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1. Introduction

Generally, shells are curved structures which ex-
hibit significant stiffness against forces and moments. Sci-
entists have paid an enormous amount of attention to
shells, resulting in numerous theories about their behavior.
Of different kinds of shells, due to their extensive use in
rocket and shuttle cones, conical shells have been of espe-
cially importance. Given the limitations of the classic theo-
ries of thick wall shells, very little attention has been paid
to the analytical solution of these shells.

Naghdi and Cooper [1], assuming the cross shear
effect, formulated the theory of shear deformation. Mirsky
and Hermann [2], derived the solution of thick cylindrical
shells of homogenous and isotropic materials, using the
first shear deformation theory. Greenspon [3], opted to
make a comparison between the findings regarding the
different solutions obtained for cylindrical shells. Making
use of Mirsky-Hermann theory and the finite difference
method (FDM), Ziv and Perl [4], obtained the vibration
response for semilong cylindrical shells. Using the shear
deformation theory and Frobenius series, Suzuki et. al. [5],
obtained the solution of free vibration of cylindrical shells
with variable thickness, and Takashaki et. al. [6], obtained
the same solution for conical shells. Applying a three-
dimensional (3D) method of analysis, the free vibration
frequencies and mode shapes of spherical shell segments
with variable thickness are determined [7]. A paper was
also published by Kang and Leissa [8] where equations of
motion and energy functionals were derived for 3D coor-
dinate system. The field equations are utilized to express
them in terms of displacement components . Assuming
that the material has a graded modulus of elasticity, while
the Poisson’s ratio is a constant, Tutuncu and Ozturk [9]
investigated the stress distribution in the axisymmetric
structures. They obtained the closed-form solutions for
stresses and displacements in functionally graded cylindri-
cal and spherical vessels under internal pressure. However,
it needs to be pointed out that in deriving and, thus, plot-
ting circumferential stress, Tutuncu & Ozturk made a mis-
take, which was pointed out by Shi et. al. [10] and Ghan-
nad et. al. [11]. Assuming that a heterogeneous system is
composed of the elements with different properties, in the
paper [12] the reactions of pipeline systems to shock im-
pact load and the possibilities of the simulation and evalua-
tion of dynamic processes are investigated. Another gen-
eral analysis of one-dimensional steady-state thermal
stresses in a hollow thick cylinder made of functionally
graded material (FGM) was obtained [13]. Eipakchi et. al.

[14], obtained the solution of the homogenous and iso-
tropic thick-walled cylindrical shells with variable thick-
ness, using the first-order shear deformation theory
(FSDT) and the perturbation theory. The stress state of
two-layer hollow bars in which they are exposed to axial
load is analyzed [15]. The layers are made of isotropic,
homogeneous, linearly elastic material, and they are con-
sidered as concentric cylinders. Assuming that the material
properties vary nonlinearly in the radial direction and the
Poisson’s ratio is constant, Zamani Nejad and Rahimi [16],
obtained closed form solutions for one-dimensional steady-
state thermal stresses in a rotating functionally graded
pressurized thick-walled hollow circular cylinder. A com-
plete and consistent 3D set of field equations has been de-
veloped by tensor analysis to characterize the behavior of
FGM thick shells of revolution with arbitrary curvature
and variable thickness along the meridional direction [17].
Zamani Nejad and Rahimi [18], obtained stresses in iso-
tropic rotating thick-walled cylindrical pressure vessels
made of functionally graded material as a function of radial
direction by using the theory of elasticity.

In the present study, the general solution of the
thick truncated conical shells will be presented, making use
of the FSDT. The governing equations, which are a system
of ordinary differential equations with variable coeffi-
cients, have been solved analytically using the matched
asymptotic method (MAM) of the perturbation theory.

2. Analysis

In the classical theory of shells, the assumption is
that the sections that are straight and perpendicular to the
mid-plane remain in the same position even after deforma-
tion. In the first-order shear deformation theory, the sec-
tions that are straight and perpendicular to the mid-plane
remain straight but not necessarily perpendicular after de-
formation and loading. In this case, shear strain and shear
stress are taken into consideration.

In Fig. 1, the location of a typical point m, (r),

within the shell element may be determined by R and z, as
r=R(x)+z (1)

where R represents the distance of middle surface from
the axial direction, and z is the distance of typical point
from the middle surface.

In Eq. (1), x and z must be within the following
ranges
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where h and L are the thickness and the length of the
cone.
R(X) and inner and outer radii (r;,,r,) of the cone

are as follows (Fig. 1)
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The general axisymmetric displacement field
(U,.U,), in the first-order Mirsky-Hermann's theory could

be expressed on the basis of axial displacement and radial
displacement, as follows

U =
x U(X)+¢(X)Z} @)

U, =w(X)+w(X)z

where U(X) and w(X) are the displacement components of
the middle surface. Also, ¢(X) and w(x) are the functions
used to determine the displacement field.
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Fig. 1 Geometry of the cone

The strain-displacement relations in the cylindri-
cal coordinates system are

oU, du d¢
=X =— "7

ox dx dx
gﬁ:%:%+RZz
. o, (%)
Z 2 4

ou, au, dw)  dy

= = = |+—Lz
Y =T T (¢+ dx) dx

In addition, the stresses on the basis of constitu-
tive equations for homogenous and isotropic materials are
as follows
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A
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where o, and & are the stresses and strains in the axial
(x), circumferential (6), and radial (z) directions. v and

E are Poisson’s ratio and modulus of elasticity, respec-
tively.
The normal forces (N,,N,,N,), shear force

(Q,), bending moments (M,,M,), and the torsional

moment (M, ) in terms of stress resultants are
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On the basis of the principle of virtual work, the
variations of strain energy are equal to the variations of the
external work as follows

oU =W (11)

where U is the total strain energy of the elastic body and
W s the total external work due to internal pressure. The
strain energy is

U =[ju™dVv , dV = rdrd@dx = (R + z)dzd fdx
v (12)
u * :E(Gxgx +0yéy +0,¢, +Tx27/xz)
and the external work is
W =[j(fu)ds, ds= ridﬁdx:[R—njdex
2 (13)

fu=PU_ +PU,



where P, and P, are components of internal pressure P

along axial and radial directions, respectively.
The variation of the strain energy is
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Substituting Eqs. (5) and (6) into Egs. (15) and
(17), and drawing upon calculus of variation and the vir-
tual work principle, we will have
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And the boundary conditions are
[R(N,8u+M,8+QoW+M, )] = (19)

Eq. (19) states the boundary conditions which
must exist at the two ends of the cone.

In order to solve the set of differential Egs. (18),
forces and moments need to be expressed in terms of the
components of displacement field, using Egs. (5) to (10).

In Egs. (18), it is apparent that u does not exist,
but du/dx does. In the set of Egs. (5), du/dx is needed to

calculate displacements. Taking du/dx as Vv, and integrat-
ing the first equations in the set of Egs. (18)

—J' P, (R—gjdxmo

Thus, set of differential Egs. (18) could be de-
rived as follows

(20)
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The set of Egs.(21) is a set of linear non-
homogenous equations with variable coefficients. The gen-
eral method for solving these equations is the Frobenius
method, which requires approximating displacements in
terms of power series which are functions of X, substitut-
ing in the respective equations and applying boundary
conditions in order to calculate the constants.

It is usually the case that the convergence of these
series involves numerous terms. For instance, in paper [5],
50 terms and in paper [6], 100 terms are considered. In the
present paper, MAM of the perturbation theory has been
used to solve these equations.

3. Analytical solution for homogeneous truncated
conical shell

We assume that Young’s modulus and the Pois-
son’s ratio are constant.

In order to calculate the matrices [A lx4 in the set

of Eq. (21), the stress resultants, obtained in terms of dis-
placement field, are substituted in Egs. (7) to (10), and

integrated.
Thus, forces and moments are obtained as follows
2
N, = AEh| (1— u)(d” h d¢j
dx 12R dx
+{ﬂ+j}
R 4
_th{ Lzvjaw
dx h
(22)
+(1_(1—0)Ra)4
h
2
N, = AEh (d“ h df”]
dx 12R dx
w
+o—+(1-
e ( U)l//}
h’ du d¢j
M, = 1- 2
x 124( )( +2vy
h3
M _/IE—{—(I v)(h—Ra)(W—Ry )+
+Ud_¢} (23)
dx
k 1=20) [ dw h? dz//}
———=]Eh 7 24
Q= 2 i dx 12R dx @4
M, =Kk =20 g [¢+d—W+Rd—W} (25)
2 12R dx dx



where K is the shear correction factor that is embedded in
the shear stress term. It is assumed that in the static state,
for conical shells K =5/6 [19]. The parameters x and «

are as follows
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The coefficients matrices [A] 4 » and force vec-

tor {F} are obtained by substituting Egs. (22) to (25) into
Egs. (18)
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Given that the set of differential equations (21) do
not have exact solutions, for the purpose of solving, MAM
of the perturbation theory has been used, in which the con-
vergence of solution is fast.

Solving the equations with variable coefficients
gives rise to solving a system of algebraic equations and
two systems of differential equations with constant coeffi-
cients. These systems of equations have the closed forms
solutions. To accomplish this, making use of the character-
istic scales, the governing equations are made dimen-
sionless
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Substituting dimensionless parameters the set of
Egs. (21) is
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The coefficients matrices [A*J , and force vec-
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tor {F*} are obtained as follows
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The set of Egs. (33) is singular. Therefore, its so-
lution must be considered in the area of boundary layer
problems. For the purpose of solving, MAM of the pertur-
bation theory has been used. As boundary conditions are
clamped-clamped, one lies in X" =0 and the other in

X" =1. So, the solution of the problem contains an outer
solution away from the boundaries and two inner solutions

near the two boundaries X" =0 and x =1 [20].
4. Results and discussion

The analytical solution described in the preceding
section for a homogeneous and isotropic truncated conical
shell with a=40 mm, b=30 mm, h=20 mm and
L =400 mm will be considered. The Young's Modulus
and Poisson’s ratio, respectively, have values of
E =200 GPa and v =0.3. The applied internal pressure is
80 MPa. The truncated cone has clamped-clamped bound-
ary conditions.

Fig. 2 shows the distribution of axial displace-
ment at different layers. At points away from the bounda-

ries, axial displacement does not show significant differ-
ences in different layers, while at points near the bounda-
ries, the reverse holds true. The distribution of radial dis-
placement at different layers is plotted in Fig. 3. The radial
displacement at points away from the boundaries depends
on radius and length. According to Figs. 2 and 3, the
change in axial and radial displacements in the lower
boundary is greater than that of the upper boundary and the
greatest axial and radial displacement occurs in the internal
surface (z=-h/2). Distribution of circumferential stress

in different layers is shown in Fig. 4. The circumferential
stress at all points depends on radius and length. The
circumferential stress at layers close to the external surface
is negative, and at other layers positive. The greatest
circumferential stress occurs in the internal sur-
face(z=-h/2).
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Fig. 2 Axial displacement distribution in different layers
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Fig. 3 Radial displacement distribution in different layers
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Fig. 4 Circumferential stress distribution in different layers

Fig. 5 shows the distribution of shear stress at dif-
ferent layers. The shear stress at points away from the
boundaries at different layers is the same and trivial. How-
ever, at points near the boundaries, the stress is significant,
especially in the internal surface, which is the greatest.

In Figs. 6-9, the effects of the changes in tapering



angles with different values of a on axial displacement,
radial displacement, circumferential stress, and shear stress
will be considered.
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Fig. 5 Shear stress distribution in different layers

The distribution of axial displacement in the inner
surface of the cone is shown in Fig. 6. The greater the ta-
pering angle, the greater the displacement, which is sig-
nificant. In cones with small tapering angles, the greatest
axial displacement occurs in the lower boundary. The lar-
ger the tapering angles, the greater the axial displacement
in the lower boundary and in the middle surface of the
cone. The changes in the middle surface are the greatest.
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Fig. 6 Axial displacement distribution along inner surface
with different tapering angles
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Fig. 7 Radial displacement distribution along inner surface
with different tapering angles

The distribution of radial displacement in the in-
ner surface of the cone is shown in Fig. 7. The greater the
tapering angle, the greater the radial displacement. The
greatest radial displacement occurs in the lower boundary.
In cones with small tapering angles, the greatest axial dis-
placement occurs in the lower boundary. The larger the
tapering angles, the greater the axial displacement in the
lower boundary and in the middle surface of the cone. The

changes in the middle surface are the greatest. In a like
manner, the distribution of the circumferential stress in the
inner surface is illustrated in Fig. 8. As this figure suggests,
the greater the tapering angle, the greater the circumferen-
tial stress. The distribution of shear stress is shown in
Fig. 9. According to this figure, the shear stress at points
away from the boundaries is insignificant, and at boundary
layers the changes in tapering angles do not have a signifi-
cant bearing on the shear stress.
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Fig. 8 Circumferential stress distribution along inner sur-
face with different tapering angles
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Fig. 9 Shear stress distribution along inner surface with
different tapering angles

5. Conclusions

In this study, the analytical solution of a thick
homogenous and isotropic conical shell is presented, mak-
ing use of the FSDT. In line with the energy principle and
the FSDT, the equilibrium equations have been derived.
Using the MAM of the perturbation theory, the system of
differential equations which are ordinary and have variable
coefficients has been solved analytically. The axial dis-
placement in thick conical shells at points away from the
boundaries depends more on the length rather than the ra-
dius, whereas at boundaries, this depends on both length
and radius. The radial displacement at all points in a coni-
cal shell depends on the radius and the length. The circum-
ferential stress at different layers depends on the radius and
the length. These changes are relatively great. The greatest
values of stress and displacement belong to the inner sur-
face. The shear stress at points away from the boundaries is
insignificant, and at boundary layers it is the opposite. The
axial displacement, radial displacement, and circumferen-
tial stress are heavily dependent on tapering angles and any
change in the tapering angle brings about a change in them.
However, the shear stress does not undergo similar



changes with changes in tapering angles.
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TAMPRIU STORU ASIMETRINIU NUPJAUTOS
KUGINES FORMOS KEVALINIYU STRUKTURU
ANALIZE TAIKANT PIRMOS EILES SLYTIES
DEFORMACIJOS TEORIJA

Reziumé

Siame straipsnyje, remiantis pirmos eilés Slyties
deformacijos teorija (FSDT) bei virtualaus darbo principu,
sudarytos diferencialinés lygtys, iSreiSkiancios asimetrinius
nupjautus kiiginés formos storus kevalus. Matematinis
modelis iSreiskiamas jprasta diferencialiniy lyg€iy su kin-
tamaisiais koeficientais sistema. Taikant suzadinimo (per-
turbacijos) teorijos suderintaji asimpto¢iy metoda (MAM),
Sios lygtys gali biiti transformuojamos i algebriniy lygéiy
sistema ir dvi diferencialiniy lygéiy sistemas su pastoviais
koeficientais. Sudaryta nauja lyg¢iy sistema turi glaustos
formos sprendinj. Ji tinkama esant skirtingam kevalo k-
giskumui, poslinkiams ir jtempiams spinduline ir iSilgine

kryptimi.

M. Ghannad, M. Zamani Nejad, G. H. Rahimi

ELASTIC SOLUTION OF AXISYMMETRIC THICK
TRUNCATED CONICAL SHELLS BASED ON FIRST-
ORDER SHEAR DEFORMATION THEORY

Summary

In this paper, based on first-order shear deforma-
tion theory (FSDT), and the virtual work principle, the
differential equations governing axisymmetric thick trun-
cated conical shells have been derived. The governing
equations are a system of ordinary differential equations
with variable coefficients. Using the matched asymptotic
method (MAM) of the perturbation theory, these equations
could be converted into a system of algebraic equations
and two systems of differential equations with constant
coefficients. The derived systems of equations have closed
form solutions. For different conical angles, displacements
and stresses along the radius and length have been plotted.
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YIIPYT'OE PEHIEHUE ACUMMETPHUYHbBIX
YCEYEHHBIX TOJICTBIX OBOJIOUEK
KOHUYECKO ®OPMbI IIPUMEHSIS1 TEOPUIO
CABUTI'A TIEPBOI'O ITOPAJIKA

PezomMme

B crarbe, OCHOBBIBasICh Ha TEOPHIO CIBHra Iep-
Boro nopsiaka (FSDT) m nmpuHumn BupTyanbHOH paboThI
cocTaBlieHbl Au(QepeHINaNbHbIe ypaBHEHUs, OIHCHI-
BAIOIIME ACHMMETPHUYHBIC YCCUCHHBIC TOJICTHIE OOOIOYKH
KOHMYecKol (opMmbl. MaremMaTnueckasi MOJEIb COCTaBIIC-

Ha TIpH TOMOIIM cUCTeMbl Au(p(epeHINATbHBIX ypaBHE-
HUHl ¢ mepeMeHHBIMH Kod(dduimentamu. Vcmoms3ys co-
IJIACOBAaHHBIN acuMnToTHUeCKui MeTon (MAM) u3 Teopun
BO30yxmeHuss  (meprypOarmu), CHCTEMa  ypaBHCHHI
TpaHcopMHUpOBaHa B cUCTeMy anreOpanueckux u nudde-
PEHIMATBHBIX YPaBHEHHH C MEPEMEHHBIMH KOd(pPHIIHEH-
tamu. HoBast cucrema ypaBHEHHH cxaTtoil (POPMBI MOJXO0-
JIT JUTS 000JIOYEK Pa3HOW KOHYCHOCTH, ISl ONIPEETICHUS
C/IBUTOB, TIEPEMEIICHUI M HANpPsDKEHHH, BO3HUKAIOINX B
panuaIbHOM M OCEBOM HAIIPABICHUSX.
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