtempiy diagramas.
Bet jas naudoti sunku dél integravimo problemy.

Normaliojo, sunkiojo bei smulkiagridzio C8/10-
C90/105 stiprio klasiy betono jtempiams o apskaiciuoti
straipsnio autorius sitlo formule. Ja tikslinga naudoti
tuomet, kai reikia integruoti kreiving jtempiy diagrama,
pavyzdziui, sudarant poveikiy statinés pusiausvyros lygtis.

L. Zidonis

A SIMPLE-TO-INTEGRATE FORMULA
OF STRESS AS FUNCTION OF STRAIN
IN CONCRETE AND ITS DESCRIPTION PROCEDURE

Summary

It is often necessary to calculate the stress strain
state of reiforced concrete members at normal sections.
The calculations have to be performed at different stages of
loading: before cracking, at the cracking moment, in sec-
tions on the crack under service and breaking load.

For the calculations, very inaccurate diagrams of
the stresses are used. There is no possibility to calculate
height of the cracks and height of tensile zones of the con-
crete above them. The height of compressive zone of the
concrete is especially inaccurate. It is impossible to calcu-
late the mentionned parameters for the stages before crack-
ing and before fracture. It is impossible to define these
parameters in plastic hinges of the continuity beams. There
is no method of stress strain state calculation of reinforced
concrete members according to the measured parameters of
normal cracks (height and width of the cracks and distance
between the cracks) in stages close to fracture load.

It is possible to solve many of these problems us-
ing more realistic curvilinear diagrams of interrelation be-
tween strain and stress of concrete. But its use is aggravat-
ed by the integration problem.
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The author of the article offers his equation for
the calculation of normal stress of heavy and fine-grained
concrete of strength classes C8/10-90/105. It is resonable
to use this equation in cases when there is a need to inte-
grate the curvilinear diagram of the stress when making
equations of the static equilibrium of stresses.

H. XKungonuc

JIETKO UHTETPUPYEMA 3ABUCHUMOCTD
MEXIOY JEOOPMALIAMU U HATIPSOKEHUAAMUI
BETOHA 1 METOJIMKA EE OITMCAHUA

PezwomMe

YacTo NpUXOAWUTCSI PacCUUTHIBATh HAMPSKEHHO-
ne(opMHPOBaHHOE COCTOSIHUE [0 HOPMAJIBHBIM CEUCHUSIM
JKEJIE300E€TOHHBIX JJIEMEHTOB. DTO JeNaeTcs B Pa3IMYHBIX
CTaJMsX Harpy»XEeHUs 3JeMEeHTa: 10 00pa3oBaHMs TPEIINH,
Ha CTaJuM TPEHIMHOOOpa30BaHMs, HAa CTaausIX pPabOTHI
3JIEMEHTa C TPEUIMHAMU, Ha CTAJUU Pa3pyLICHHUS.

ITpn pacyere mapameTpoB HampspKeHHO-AehOop-
MHPOBAaHHOTO COCTOSIHHMS HA 3THX CTaAUAX NMPUMEHSIOTCS
cyry0o ycIoBHbIE SIIOpHI HanpsDKeHUH. HeT Bo3amoxHOCTH
paccunTaTh BBICOTY TPEIIMH M BBICOTY PAcTSIHYTOH 30HEI
6erona Hax HUMH. OYEHb YCIOBHO ONpPENEISETCS BBICOTA
ckaToil 30HBI OeroHa. HeT BO3MOXXHOCTH paccuuTaTh
YIIOMSHYTBIE TIApAMETPHI Ha CTAANAX, OJMKHUX K 00pa3oBa-
HUIO TPEUUH WIM Pa3pyLIeHUIO 31eMeHToB. HeT Bo3MOoX-
HOCTH OIpPENEIUTh HaNpsHXKEHHO-1e(OPMUPOBAHHOE CO-
CTOSIHUE B INTACTMYECKUX IIapHUPaX Hepa3pe3HbIX OalIKOK.
Her meroma i ompeneneHusi HanpsbKeHHO-AeOpMU-
POBAaHHOTO COCTOSIHUSI JKeJIe300€TOHHBIX DJIEMEHTOB 10
napameTpaM TPEUIUH (BBICOTE, PACKPBITUIO U PACCTOSHUIO
MEXy TPEIIMHAMH) Ha CTAANAX, ONM3KNX K pa3pylIeHHUIO.

MHoro npo6i1eM MOKHO PEIIUTh C IPHUMEHEHUEM
Gostee peanbHBIX, KPUBOJIMHEHHBIX JHarpaMM HalpsOKEHUH
nedopmanmii 6erona. Ho mx mnpuMeHeHne 3aTpynHEHO
CJIO’KHOCTBIO HHTETPUPOBAHMUS.

Jlnist pacyera HanpspKEHUH 0OBIYHOTO, TSDKEIIOTO
MeJIKO3epHUCTOro OeToHa kilaccoB mpovynoctd C8/10-
C90/105 aBTOp cCTaThH NpemaracT 3aBUCUMOCTH IS
OTIpeJieTIeHUs] HalpsDKeHWH B OeToHe oc. OTy (dopmyiy
enecooOpa3sHo MPUMEHSTh B TeX CIIydasx, KOrja MpHUXo-
JIUTCSL MHTETPUPOBATh KPUBOJIMHEMHYIO SIIOPY HaIpshKe-
HUH, HalpuMep, IPU COCTABJIICHUU YPAaBHEHUU CTaTHYe-
CKOI'O PAaBHOBECUS YCUJIU.
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