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1. Introduction

The shrinkage strains developing in concrete with
time before loading is one of factor which can affect the
cracking resistance of RC members under the of short- or
sustained flexure. Depending on environmental conditions
the early age concrete shrinkage can produce a significant
tensile stress in concrete and compressive stress in rein-
forcement bars.

The shrinkage stresses are caused by the restrained
effect produced by reinforcement bars in order to maintain
compatibility of concrete and bar strains along with the self-
balanced equilibrium conditions. Due to this, the shrinkage-
induced stresses are undergone with tensile creep strains. In
this case, the tensile creep causes the rate-dependent evolu-
tion of stresses, requiring the solution of Volterra integro-
differential equation of second kind [1]. So, in calculation
of the cracking moment of the cross-section the shrinkage
induced stresses should be accounted for. As it has been re-
cently demonstrated by Bischoff and Scanlon [2, 3], the
evaluation of reduction in the moment of cracking due to
restrained shrinkage evolved prior loading extremely im-
proves the theoretical prediction of deflections for the GFRP
RC cracked cross-sections.

As a rule, the shrinkage along with creep strains is
taken into account for the long-term analysis of the cross-
section. Actually, this is a rare case for the short-term defor-
mational analysis of the elements. It is obvious that evolu-
tion of retrained shrinkage is dependent on the bond proper-
ties between the surrounding concrete and reinforcement
bars. In fact, for the perfect bond properties developed at
early age before loading, the transfer of tensile load (caused
by the restrained shrinkage) to the surrounding concrete
highly increases. This is the case to account for the time-
evolution of bond stresses along with the restrained shrink-
age for the improved prediction of cracking resistance of RC
Ccross-sections.

In practice, the restrained shrinkage evolution can
be reduced using special types of mixes allowing for dimin-
ishing amount of cement paste. It significantly affects the
shrinkage strain evolution in time, but some initial tensile
stress in concrete remains anyway.

For the symmetrically reinforced members, the re-
trained shrinkage induced tensile stress in concrete is not
complicated task, when the tensile creep induced stress rate
evolution in time is neglected. However, the effect is this
rate significantly affects the time-dependent stress-strain
state of the member. More difficult predictive calculations

are provided for the unsymmetrically reinforced members,
when the restrained shrinkage strains should be accounted
for both cross-section edges requiring the development of
the set of recurrent algebraic equations that allows avoiding
solution Volterra equations using relaxation functions.

In the present work, the numerical and analytical
models for predicting the cracking resistance parameters are
developed on the basis of the above mentioned peculiarities.

2. A numerical model

Let us consider a doubly reinforced, uncracked and
statically determinate element of arbitrary cross-section
with a vertical axis of symmetry. Let a reference level of this
axis be selected at the top fibre of the cross-section and
pointed downward. So, the vertical coordinate y remains
positive over the entire height of the cross-section. Suppose
there are no loads imposed, but the element is undergone a
shortening, i.e., the stress-strain state is resulted from the ac-
tion of displacement induced by a free shrinkage strain uni-
formly distributed over the cross-section.

Moreover, assume that the stress in compression,
causing the shortening of the element, be positive. Thereby,
the free-shrinkage strain is positive provided. Meanwhile,
the negative values of stresses and strains are attributed to
tension. Due to bond between the embedded bars and sur-
rounding concrete, the bars restrict the element shortening
and transfer a portion of tensile stress to the surrounding
concrete. Since the properties of concrete are age-depend-
ent, the transferred stress varies with time, but in a different
manner that the shrinkage strain evolves with time [4]. For
the case of non-symmetrically reinforced concrete element,
the restrained shrinkage causes a time-dependent bending of
the member with the gradual evolution of the curvature in
time. For symmetrical arrangement of the bars, there is no
bending of the element.

Suppose a linear distribution for the stress and
strain at any point y below the top fibre of the cross-section
at time t, then,

o(y.t)= o (t)+%

[afm (t)—o* (t)} , €))]
and, similarly,
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! (t.t,), e (t.t,) are the

stresses and strains in the top and bottom fibres of the cross-
section at time t, to is the age of loading, i.e., time of initia-
tion of autogenous shrinkage strain, h is the height of the
cross-section.

The self-balanced equilibrium conditions at time t
can be written in this way:

where: o (t), 0.
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where: o (t)=E,e(h-at), o, (t)=E.(a,t) are the
stress of reinforcements coming from the conditions of com-
patibility &, (t)=s(h—-a,t), &, (t)=¢(a,,t) and Hooke’s
law, A, and A, are the reinforcement, located near the bot-
tom and top fibres of the cross-section, respectively, areas,
a and a; are the distances from the bottom and top fibres of
the cross-section to the center of reinforcement As and A,
respectively, Es is the modulus of elasticity of the reinforce-
ment bars, A is the area of concrete cross-section.

Following the principle of superposition [5, 6], the
total strain of concrete at time t is composed of the elastic,
tensile creep and free shrinkage strains and is expressed as
follows:

g (tt) =0, (t) I (tt)+ [ I (te)do, (7)+

+gshr (t’ ts )'

(4)

1
E.(7)

resulted from a unit stress of concrete, E () is the modulus

where: J(t,7)=

+C(t,z) Is the creep compliance

of elasticity and specific creep of concrete at age 7, ts=1to
is the time, at which the autogenous shrinkage strain starts
developing.

Elimination of the integrals in the relationship (4)
results in the following formulae:
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gc(t,to)_20—8+a§(t,to)c*(t,to)+gshr(t,ts), (5)
where:
. 1 1
C (t'to): Ec (to)_ Ec (t)+c(t’t0)' (6)

is the pure specific creep function, involving the partly re-
covered instantaneous strain, and

o, (t,to)=_C*(t,t0)*1j~gc(r)%\] (to)dr ()

is an average stress of concrete in a sense to fulfill Volterra’s
integral term in [t, to].

Thus, from equation (5), it can be find the stress at
the top and the bottom fibres at time t as follows:
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Application of the above formulae to solve explic-
itly the set of equations (3) is impossible due to required in-
tegration of age-varying creep and instantaneous-elastic
strain functions. In this case, the theoretically exact solution
can only be given numerically, when the recurrent algebraic
equations are substituted for the integral equations. To this
end, let us use a discretized time scale (i, ti, ..., ti1,
ti, ..., tn) and consider all the stress increments in the previ-
ous intervals to get the acting stress at time of consideration
t» (where n is the number of the final time being considered).
Then, an average stress of concrete in a sense to fulfill
Volterra’s integral term in [ty, tg] can be written:

i=n-1
o () [ I (4 t) = I (44 [+ o (t,.4,,)C (4 8, )
Pt t) == - : 10
O-€ (” 0) C (tn,to) ( )
i=n-1
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Here, an average value of the stress, o, (t,.t,) (for

n=1,2,...,n=n) fulfilling Volterra’s integral term within
the entire time interval t,-to is linked to that stress in the dis-
crete time interval [tis, ti] by its middle value, such that

o, (t.t ) =0, (t)/2+0,(t_)/2, since ti-ti—0 is being
supposed.
Finally,

o (t,.t,) for o

top

o’ (t,.1)
(t.,t,) inEq. (8) and (9)

substituting and

by

(t.t,) and o2

and inserting the obtained formulae into the system (3), (for
n=1,2,...,n=n), we operate with a recurrent set of linear
algebraic equations with respect to unknown strains

Pty ty), & (t,.t,) overallto, ta, ..., tig, ti, ..., t, in to-

SC

to. Solution of these equations now is a simple task along
with a single-integration over the coordinate y. It was con-
veniently performed adopting matrix calculus. For the pro-
longed time of consideration required, if the time step is held
constant, the solution is hardly applicable due to wasting a
lot of CPU time and computer memory. Hence, to avoid



these difficulties and achieving a desirable computational
performance, the numerical analysis was carried out by us-
ing an increasing time step, At, =Y10At, , .

When the stress functions are resolved, the coeffi-

cient of aging, induced by the restrained shrinkage, was
simply calculated numerically by the following expression:

[ o, (t,.t,)k(t, i
BoE
()= , (12)
k) o) |
T b)) |
C (tyty) . .
where: k(t,)= m is the factor accounting for the

influence of partially recoverable instantaneous strain on
the coefficient of ageing.

3. Results

Let us analyze the evolution of stress-strain state
with time of a singly reinforced concrete element due to

-4

%10

3.073

2.569

1.781

c)

13

shrinkage. Two cross-sections having the same dimensions
of h=0.6 m and b =0.3 m, but of different reinforcement
areas, namely, As=18.60-10* m? and As=37.20-10* m?,
located at a = 0.050 m from its centre to the bottom of the
beam, are considered. The creep and shrinkage properties
have been calculated by formulae given in the code EC-2
(EN 1992-1-1 2004) [7]. The elasticity modulus at the age
of loading was also defined using code EC-2 relationship,

E. (t,) =B (t,)E. (28) — (where Young modulus
E.(28)=2.15-10*3/f, /10, for f =f, +8; f, isthe
characteristic value of the compressive strength of the cyl-
inders). The factor g, (t) evaluates the age of the concrete
(EN 1992-1-1 2004). To fulfil the theory of creep, the val-
ues of ¢(t,t;), determined by code (EN 1992-1-1 2004),
should be additionally multiplied by factor g, (t) due to

code-based methodological peculiarities (see remarks in
[8]). A rapid hardening cement type, effective thickness of
the element equal ho = 200 mm and relative humidity RH of
60 % have been also selected.
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Fig. 1 Evolution of concrete creep and shrinkage strains with time: a) shrinkage strain for compressive strength class of
concrete C12/15, b) the same for C50/60; c) creep coefficient for C12/15, d) the same for C50/60

In Fig. 1, the evolution of creep coefficients and
free shrinkage strains are demonstrated for the strength clas-
ses of concrete of C12/15 and C50/60. The free shrinkage
initiation time is assumed to be at t;=2, 28, 90 and 720 days.
The time equals t;=2 can be assumed to model a start of
shrinkage strain in the naturally hardening concrete. The in-
itiation of shrinkage strains at 28, 90 and 720 can be treated

to model the shrinkage in the sealed reinforced concrete
specimens. It means that shrinkage starts developing only
after removing the sealing.

In Fig. 2, two cases of analysis are presented. In
particular, the time-invariant and the time-variable cases of

elasticity modulus, for E_(t) = E_(t,) are adopted. These
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cases are selected since the evaluation of partially recovera-
ble instantaneous strains with time mathematically compli-

The graphs of concrete strain (Fig. 2, a), predicted

at the top and bottom fibre indicate that due to shortening
the reinforced concrete cross-section is fully compressed.

cate solution of Volterra’s integral.
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Fig. 2 Stress, strain and strength evolution with time for the cross-section with the reinforcement ratio of 1=1.1%: a, c, €)

for strength class C12/15; b, d, f) for C50/60



It can be seen that strain in the top fibre are greater than the
concrete strain in the bottom fibre, since at the top fibre of
the cross-section there is no reinforcement bars. In this case,
at the bottom fibre, presences of reinforcement confine the
evolution of free shrinkage strain producing the reduction in
the concrete strain in the bottom fibre of the cross-section.
Both compressive strain yields neutral axis location beyond
outside the cross-section. However, due to self-balancing
equilibrium conditions the stress acting in concrete are of
different signs. In particular, the tensile stress of concrete is
produced in the bottom fibre due to the restrained effect re-
sulted from the reinforcement bars (Fig. 2, b). Meanwhile,
the compressive stress evolves with time in the top fibre of
the cross-section.

As can be seen, the tensile stress gradually evolves
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with time in accord with development of the shrinkage strain
in time. The evolution of tensile stress with time can cause
the early age cracking, when this stress reaches the value of
tensile strength f(t). As can be seen in Fig. 2, c, the first
cracks occur starting from 200 days after concreting for con-
crete with compressive strength class of C12/15. In this
case, when the element will be loaded at the age above 200
days, the element will be initially cracked due restrained
shrinkage. For high-strength concrete, possessing C50/60
(Fig. 2, d), the cracking resistance is fully satisfied along in-
finitely long period when the shrinkage strain evolves in
time. The effect of tensile strength reduction due to the
shrinkage-induced tensile stress in the bottom fibre of the
cross-section is demonstrated in Fig. 2, e.

-4
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Fig. 3 Evolution of the restrained shrinkage induced curvatures for the cross-section with the reinforcement ratio of 1=1.1 %:

a) for strength class C12/15; b) for C50/60

A time-dependent evolution of element curvature,
for the cases of time-invariant and time-variable modulus of
elasticity is presented in Fig. 3. As can be seen in these
graphs, the gradual increase in the instantaneous strain with
time is very important for proper evaluation of the shrink-
age-induced curvature of the element, especially, when the
hydration process start to evolve naturally at early age of
concrete hardening. Since the increase in the values of mod-
ulus of elasticity of concrete with time produces the partially
recoverable instantaneous strains, the increase in the ele-
ment curvature values can reach up to 15 % from those ob-
tained by neglecting the time-evolution modulus of elastic-
ity. This difference is higher for the higher class of concrete.
It is clear that there is no difference in curvature values for
both cases for old concrete (e.g., when the concrete speci-
men is sealed by about 100 days and next is exposed to the
natural environmental conditions).

In Fig. 4, b and 4, c, it is demonstrated that the
cracking resistance can be assessed by introducing the di-
mensionless factor which subtracts the tensile stress at the
bottom fibre of the cross-section from the tensile strength of
concrete with dividing by the tensile strength of concrete.
When the tensile stress value becomes equal to the tensile
strength the first cracks are appeared. So, by accounting for
the effect produced by restrained shrinkage, developing in a
period prior the element loading, the values of cracking mo-
ment of the cross-section can be corrected by multiplying
the tensile strength by this factor.

The effect of reinforcement to time-dependent evo-
lution of strain-strain state is demonstrated by selecting by
the increased amount of reinforcement up to ©=2.3% (cf.,

Fig. 4). The obtained results (cf., Fig. 2, a, b and Fig. 4, a,
b) show that the strain values at the top fibre of the cross-
section are higher up to 7% and lower at the bottom fibres
up to 33% for the case of u=2.3%. The increase of reinforce-
ment ratio values from x=1.1% up to u=2.3%, for the ele-
ments made of concrete class grade C20/25 concrete reduce
the time of initiation of first crack from 200 till 100 days.
Meanwhile, for the elements with C50/60, the cracks will
not appear during the final time considered (t—oo days),
when ux=1.1%. For elements with reinforcement ratio
1=2.3% the cracks can appear after 300-400 days. Thereby,
due to restrained shrinkage the cracking resistance of the el-
ement is highly diminishes with increase in the amount of
reinforcement.

A shrinkage-induced evolution of the coefficient of
aging is demonstrated in Fig. 5. It is important to note; that
coefficient of ageing is strongly dependent on intense evo-
lution of stress. It can be observed the significant drop of

values y(t,t,) upto 0.35-0.5 occurs at first 28-30 days after

starting of natural hardening of unsealed reinforced concrete
specimens. The evolution of partially irrecoverable instan-
taneous strains plays a significant rule in the diminishment

of x(t.t,) values. The shrinkage-induced values of the co-

efficient of ageing are very important for explicit prediction
of stress and calculation of cracking resistance in short-term
analyses [3].

The descending branches of the ageing coefficient
are governed by the material ageing, while, for old concrete,

the ageing is minimal and y(t,t,), during a short period



16

x10™ N
9r icm=20.00 MPa, RH= 60.0 %, 0.0008335
0.0008136
h0=20{].0 mm, =23 % D0.0008105
8 —0.0008073
0.0008025
L op 0.0008014
TH—eMEWD 0.0007864
F.t_(m'. E (t)=E (t )=const 0.0007862
gL TR
- —UE (1)
g |5
ng 5t _-.rc‘); E (t)=E (t J=const
& 47
2w
v 0.0002410
3r 0.0002407
0002059
2+ 0002031
0001920
£.0001845
1F 0.0001772
0.0001309
10° 10°
2 £ =20.00 MPa, RH= 60.0 %, 1776
cm —1.774
h,=200.0 mm, =23 % ssa
1+ , 1.569
1.508
1.467
| 1428
0 1.174
s
£t
S
k>
BB
&
— " E (1) i —-2.740
-3 L,, ¢ 3331
a :Ec(t]:E:(t\):const - 3.423
bt | NS 3.519
—a B 3.661
Ar —-0™LE (t)=E (t )=const 3.696
c © c''s 4.140
—£, 4.144
5 ; ‘ — . ‘ ‘
10 10" 10 10 10" 10°
Gt
s
c)
1 -
0.5}
=3
o
< of
e
s
= o
3]
x*
S -05f
]
b
—E(1)
- Ec(t)=Ec(t\]:c0nsl
s ¥ > S o s
10 10 107 10 10 10

€)

4
72107 £ =58.00 MPa, RH=60.0 %,
0.0006294
h0=200.0 mm, ,!1223 % ~ 0.0006131
ol —0.0006096
—0.0006072
0.0006038
&P E (1) 0.0006029
i 00005939
—e P E (t=E (t )=const 0.0005938
£ ||—<mEo ‘
E |tk (t=E (t )=const
W ¢ e oS
= 0.0003033
o

0.0003031
====0.0002821
0.0002801
0.0002721
0.0002666
0.0002583
0.0002203

10
3 -
f =58.00 MPa, RH= 60.0 %, 2.031
om 2.029
sb h=200.0 mm, p=2.3 % Tols
— 1904
1.860
1 1.830
1.785
1.577
€ 0r —a " E (1)
Ebu — rr:)“: Ec(l):Ec(th}%onst
s —a"E ()
£
g o - Urm; Ec{l)=Et(li}=c0nst
72t s
_—fa(t)
-3.680
L -4.164
-3 -4.270
= -4.340
- -4.463
Are = -4.467
-4.735
5 . — , ] 4,738,
10° 10 10° 10° 10° 10°
e
d)
f_=58.00 MPa, RH=60.0 %, h =200.0 mm, y=2.3 %
l r
0.8
0.6F
—~
:H
“\_U
= 0471
S’
z
= v
5
£ 02
&
s
0 N W S
W e
—E(t)
i hc(l):hc(ts)=c0nst
-0.4 L 1 = ! L )
10° 10! 10 10° 10* 10
t, t
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tends to 1. In addition, x(t.t,), for t >t; +360, tend to re-

main constant. The values of y(t,t,) are also important in

prestressed concrete structures in calculation of the losses of
prestress due to shrinkage.

4. Concluding remarks

The time-dependent evolution of stress-strain state
induced by the restrained shrinkage developing during con-
crete hardening can significantly reduce the cracking re-
sistance of reinforced concrete element. The theoretical as-
sessment of this phenomenon is quite complicated, since the
stress-strain history should be traced from the inverse anal-
ysis of Voltera’s integral therm. To this end, the numerical
model has been proposed, while the obtained results are
adopted in predicting the reduction of the cracking moment

of the cross-section and time at which the first crack can ap-
pear due restrained shrinkage strain.

On the basis of the obtained results can be also
stated that the neglect of partially recoverable instantaneous
strains by holding the elastic modulus of concrete as the
time-invariant variable can yield significant errors, espe-
cially in prediction of the values of the early-age curvatures
of the element.

For the exact analytical prediction of the time-de-
pendent stress-strain state induced by the restrained shrink-
age, the key parameter is the coefficient of aging which
strongly depends on the time-evolution of tensile stress of
concrete and modulus of elasticity. The values of this coef-
ficient obtained in the current analysis are suitable for the
proper evaluation of the reduction of cracking resistance of
the cross-section induced by restrained shrinkage evolving
during concrete hardening process.
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SHRINKAGE EFFECT ON CRACKING RESISTANCE
OF FLEXURAL REINFORCED CONCRETE
MEMBERS

Summary

A time-dependent stress-strain state of reinforced
concrete elements induced by gradually developing shrink-
age of concrete is analysed. Depending on environmental
conditions the early age concrete shrinkage can produce a
significant tensile stress in concrete that reduces the crack-
ing resistance of the cross-section. To analyse this phenom-
enon a numerical model is proposed. For the exact analytical
prediction of the time-dependent stress-strain state induced
by the restrained shrinkage, the key parameter is the coeffi-
cient of aging which is strongly dependent on the time-evo-
lution of tensile stress of concrete and modulus of elasticity.
The values of this coefficient obtained in the current analy-
sis are suitable for the proper evaluation of the reduction of
cracking resistance of the cross-section induced by re-
strained shrinkage evolving during concrete hardening pro-
cess in a period prior to element loading.

Keywords: reinforced concrete, concrete creep, ageing co-
efficient, time-dependent stress strain state, uncracked
Cross-sections.
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