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1. Introduction 
 

Nonhomogeneous material systems with gradual 
variation in properties are collectively referred to as func-
tionally graded materials or FGMs. (FGMs) used initially 
as thermal barrier materials for aerospace structural appli-
cations and fusion reactors are now developed for the gen-
eral use as structural components in high temperature envi-
ronments and being strongly considered as a potential 
structural material candidate for the design of high speed 
aerospace vehicles. Further, these materials are inhomoge-
neous, in the sense that the material properties vary 
smoothly and continuously in one or more directions, and 
obtained by changing the volume fraction of the constitu-
ent materials [1]. In the past few years, some researchers 
began to pay attention to contact problem of functionally 
graded materials. 

Thick shells of revolution of functionally graded 
materials have been of great interest in many engineering 
applications. A body of revolution is obtained by rotating a 
plane area o360  about an axis in its plane. These bodies 
may be either solid or hollow. If they are hollow, they may 
be called shells of revolution. Circular cylinders, spheres, 
cones, ellipsoids, paraboloids, and hyperboloids are just 
some of the shapes which bodies of revolution may take 
and are frequently used in various industries because of 
their great structural efficiency. 

There are a number of publications on field equa-
tions, equations of motion, for thin or moderately thick 
shells of revolution. Flugge [2], Timoshenko and 
Woinowsky-Krieger [3] have provided an adequate de-
scription of the geometry and the coordinate system for 
thin shells of revolution. In these derivations, simple kine-
matic assumptions are made about the variation of the dis-
placements through the thickness, the result being that a 
three-dimensional theory is reduced to a two-dimensional 
one by the middle surface displacements. The two-
dimensional models which already exist have a number of 
shortcomings. This is especially the case when we deal 
with thick and very thick shells. In order to analyze static 
or dynamic displacements and stresses, and free and forced 
vibrations for such shells, there must be a three-
dimensional theory. The equations of equilibrium or mo-
tion derived could be solved by the exact method or the 
approximate method. Using tensor analysis, which is ex-
tremely useful especially for three-dimensional problems 
in any curvilinear coordinate system, a number of re-
searchers, including Fung [4], Green and Zerna [5] have 
developed the general theory of elasticity. 

A lot of research has been carried out into general 

thick-walled shells [6, 7], thick-walled cylindrical shells 
[8-16], thick-walled spherical shells [17, 18], thick-walled 
conical shells [19-21], thick-walled elliptical [22], heli-
coidal [23] and toroidal shells [24]. The field equations 
derived for thick shells of revolution were considered for 
the homogenous condition. A distinguishing feature of the 
present paper is that for a thick shell of revolution with 
arbitrary curvature and variable thickness made of func-
tionally graded materials, a set of field equations has been 
developed by tensor analysis in the curvilinear coordinate 
system. However, to the best of the researchers’ knowl-
edge, no extensive study has yet been carried out on three-
dimensional displacement equations for thick shell of revo-
lution with of functionally graded materials.  

 
2. Analysis 
 

A surface of revolution is the result of the rotation 
of a plane curve around an axis in its plane. The resulting 
curve is technically called a meridian. The meridian of a 
thick shell of revolution with an arbitrary curvature and 
variable thickness z  is explained by Eq. (1), or alterna-
tively by Eq. (2) 

( )R H x=  (1) 
 

( )R R ϕ= , ( )x x ϕ=  (2)  

According to Fig. 1, R  represents the distance of 
one of its points from the axis of rotation axisx − , and x  
represents the distance of its points from the axisR − . ϕ  
is the angle between the normal to the meridian curve and 
the axis of revolution. 1R  and 2R , shown in Fig. 1 are the 
two principal radii of curvature. 

If Eq. (1) is used, these can be obtained using the 
following equations 
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It is also possible to calculate them using Eq. (2), 

as follows 
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Using Fig. 1, we can define the following equa-
tions 

2R R sinϕ=   (5) 
 

1ds R dϕ=   (6) 
 

dR dscosϕ=      (7) 
 

dx dssinϕ=     (8) 
 

where ds  is the line element of meridian. Based on Eqs. 
(5) to (8), we have 
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Fig. 1 Meridian of the middle surface of a shell of revolu-

tion 

In Fig. 2, the cross-section of an arbitrary shell 
element of variable thickness z  is shown. The coordinate 
used is curve linear coordinate system ( , , )ϕ Ω θ , where ϕ  
is the meridional coordinate; Ω  the normal distance from 
the midsurface to an arbitrary point P ; and θ  the circum-
ferential angle. The two faces on the top and bottom, 
shown in Fig. 2, are flat and normal to the midsurface. The 
arbitrary point of P  within the shell element could be de-
termined by ϕ , Ω  and θ .  

In Fig. 2, r  shows the radial distance of the arbi-
trary point P , which depends on meridional angle and the 
normal distance Ω , as  

( , ) ( )r R sinϕ Ω ϕ Ω ϕ= +  (10) 

By substituting ( )R ϕ  defined in Eq. (5) in Eq. 
(10), we have  

[ ]2( , ) ( )r R sinϕ Ω ϕ Ω ϕ= +  (11) 

The curvilinear coordinates ( , , )ϕ Ω θ , using ten-
sor analysis, could be transformed to Cartesian coordinate 
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  (12) 

In this equation, Ω  and θ  must be within the 
following ranges 

( ) ( )
2 2

z zϕ ϕΩ− ≤ ≤ , πθ 20 ≤≤   (13) 

 
Fig. 2 Cross-section of an arbitrary shell of revolution with 

variable thickness 

3. Field equations of elasticity 
 

In order to develop field equations, base vectors, 
metric coefficients and Christoffel symbols are used in the 
curvilinear coordinates. If r  is the position vector of an 
arbitrary point P , then prior to deformation, the covariant 
base vectors ig  are defined as follows 

i,i rg =     (14) 

where comma (, )  represents partial differentiation with 
respect to ϕ , Ω , and θ . 

In the Cartesian coordinate systems, the covariant 
base vectors ig  are given as follows. 
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where 

1( )R RΩ ϕ Ω= +    (16) 

For the unstrained body, the contravariant base 
vectors ig  are defined by 

ij
j

i g.g δ=   (17) 

where the Kronecker delta ijδ  is defined as follows 

 
⎩
⎨
⎧

≠
=

=
ji
ji

ij 0
1

δ  (18) 

and i  and j  could take any positive integer value.  

The contravariant base vectors 1g , 2g  and 3g  
could be calculated using the following equations 
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where 

( )1 2 3J g g g= ×    (20) 

By using the Eqs. (15), (19) and (20) we can ob-
tain the contravariant base vectors. 
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  (21) 

Dot products of the base vector give a set of 
symmetric numbers which are called metric coefficients. 
The covariant and contravariant metric coefficients ( ijg  

and )ijg  are calculated using the following equations 

ij i jg g g=   (22) 
 

 ij i jg g g=    (23) 

If the coordinate system is orthogonal, we have 
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The nonvanishing covariant and contravariant 
metric coefficients, which take the values other than zero, 
are given as follows 
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By definition, the Christoffel symbols of the sec-
ond kind, which have symmetric components, k

ji
k

ij ΓΓ = , 
are 

k k i
ij j

g
g

q
Γ

∂
=

∂
  (26) 

where jq  represents spatial curvilinear coordinates  in 
which 1, 2, 3j =  correspond to ϕ , Ω , and θ . The non-
vanishing Christoffel symbols of the second kind, are de-
fined by Eqs. (15), (21) and (26) as 
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All other components of the Christoffel symbols 
of the second kind become zero. 

Physical components related to stress tensor *( )ijσ  
in general coordinate system are  

ij
jjii*

ij gg σσ =     (28) 

where jiij σσ =  are the components of stress tensor. In 
addition 

k
jikij g σσ =     (29) 

where j
k

k
j σσ ≠  are the mixed components of stress tensor. 
Using the Eqs. (25), (28) and (29) mixed compo-

nents of stress tensor are obtained as follows 
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Components of displacement iu  in the general 
coordinate system are 

*
iiii ugu =   (31) 
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where *
iu  are physical components of displacement. There-

fore 
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        (32) 

Physical components of strain tensor *
ijε  in the 

general coordinate system are 

ij
jjii*

ij gg εε =   (33) 

where ijε  are the components of strain tensor and are de-
fined from the following equations 
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Given the Eqs. (25), (27), (32) and (34), physical 
components of strain tensor are 
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The physical stress-strain ( )* *
ij ijσ ε−  relations in 

tensor form for a linearly elastic material are given by  

*
ij

*
kkij

*
ij μεελδσ 2+=    (36) 

where λ  and μ  are the Lame constants. The constants are 
related to Young’s modulus E  and Poisson’s ratio υ  for 
an isotropic solid by  

(1 )(1 2 )
Eυλ

υ υ
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  (37) 

2(1 )
Eμ
υ

=
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       (38) 

By using Eq. (36), the stress-strain relations in 
terms of the physical components are obtained as follows 

( 2 )
( 2 )

( 2 )

2 ; 2 ; 2

ϕϕ ϕϕ ΩΩ θθ

ΩΩ ΩΩ θθ ϕϕ

θθ θθ ϕϕ ΩΩ

ϕΩ ϕΩ ϕθ ϕθ Ωθ Ωθ

σ λ μ ε λε λε

σ λ μ ε λε λε

σ λ μ ε λε λε

σ με σ με σ με

= + + + ⎫
⎪

= + + + ⎪
⎬= + + + ⎪
⎪= = = ⎭

 (39) 

The equations of translational motion could be 
written compactly in tensor form 

 jji
i
j vf ρσ =+  (40) 

where the vertical bar ( )  represents covariant differentia-

tion. Also, if  are components of the body force vector f , 
per unit volume; ρ  is the mass density per unit volume; 

jv  are the covariant components of the acceleration of the 
volume in the deformed body.  

The covariant derivatives of a tensor of order two 
are also tensors and are represented as 

i
m

m
jR

m
j

i
Rm

i
R,jR

i
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where i
jA , are the mixed components of a typical tensor of 

order two. 
By substituting Eqs. (27) and (30) into Eq. (40), 

the equations of motion in terms of the physical compo-
nents could be derived as follows 
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In deriving the Eqs. (42) to (44), was used the fol-
lowing 

,r R cosϕ Ω ϕ=         (45) 

Combining Eqs. (35), (39) and (42) to (44), the 
displacement equations of motion are obtained 

 

, , , ,2 2

2 u u u u
RR rϕ ϕϕ ϕ ΩΩ ϕ θθ Ω ϕΩ
ΩΩ

λ μ μ λ μμ+ +
+ + + +  

1,
, 3

( 2 )( 2 ) Rcosu
rR rR R

ϕ
θ ϕθ

Ω Ω Ω

λ μλ μ λ μ ϕ +⎡+ +
+ + − +⎢

⎣
 

, ,
, , ,2

2 sinu u
R rR

ϕ ϕ
ϕ ϕ ϕ Ω

ΩΩ

λ μ μ μ ϕ μ Ω

+ ⎤ ⎡ ⎤
+ + + + +⎥ ⎢ ⎥

⎣ ⎦⎦
 

, ,
, ,2 2

( ) 3sinu u
rR Rr R

θ Ω
ϕ θ Ω ϕ

Ω ΩΩ

μ μλ μ ϕ λ μ⎡ ⎤+ +
+ + + + +⎢ ⎥

⎣ ⎦
 

, ,,
, ,2

( 3 )cosu u u
R rR rR r

ϕ ϕθ
Ω Ω θ ϕ θ θ

Ω Ω Ω

λ λμ λ μ ϕ⎡ ⎤+
+ + + − +⎢ ⎥

⎣ ⎦
,  



 22

2
,

2

( )( 2 ) sin coscos
rRr

ϕ

Ω

λ μ ϕ λ ϕλ μ ϕ + −⎡ +
− + +⎢
⎣

 

, , 1,,
2 2 3

2 ( 2 )R
u

RR R R
ϕ ϕ ϕΩ

ϕ
ΩΩ Ω Ω

λ μ λ μμμ + +⎤ ⎡
+ + + − +⎥ ⎢

⎦ ⎣
 

,
2

( 2 ) ( 2 ) 2
2

cos sin sin u
rR r

ϕ
Ω

Ω

λ μ ϕ λ ϕ λ μ ϕ+ + ⎤+
+ − −⎥

⎦
 

,
2

cos
u f u

r
θ

θ ϕ ϕ

μ ϕ
ρ− + =  (46) 

 

, , ,2 2( 2 )u u u u
R R rϕ ϕΩ Ω ϕϕ Ω,ΩΩ Ω θθ
Ω Ω

λ μ μ μλ μ+
+ + + + +  

,
, ,2

3 ( )cosu u
r R rR

Ω
θ Ωθ ϕ ϕ

Ω Ω

λλ μ λ μ λ μ ϕ⎡ ⎤+ + +⎡+ + − + +⎢ ⎥ ⎢⎣⎣ ⎦
 

, 1, ,
, , ,2 2 2

Rcosu u
R R r R R

ϕ ϕ ϕ
ϕ Ω Ω ϕ Ω

Ω Ω Ω Ω

μ μμ ϕ μ
⎡ ⎤⎛ ⎞⎤

⎡+ + − + + +⎢ ⎥⎜ ⎟⎥ ⎣
⎢ ⎥⎦ ⎝ ⎠⎣ ⎦

 ,
, , ,2

( 2 ) 2sin u u
r R r

θ
Ω Ω Ω Ω θ

Ω

μλ μ ϕ λ μλ
⎤+ +

+ + + + +⎥
⎦

 

, , ,
, ,2

( 3 ) cossinu u
r r rr
θ Ω Ω

θ Ω θ θ

μ λ λ ϕλ μ ϕ⎡ ⎤ ⎡+
+ + − + +⎢ ⎥ ⎢

⎣ ⎦ ⎣
 

1, ,
3 2 2

( 2 ) 2
2

R sin cos u
rRR r R

ϕ ϕ
ϕ

ΩΩ Ω

μ μλ μ ϕ μ ϕ ⎤+
+ − − − +⎥

⎦
 

2
, ,

2 2

( 2 ) 2sin sin u
r R r R

Ω Ω
Ω

Ω Ω

λ ϕ λ λ μ ϕ λ μ⎡ ⎤+ +
+ + − − −⎢ ⎥
⎣ ⎦

 

,
2

sin
u f u

r
θ

θ Ω Ω

μ ϕ
ρ− + =    (47) 

 

, , , ,2u u u u
rR r Rϕ ϕθ Ω Ωθ θ ϕϕ θ ΩΩ

Ω Ω

λ μ λ μ μ μ+ +
+ + + +             

,
, ,2 2

2 ( 3 )cosu u
rR r r

θ
ϕ ϕ θ θθ

Ω

λ λ μ λ μ ϕ+ +⎡+ + + +⎢⎣
 

, , ,
, , 2

( 3 )sinu u
rR r r r

ϕ θ Ω
ϕ θ Ω Ω

Ω

μ λ μ λ μ ϕ⎤ ⎡ +
+ + + + +⎥ ⎢

⎣⎦
 

, 1,
, ,2 3

Rcosu u
rR rR R R

ϕ ϕ
Ω θ θ ϕ

Ω Ω Ω Ω

μ μλ μ μ ϕ⎡ ⎤⎤+
+ + + − +⎢ ⎥⎥

⎦ ⎣ ⎦
 

, ,
, , ,2

2sin u u
r R r

θ θ
Ω θ Ω θ θ

Ω

λ μμ ϕ μ μ
+⎡ ⎤

+ + + + +⎢ ⎥
⎣ ⎦

 

, , , ,
2 2

( 2 ) ( 2 )cos sin
u

r r
θ θ θ θ

ϕ

λ μ ϕ λ μ ϕ+ +⎡
+ + +⎢

⎣
 

,,
2

( 2 2)cos cosu
rR rR r

ϕθ
Ω

Ω Ω

μ ϕλ μ ϕ⎤ ⎡ +
+ − + +⎥ ⎢

⎦ ⎣
                 

, sin
u f u

r
Ω

θ θ θ

μ ϕ
ρ

⎤
+ + =⎥

⎦
     (48) 

where the Lame constant derivatives are related to 
Young’s modulus E  and Poisson’s ratio υ , as shown be-
low. 
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  (49) 

 

4. Solution for axisymmetric circular cylindrical state 
 

In this section, a special case of thick shell of 
revolution, i.e. thick-walled FGM cylinder ( r∂∂=∂∂ Ω , 

2πφ = , ∞→ΩR ) with an inner radius ir , and thickness 
t , subjected to an internal pressures P , that is axisymmet-
ric, (Fig. 3), will be considered. 

 
 

Fig. 3 Cross-section of a circular cylindrical shell with 
constant thickness 

For axisymmetric case, in plane elasticity theory 

(PET), we have: 0=θu , 0=
∂
∂
θ

, , 0iuϕ =  and the Eqs. 

(43) yield the following equation: 

,
1 ( ) 0rr r rrr θθσ σ σ+ − =    (50) 

where rrσ  and θθσ  are the radial and circumferential 
stress components, respectively. Equation (50) is equilib-
rium equation in the radial direction, neglecting the body 
force components. 

By using Eqs. (35), the radial strain rrε  and 
circumferential strain θθε  are related to the radial dis-
placement ru  by 
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⎬
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ε
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By using Eqs. (39) and (49), the stress–strain rela-
tions for nonhomogenous and isotropic materials are 
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where A  and B  are related to Poisson’s ratio υ  as Plane 
strain condition: 
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1 ,
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υ υ υ υ
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   (53)  

Plane stress condition: 

22 11
1

υ
υ

υ −
=

−
= B,A      (54) 

Using Eqs. (50) to (54), the Navier equation in 
terms of the radial displacement is 

( ), ,
1 ( ) 0r r

r r r r
u ud E Au B E A B u

dr r r r
⎡ ⎤⎡ ⎤ ⎛ ⎞+ + − − =⎢ ⎥⎜ ⎟⎢ ⎥⎣ ⎦ ⎝ ⎠⎣ ⎦

  (55) 

The material properties are assumed to be radially 
dependent. Given that the radial coordinate r  is normal-
ized as ir/rr = , the module of elasticity through the wall 
thickness is assumed to vary as follows. 

βrEE i=     (56) 

here iE  is the module of elasticity at the inner surface 

irr = , and β  is the inhomogeneity constants which are 
determined empirically. 

Since the analysis was carried out for thick wall 
cylindrical pressure vessel of isotropic FGM, and given 
that the variation of Poisson’s ratio, υ , for engineering 
materials is small, the Poisson’s ratio is assumed as con-
stant. 

By substituting Eq. (56) into Eq. (55), the Navier 
equation would be 

2 *
, ,( 1) ( 1) 0r rr r r rr u ru uβ υ β+ + + − =   (57) 

where 
A
B* =υ  

Equation (57) is the nonhomogeneous Euler-
Caushy equation whose complete solution is 

21
21

mm
r rCrCu +=     (58) 

where 1m  and 2m  are 
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 (59) 

By substituting Eq. (58) into Eqs. (51) and (52), 
the radial stress is obtained as 

1 21 1
1 1 2 2( ) ( )m m

rr iE r C Am B r C Am B rβσ − −⎡ ⎤= + + +⎣ ⎦  (60) 

To determine the constants 1C  and 2C , consider 
the boundary conditions for stresses given by 
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⎪
⎬
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rrrr
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i
P

σ

σ
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Substituting the boundary conditions (61) into Eq. 
(60) and solving for 1C  and 2C , we obtain 

2 1

2 1

1 2

2 1

1

1
1

1

2
2
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( )( )

m m
i

m m
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m m
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m m
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E Am B k k

Pk r
C

E Am B k k

−

−

⎫
= − ⎪+ − ⎪

⎬
⎪= ⎪+ − ⎭

      (62) 

where 
ir
tk +=1 . 

Hence, the radial stress, circumferential stress and 
radial displacement are  

2 1 1 2

1 2

1 1( ) ( )m m m m
rr m m

P k r k r
k k

β βσ + − + −⎡ ⎤= −⎣ ⎦−
  (63) 
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 (65) 

The analytical solution obtained in this section 
may be checked for one example. 

Example. Consider a hollow functionally graded 
cylinder of inner radius 40 mmir = , and the thickness 

20 mmt = . The modulus of elasticity at inner radius has 
the value of 200 GPaiE = . It is also assumed that the 
Poisson’s ratio, υ , has a constant value of 30. . The ap-
plied internal pressure is 80MPa . In addition, β  ranges 
from 2−  to 2 . The range 22 ≤≤− β  to be used in the 
present study covers all the values of coordinate exponent 
encountered in the references cited earlier.  

Displacement and stress distributions depending 
on an inhomogeneity constant are compared with the solu-
tions of the finite element method (FEM) and are presented 
in the form of graphs. 

The radial displacement along the radius for the 
conditions of plane strain, and plane stress, is plotted in 
Figs. 4 and 5.  

There is a decrease in the value of the radial dis-
placement as β  increases. Besides, for similar values of 
β , the value of radial displacement is the highest for the 
plane stress condition and for the plane strain the lowest. 
Figs. 6 and 7 show the distribution radial and circumferen-
tial stresses in the radial direction. As β  increases, so does 
the magnitude of the radial stress. For 1>β , the circum-
ferential stress increases as the radius increases whereas 
for 1<β  the circumferential stress along the radius de-
creases. Given that 1=β , the circumferential stress re-
mains nearly constant along the radius.   
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Fig. 4 Distribution of radial displacement versus radius for 

plane strain 

 
Fig. 5 Distribution of radial displacement versus radius for 

plane stress 

 
Fig. 6 Distribution of radial stress versus radius 

 
Fig. 7 Distribution of circumferential stress versus radius 

5. Conclusions  
 

Assuming small strains, for thick shells of revolu-

tion, with arbitrary curvature, variable thickness, and of 
functionally graded materials, a set of partial differential 
equations in terms of displacement components was devel-
oped, which could be useful for analyzing the static and 
dynamic behavior. These consist of six stress-strain rela-
tions, six strain-displacement relations, and three equations 
of motion in terms of physical components. The equations 
are expressed in terms of coordinates tangent and normal 
to the shell middle surface. The relationships are combined 
to yield equations of motion in terms of orthogonal dis-
placement components taken in the meridional, normal and 
circumferential directions. For various thick shells of revo-
lution, approximate solutions could be obtained by using 
proper numerical methods. In addition, exact solutions of 
displacement equations of motion are possible for some 
shell configurations, such as constant thick-walled cylin-
drical and spherical shells. It is apparent that exact solu-
tions are highly significant in simplified versions of real 
engineering problems. 

Using the field equations derived in the present 
study, exact solutions for stresses in a functionally graded 
materials pressurized thick-walled hollow circular cylinder 
are obtained under generalized plane strain and plane stress 
assumptions, respectively. The material properties are as-
sumed to vary nonlinearly in the radial direction, and the 
Poisson’s ratio is assumed constant. Depending on an in-
homogeneity constant, the displacements and stress distri-
butions are compared with the solutions of the finite ele-
ment method and good agreement are found. To show the 
effect of inhomogeneity on the stress distributions, differ-
ent values of β  were considered. Results show that the 
inhomogeneous constant β  presented in the current study 
is a useful parameter from a design point of view in that it 
can be tailored to specific applications to control the stress 
distributions. Thus, by selecting a proper value of β , it is 
possible for engineers to design FGM pressurized thick 
hollow cylinder that can meet some special requirements. 
It is also possible to find an optimum value for the power 
law index β  such that the variation of stresses along the 
radial direction is minimized, yielding optimum use of 
material.  
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LAUKO LYGČIŲ TAIKYMAS APRAŠANT STORUS 
SUKINIO FORMOS KEVALUS, PAGAMINTUS IŠ 
FUNKCIŠKAI PAGERINTŲ MEDŽIAGŲ KREIVINĖJE 
KOORDINAČIŲ SISTEMOJE 

R e z i u m ė 

Naudojantis tenzorių analizės duomenimis, buvo 
sukurtas pilnas ir nuoseklus 3D lauko lygčių komplektas, 
skirtas apibūdinti meridiano kryptimi kintančiu didelio 
storio ir sutartinio kreivio sukinio formos FGM kevalams. 
Analizuojant FGM sudedamųjų dalių poslinkius, sudaryta 
judesio diferencialinių lygčių sistema. Kreivinėje koordi-
načių sistemoje sudaryta dalinių išvestinių diferencialinių 
lygčių sistema, skirta poslinkiams trimis kryptimis įvertin-
ti. Išvestos lygtys gali būti panaudotos nustatant įtempius 
bei analizuojant storų sukinio pavidalo kevalų virpesius. 

Turint omenyje, kad medžiagos savybės radialine 
kryptimi kinta netiesiškai, o Puasono koeficientas yra pas-
tovus buvo nustatyti tikslūs FGM hermetiško tuščiavidurio 
apskritiminio cilindro įtempimai bei poslinkiai apibendrin-
toje numanomoje įtempimų ir deformacijų plokštumoje. 

Nustatytieji nuo nehomogeniškumo konstantos 
priklausomi poslinkiai ir įtempių pasiskirstymas palyginti 
su sprendiniais, gautais naudojant baigtinių elementus me-
todą, pateikiami grafikų pavidalu. Rezultatai, gauti naudo-
jant abu metodus, gerai sutampa. 

M. Zamani Nejad, G. H. Rahimi, M. Ghannad 

SET OF FIELD EQUATION FOR THICK SHELL OF 
REVOLUTION MADE OF FUNCTIONALLY GRADED 
MATERIALS IN CURVILINEAR COORDINATE 
SYSTEM 

S u m m a r y 

A complete and consistent 3-D set of field equa-
tions has been developed by tensor analysis to characterize 
the behavior of FGM thick shells of revolution with arbi-
trary curvature and variable thickness along the meridional 
direction. A sixth order set of differential equations of mo-
tion in terms of displacement components were also devel-
oped for functionally graded materials. Developed with 
respect to the curvilinear coordinate system are a set of 
partial differential equations for the three displacement 
components. The equations derived could be used to de-
termine stresses and/or to analyze the vibrations in thick 
shells of revolution. 

Assuming that material properties vary nonline-
arly in the radial direction, and the Poisson’s ratio is con-
stant, exact solutions for stresses and displacement in a 
functionally graded (FGM) pressurized thick-walled hol-
low circular cylinder are obtained under generalized plane 
strain and plane stress assumptions, respectively.  
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Displacement and stress distributions depending 
on an inhomogeneity constant are compared with the solu-
tions of the finite element method and are presented in the 
form of graphs.  The exact solutions and the solutions car-
ried out through the finite element method show good 
agreement. 

M. Zamani Nejad, G. H. Rahimi, M. Ghannad 

НАБОР ПОЛЕВЫХ УРАВНЕНИЙ В 
КРИВОЛИНЕЙНОЙ СИСТЕМЕ КООРДИНАТ, 
ПРЕДНАЗНАЧЕННЫХ ДЛЯ ОПИСАНИЯ 
ПОВЕДЕНИЯ ТОЛСТОСТЕННЫХ ОБОЛОЧЕК 
КРУГОВОЙ ФОРМЫ, ИЗГОТОВЛЕННЫХ ИЗ 
ФУНКЦИОНАЛЬНО УЛУЧШЕННЫХ 
МАТЕРИАЛОВ 

Р е з ю м е 

Используя анализ тензоров был разработан 
полный и последовательный 3D набор полевых урав-
нений, предназначенный для определения характери-
стик толстостенных оболочек круговой формы, изго-
товленных из функционально улучшенных материалов 
с изменяющейся толщиной и условной кривизной в 
направлении меридиана. При анализе перемещений 

составных частей функционально улучшенного мате-
риала составлена система дифференциальных уровней 
движения. В системе криволинейных координат со-
ставлены дифференциальные уравнения с частичными 
производными предназначенные для оценки переме-
щений в трех разных направлениях.  

Полученные уравнения могут быть использо-
ваны при определении напряжений и вибрационном 
анализе толстостенных оболочек. Имея в виду, что 
свойства материала в радиальном направлении изме-
няются непрямолинейно, коэффициент Пуассона по-
стоянный, в обобщенной предвиденной плоскости на-
пряжений и деформаций точно определены напряже-
ния и перемещения для герметичного полого (пустоте-
лого) кругового цилиндра, изготовленного из функ-
ционально улученных материалов. 

Перемещения, распределение напряжений за-
висящих от негомогенной константы, сравнены с ре-
шением, полученным с помощью конечных элементов, 
и результаты представлены в графическом виде. Ре-
зультаты, полученные при использовании обоих мето-
дов, хорошо совпадают. 
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