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1. Introduction 

Kinetic energy harvesting devices allows to reuse 

wasted mechanical energy and transform it to electrical en-

ergy. Every moving object has kinetic energy and as for ex-

ample, vibrations of refrigerator, personal computer, milling 

machine and etc., can be harvested using energy harvesting 

technologies [1]. Kinetic energy harvesters ensure oppor-

tunity to develop lifetime power supply for numerous low 

power electronic devices [2]. 

Kinetic energy can be harvested by electromag-

netic, electrostatic, triboelectric and piezoelectric transduc-

ers. Electromagnetic, electrostatic and triboelectric trans-

ducers have low power density and complex constructions. 

Moreover, operation principle of the electrostatic transduc-

ers is based on using external power source [3, 4]. These 

disadvantages of the electromagnetic, electrostatic and tri-

boelectric transducers lead to complicated their implemen-

tation for practical applications. On the other hand, kinetic 

energy harvesters based on piezoelectric materials are more 

promising due to high power density, simple construction, 

low cost and etc. [5].  

Design of piezoelectric energy harvesting devices 

usually are based on multilayer cantilevers with one or two 

piezoceramic layers. Efficiency of such system depends on 

strain distribution created at the piezo ceramic layers [6]. A 

lot of reports are made on investigation of different design 

of cantilevers with the goal to increase strain value and to 

make strain distribution more even in the piezo ceramic 

layer. Muthalif and Nordin [7] announced the experimental 

and analytical investigations of the piezoelectric cantilevers 

with different shapes. Authors analysed efficiency of the 

proposed designs. Investigation was performed using rec-

tangular, trapezoidal and triangle shape piezoelectric canti-

levers. Analysis of the obtained results revealed that the best 

efficiency was achieved using piezoelectric cantilever with 

triangle shape. On the other hand, authors did not analysed 

possibility to increase efficiency of the energy harvesters by 

modifying cross section design of the piezoelectric cantile-

vers. Paquin and St-Amant investigated electromechanical 

characteristics of the piezoelectric cantilevers with variable 

thickness [8]. Investigation was based on Rayleigh–Ritz ap-

proximations with a trigonometric function. Finite element 

modelling (FEM) revealed that tapered cantilever has more 

uniform strain distribution along piezoelectric layer. Au-

thors reported that proposed modification of cross section 

allowed to increase efficiency of energy harvester by factor 

3.6. Reddy et al. proposed possibility to improve strain and 

it distribution in the piezoelectric cantilever by trapezoidal 

cavity which was placed under piezo ceramic layer [9]. Au-

thors claimed that proposed design of the cross section area 

provides higher output voltage and allows increasing effi-

ciency of harvester. Analytical and experimental investiga-

tion revealed that the output voltage was increased more 

than 100% compare to the conventional piezoelectric canti-

lever. Guan et al. proposed design of H type seismic mass. 

An additional rotation moment created by H type seismic 

mass leads to more uniform strain distribution at the piezo-

electric cantilever [10]. Numerical and experimental inves-

tigation showed that proposed design of the H type seismic 

mass allows increasing strain of piezoelectric layer and ef-

ficiency of harvester as well. Xu et al. investigated piezoe-

lectric cantilever with a right angle structure [11]. The spe-

cial design of the structure creates a large rotation moment 

at the tip of piezoelectric cantilever. Authors concluded that 

proposed solution dramatically improves strain distribution 

at the piezoelectric cantilever. Based on results of numerical 

and experimental investigation authors claimed that relative 

utilization efficiency of piezo ceramic layer was improved 

more than 43% compare to the conventional piezoelectric 

cantilever. Ma and et al. proposed special design of the seis-

mic mass, based on compliant mechanism. Authors con-

cluded that such design increases strain of the cantilever 

[12]. The main goal of the proposed design was to improve 

efficiency of the piezoelectric cantilever by obtaining quad-

ratic boundary conditions. Such boundary conditions ensure 

that the first vibration mode has the shape that is close to 

parabola. Authors performed modelling and experimental 

investigation which revealed that proposed design ensures 2 

times higher output voltage and 4 times higher output power 

compare to the conventional piezoelectric cantilevers.  

This paper represents numerical and experimental 

investigations of the rectangular cantilevers with irregular 

design of the cross section area. Three different designs of 

the cross section area are proposed. Modified profiles of the 

cross section area reduce stiffness of the cantilevers and en-

sures gain of strain and strain distribution across the piezo 

ceramic layer. Therefore, modifications of cross section area 
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improve electrical characteristics of the rectangular cantile-

vers.  

2. Design of piezoelectric cantilevers with irregular cross 

section 

In most cases piezoelectric cantilevers employed 

for energy harvesting vibrates at the first out of plane bend-

ing mode. Conventional piezoelectric cantilevers with rec-

tangular cross section area has linear strain distribution 

along the length of cantilever and the largest strain value is 

obtained near the fixed end of cantilever. Moreover, strain 

and it distribution along piezo ceramic layer has influence 

to the electrical output characteristics of the piezoelectric 

cantilevers. Strain function of piezoelectric cantilever has 

the following expression [2]: 
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here ε is strain; )( zym   is vertical force acting at the free 

end of piezoelectric cantilever; h is a distance between cen-

tres of cantilever and piezo electric layer; YPiezo is Young 

modulus of the piezoelectric material; lb is length of the pi-

ezoelectric cantilever, le is length of piezo ceramic layer 

covered by electrode; I(x) is second moment of inertia as a 

function of distance x from fixed end of piezoelectric canti-

lever. Function of second moment of inertia can be ex-

pressed as follows [2]: 
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here w is width of cantilever; tc is thickness of piezo ceramic 

layer; h is distance between centres of cantilever and piezo 

ceramic layer as a function of distance x from the fixed end 

of piezoelectric cantilever; ts is thickness of cantilever as a 

function of distance x from the fixed end of piezoelectric 

cantilever; ηs is ratio between of piezo ceramics and cantile-

vers materials Young`s modules and it can be expressed as 

ηs = YPiezo/YCantilevers..  Relation between output voltage and 

strain can be written as follows [2]: 
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here YPiezo is Young`s modulus of the piezo ceramic; Cp is 

capacitance of piezo ceramic layer; b is thickness of piezo 

ceramic layer; d31 is piezoelectric coefficient; ε(x) is strain 

function at piezo ceramic layer; l is length of piezo ceramic 

layer. Analysing Eq. (3) it can be seen that output voltage 

value depends on the integral of strain function. On the other 

hand, strain function of piezoelectric cantilever is indirect 

proportional to a second moment of inertia function. Based 

on Eq. (2), function of second moment of inertia is related 

to the thickness of cantilever. Therefore, reduction of the 

thickness will cause a lower value of second moment of in-

ertia and larger strain values of piezoelectric cantilever. Fi-

nally, analysis of the interaction between strain and output 

voltage showed that value of output voltage depends on sec-

ond moment of inertia and cantilever thickness function 

therefore it was decided to make modifications in the canti-

lever cross-section design. 

Periodical gaps with the cylindrical, rectangular 

and trapezoidal shape were introduced for this purpose. 

Such shapes of the gaps were chosen with the aim to reduce 

value of the second moment of inertia. Height of the gaps 

were set to ½ of the cantilever thickness ts. The gaps were 

placed under piezo ceramic layers. The periodicity of the 

gaps was chosen for each case individually so that the sec-

ond moment of inertia will be minimized and crack possi-

bility in the piezo ceramic layer will be avoided. Moreover, 

the conventional cantilever was designed for the reference 

and comparison. The schemes of the cross section designs 

and geometrical parameters of the cantilevers are given in 

Table 1 and Fig. 1, respectively. 

Table 1  

Geometrical parameters of the cantilevers 

Parameter Value 

(mm) 

Description 

w 5 Widths of the cantilevers 

ts 1 Thickness of the cantilevers 

tc 0.5 Thickness of the piezo ceramic 

layer 

le 30 Length of the piezo ceramic layer 

lb 50 Length of the cantilever 

lm 10 Length of the seismic mass 

lcir 29 Length of modified cross section 

area 

lrec 28.5 Length of modified cross section 

area 

lhex 29.5 Length of modified cross section 

area 

 

It must be highlighted that the main geometrical 

parameters of all cantilevers are the same i.e. length, width 

and thickness. However, design of the cross sections is dif-

ferent (Fig. 1). Also, uniform seismic mass was used for all 

cantilevers. Weight of the mass was equal to 8.71g. 

 
 

Fig. 1 Schematics of the cantilevers with irregular cross sec-

tions areas; a – conventional design of the cross sec-

tion area; b – cross section area modified by cylindri-

cal gaps; c – cross section area modified by rectangu-

lar gaps; d – cross section area modified by trapezoi-

dal gaps 
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Principle scheme of the piezoelectric energy har-

vesting system based on proposed cantilevers is shown in 

Fig. 2. The energy harvesting system consists of rectangular 

cantilever with piezo ceramic layer which was glued on the 

top surface of the cantilever. The seismic mass was attached 

to the tip of cantilever by bolt. (Figs. 2 – 6). The plastic 

clamping frame with three bolts was used to clamp the can-

tilever at the one end and to fix whole system to the host. 

 
 

Fig. 2 Principle scheme of piezoelectric energy harvesting 

system; 1 – clamping bolt of the whole structure; 2 – 

plastic support frame; 3 –clamping bolts for cantile-

ver; 4 – piezo ceramic layer; 5 – cantilever; 6 – 

clamping bolt for the seismic mass; 7 – seismic mass 

3. Numerical investigation of rectangular piezoelectric 

cantilevers with irregular cross section area 

Numerical investigation of the cantilevers with ir-

regular cross section areas was performed. The aim of in-

vestigation was to analyse and assess mechanical and elec-

trical characteristics of the proposed piezoelectric cantile-

vers and to compare results to the conventional case. Modal 

analyse of each cantilever was performed. Natural frequen-

cies and modal shapes were obtained. Frequency response 

analysis was performed in order to obtain mechanical and 

electrical characteristics of the piezoelectric cantilevers. Fi-

nite element models (FEM) were built by Comsol Mul-

tiphysics 5.2 software. Properties of the materials and 

boundary conditions used for the models are given in Table 

4 and Fig. 3. 

 

 
 

Fig. 3 The FEM model of the cantilever beam 

 

Acceleration of the host was set to 0.5 m/s2, the 

gravity force was included in the models as well. Resistive 

loads were connected in parallel to the piezo ceramic layers. 

The approximate resistive load value was calculated by ex-

pression 4. [5]: 
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here tc is the thickness of piezoceramic layer, w is width of 

piezo ceramic layer, le is length of piezo ceramic layer, ε33 

the dielectric constant, ωn natural frequency of piezoelectric 

cantilever, Cp is the capacitance of piezoceramic layer. The 

capacitance of the piezoceramic layer was calculated as sim-

plified parallel plate capacitor by following equation: 
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here ε33 is the dielectric constant, ε0 is permittivity of free 

space which is equal to 8.9 • 10-12(F/m), A is area of elec-

trode and t is distance between two electrodes. Values of the 

resistive loads are listed in Table 2. 

Table 2 

Values of the optimal resistive loads 

Cantilever Value (MΩ) 

Conventional 1.415 

Modified by cylindrical gaps 3.675 

Modified by rectangular gaps 3.042 

Modified by trapezoidal gaps 3.694 

 

The optimal resistive loads were calculated in or-

der to maximize the power transfer from the source to the 

load. A key factor of the optimal resistance load is match to 

the resistance of the source. As a result, amount of power 

delivered to the load is the same as the power dissipated in 

the source. So, when both resistances matches, average 

power could be expressed as follows [5]: 
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here U is peak voltage; RS is resistance of the power source. 

Modal analysis of piezoelectric cantilevers was 

performed in order to find natural frequency of the first, out 

– of plane, bending mode for all cantilevers. The results of 

modal analysis are given in Table 3. Obtained results re-

vealed that natural frequencies of piezoelectric cantilevers 

are within interval 25- 600 Hz. According to Priya et. al. and 

Kazmierski et. al. this frequency spectrum falls to the most 

common ambient vibrations frequency range. 

 

Table 3  

Natural frequencies of piezoelectric cantilevers 

Type of piezoelectric cantilever Natural frequency, Hz 

Conventional cantilever 205.32 

Cantilever with cylindrical gaps 105.07 

Cantilever with rectangular gaps 116.07 

Cantilever with trapezoidal gaps 123.16 

 

Frequency domain study of all cantilevers were 

performed in order to analyse strain and it distribution char-

acteristic. Also, numerical investigations of electrical char-

acteristics such as output voltage, output current and aver-

age output power were performed as well. Analysed fre-

quency ranges were stated with strict respect to the results 
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of modal analysis. Strain and it distribution characteristics 

were analysed in the centre of each cantilever as shown in 

Fig. 3. The strain probe was placed on the surface of the pi-

ezo ceramic layer and cantilever in order to obtain the strain 

characteristics along the length of piezoelectric cantilever. 

 

Table 4  

Material properties 

Material properties Beryllium bronze DIN 2.1247 Piezo ceramicPIC255 

Density, kg/m3 8360 7800 

Young’s modulus, N/m2 1010 - 

Poisson`s ratio 0.34 - 

Isotropic structural loss factor 0.02 0.015 

Relative permittivity - 
In the polarization direction ε33

T/ε0 = 1200 

Perpendicular to polarity ε11
T/ ε0 = 1500 

Elastic stiffness coefficient c33D, N/m2 - 16.6·1010 

Dielectric loss factor - tan δ10-3 - 20 

Coupling factor k31 - 0.35 

Piezoelectric voltage coefficient g3110-3Vm/N - -11.3 

The subject of evaluation was strain tensor compo-

nent εYY. The εYY strain tensor is critical for electrical charac-

teristics of the cantilevers which operates at bending modes. 

Results of the numerical investigations are given in Fig. 4. 

Analysis of the Fig. 4 showed that strain distribu-

tion of the conventional cantilever has linear behaviour and 

constantly decreasing from the fixed to free end (Fig. 4, a). 

It can be noticed, that graph has rupture at 30 mm. It was 

caused by sudden change in the thickness of piezoelectric 

cantilever. Additional shear deformations occur due to dif-

ferences in the thickness at that point. The highest strain 

value of the conventional piezoelectric cantilever was ob-

tained at frequency 205 Hz. Maximum strain εYY value was 

equal to 1.5 10-3. The difference between strain value at the 

fixed and free end of the piezoelectric cantilever is 33.41%. 

Hence, it can be concluded that strain of piezo ceramic is 

distributed unevenly and piezo ceramic layer is employed 

inefficiently. 

Analysis of the Fig. 4, b showed that cantilever 

with cylindrical gaps has non - linear strain characteristic. 

Also, it can be noticed that strain characteristic has periodic 

peaks. Such behaviour of the strain characteristic was 

caused by periodically changes of the second moment of in-

ertia. Validation for this assumptions can be found in equa-

tion 1 and 2. Equation 1 shows that thickness of the cantile-

ver is dominant value which determinates value of the sec-

ond moment of inertia as well as distribution function of it. 

Therefore, value and distribution function of second mo-

ment of inertia have direct influence to strain and it distri-

bution. So, a function of reduced second moment of inertia 

was achieved by the periodic cylindrical gaps and as a result 

the highest strain value was obtained at 105 Hz. Maximum 

strain εYY value was equal to 910-3. The difference between 

strain value at the fixed and free end of the cantilever is 

22.25%. The results show that maximum strain value was 

increased 6 times and strain distribution more than 12% 

compare to the conventional piezoelectric cantilever. 

Graph Fig. 4, c shows that strain and it distribution 

characteristic at the cantilever with rectangular gaps. The 

strain characteristic has non – liner behaviour. Periodic 

strain peaks were caused by modifications made to the cross 

section area. The highest strain value was obtained at 

116 Hz. The maximum strain value was equal to 1.4 10-3. 

The difference between strain values at the fixed and free 

end of the piezoelectric cantilever is 28.57%. It can be no-

ticed that the highest strain value is slightly lower compare 

to the conventional piezoelectric cantilever. On the other 

hand, strain distribution has better characteristic compare to 

the conventional piezoelectric cantilever. It was caused by 

geometry of the gaps i.e. at the corners of the gaps additional 

shear deformations were inducted and by this way strain εYY 

distribution was improved.  

According to this can be concluded that strain dis-

tribution was improved more than 10%. Such characteristic 

will ensure improved usage of piezo ceramic layer compare 

to the conventional piezoelectric cantilever. 

Results of the numerical investigation given in 

Fig. 4, d represents strain and strain distribution character-

istic at the piezoelectric cantilever with trapezoidal gaps. 

Non – liner behaviour of the strain characteristic with peri-

odic strain peaks can be observed in this case as well. The 

highest strain value occurred at frequency 123 Hz. The max-

imum strain value was equal to 1.7510-3. The difference 

between strain values at the fixed and free end of the canti-

lever is 20.87%. It can be noticed that the highest strain 

value obtained in this case is slightly higher compare to the 

conventional piezoelectric cantilever. Moreover, strain dis-

tribution was improved more than 12% compare to the con-

ventional piezoelectric cantilever. 

In order to indicate piezoelectric cantilever with 

the best strain characteristics the comparison of average εYY 

strain was performed. Results of the comparison are given 

in Fig. 5. 

According to the results given in Fig. 5 become ob-

vious that the best strain characteristic has piezoelectric can-

tilever with the cylindrical gaps. An average strain at the pi-

ezoelectric cantilever with cylindrical gaps is 4.8 times 

higher compare to the conventional piezoelectric cantilever. 

On basis of these results can be concluded that cylindrical 

gaps have noticeable influence to the strain characteristics. 

It was caused by geometrical function of the cylindrical gap. 

Such geometrical function gives possibility to reduce sec-

ond moment of inertia at greater cross section area. 

The numerical investigations of electrical charac-

teristics were performed. The optimal resistance loads (Ta-

ble 2) were connected in parallel with piezo ceramic layer. 

The results of numerical investigations are given in Fig. 6. 
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                                              a                                                                                                  b 

 

                                              c                                                                                                  d 

Fig. 4 Strain characteristics of the piezoelectric cantilevers; a – conventional cantilever; b – cantilever with rectangular gaps; 

c – cantilever with rectangular gaps; d – cantilever with trapezoidal gaps 

 

 
 

Fig. 5 Comparison of the average strain εYY; a – conven-

tional cantilever, b – cantilever with cylindrical gaps; 

c – cantilever with rectangular gaps, d – cantilever 

with trapezoidal gaps 

 

The electrical characteristics of conventional pie-

zoelectric cantilever are given in Fig. 6, a. Analysis of the 

graphs revealed that the highest values of the electrical char-

acteristics were obtained when a cantilevers base excitation 

frequency was 205 Hz. Therefore, output voltage on the re-

sistive load reached 15.5 V, current at the resistance load 

was equal to 16.1 μA. An average power was equal to 

0.22 mW. Obtained values will be used as a reference data 

for further comparison of the piezoelectric cantilevers. 

The electrical characteristics of the piezoelectric 

cantilever with cylindrical gaps are given in Fig.6, b. The 

graph revealed that electrical characteristics are at the high-

est level while excitation frequency equal to 105 Hz. 

The output voltage at this excitation frequency was 

28.9 V, current at the resistance load equal to 31 μA and as 

a result average power was 0.95 mW. 

It can be noticed that output voltage is higher 1,89 

times compare to the conventional piezoelectric cantilever. 

Output current has higher value more than 1.92 times and as 

a result average power has higher value more than 4.31 

times. On basis of these results can be concluded that mod-

ifications of the cross section area positively affected elec-

trical characteristics of the modified piezoelectric cantile-

ver. 

Electrical characteristics of the piezoelectric canti-

lever with rectangular gaps are given in Fig.6, c. It can be 

observed that the highest values are obtained at frequency 

equal to 116 Hz. Matched operation and base excitation fre-

quencies ensured that output voltage reached 18.2 V, cur-

rent 17.8 μA and average power equal to 0.32 mW. Com-

pare to the conventional piezoelectric cantilever output volt-

age has 1.17 times higher value, current and average power 

are 1.10 and 1.45 times higher, respectively. The analysis of 

results showed that the rectangular gaps have positive influ-

ence to the electrical characteristics of the piezoelectric can-

tilever. However, influence is much lower compare to the 

case with cylindrical gaps. 

The electrical characteristics of the piezoelectric 

cantilever with trapezoidal gaps are given in Fig. 6, d. The 

peak electrical characteristics were obtained at excitation 

frequency equal to 124 Hz. At this excitation frequency the 

output voltage, current and average power reached values 

19.6 V, 21 μA and 0.41 mW respectively. Compare to the 
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characteristics of the conventional piezoelectric cantilever 

output voltage was 1.26 times higher, current was 1.3 times 

higher and average power was 1.86 times higher. As in case 

with the rectangular gaps trapezoidal gaps have positive in-

fluence to the electrical characteristics. However, influence 

is much lower compare to the case with cylindrical gaps. 

 

 

                                                 a                                                                                                    b 

 

                                                 c                                                                                                    d 

Fig. 6 Electrical characteristics of the piezoelectric cantilevers; a – conventional cantilever; b – cantilever with cylindrical 

gaps; c – cantilever with rectangular gaps; d – cantilever with trapezoidal gaps 

 

In order to compare the electrical characteristics of 

piezoelectric cantilevers with different resonant frequencies 

derivative values must be used. Therefore, voltage, current 

and average power densities were used for the final compar-

ison. The results of comparison are given in Fig. 7.  

The comparison of voltage density showed that the 

best influence had cylindrical gaps. The piezoelectric canti-

lever with cylindrical gaps has 46.37% higher voltage den-

sity compare to the conventional piezoelectric cantilever 

and approximately 32.18% higher compare to the piezoelec-

tric cantilevers with rectangular and trapezoidal gaps. More-

over, analysis of current density revealed that piezoelectric 

cantilever with cylindrical gaps has supreme value ant it is 

higher 48.86% compare to the conventional piezoelectric 

cantilever. Therefore, piezoelectric cantilevers with rectan-

gular and trapezoidal gaps has 32.25% lower current density 

compare to the piezoelectric cantilever with cylindrical 

gaps. Finally, comparison of average power densities con-

firmed results analysed before and showed that cylindrical 

gaps have the most noticeable influence to the average 

power. Therefore, compare to the conventional piezoelectric 

cantilever, cantilever modified by cylindrical gaps has 

76.91% higher average power density. Herewith, piezoelec-

tric cantilevers, with rectangular and trapezoidal gaps have 

56.82% lower average power density compare to the piezo-

electric cantilever with cylindrical gaps. 

 

                                       1                                                            2                                                            3  

Fig. 7 The comparison of the electrical characteristics; 1 – voltage density; 2 – current density; 3 – average power density; 

a – conventional cantilever; b – cantilever with cylindrical gaps; c – cantilever with rectangular gaps; d – cantilever 

with trapezoidal gaps 

 

Summarizing numerical investigation, it can be 

concluded that modifications of the cross section area im-

proved electrical characteristics of the cantilevers. The most 

noticeable influence to the electrical output characteristics 

of the cantilever beam made modifications of cross section 
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area by cylindrical gaps. In order to confirm these results the 

experimental investigation was carried out. 

 

4. Experimental investigation 

 

The experimental investigations of electrical and 

mechanical characteristics were conducted to in order to 

confirm the results of numerical investigations. Prototypes 

of the piezoelectric cantilevers were made with respect to 

the geometrical and physical parameters used in the FEM 

model (Fig. 8). Firstly, operational frequencies and vibra-

tion modes of the prototypes were measured. The measure-

ments were made by 3D vibrometer POLYTEC PSV 500. 

The goal of this investigation was to confirm the results of 

the modal analysis and experimentally indicate the first out 

– of plane bending mode for each piezoelectric cantilever. 

The results are given in Figs. 9 and 10.  

 

Fig. 8 Prototypes of the cantilevers; a – front view; b – side view; c – view of the assembled system

Fig. 9 shows vibration modes of the piezoelectric 

cantilevers at certain frequency. It revealed that all cantile-

vers operate at the first out – of plane bending mode. These 

results confirm results of the modal analysis conducted dur-

ing numerical investigation. Comparison of operational vi-

bration frequencies (Fig. 9) revealed that frequencies ob-

tained numerically are slightly lower compare to the fre-

quencies obtained by experimental investigation. The high-

est difference is 6.73%. The differences are mainly caused 

by tolerances and manufacturing errors. The mismatch be-

tween frequencies is acceptable. Based on this it can be con-

cluded that the prototypes are suitable for further investiga-

tion. 

 

 
 

Fig. 9 Comparison of operational vibration frequencies; a – 

conventional cantilever; b – cantilever with cylindri-

cal gaps; c – cantilever with rectangular gaps; d – 

cantilever with trapezoidal gaps 

 

The next step of experimental investigation was to 

analyse piezoelectric cantilevers response to the different 

excitations amplitudes and to measure electrical outputs ver-

sus resistance load. Experimental setup was built for this 

purpose. The principle scheme of the setup is given in 

Fig. 11. It consists of two optical displacement sensors used 

for displacement control at the base and tip of the cantilever; 

a special plastic clamping frame was used to attach a canti-

lever to an electromagnetic shaker; a computer was used for 

displacement data recording and analysis; a function gener-

ator and a power amplifier were employed for driving an 

electromagnetic shaker; a variable resistive load was used 

as electrical load of the cantilever; a micro current probe was 

used for low current measurements; an oscilloscope was 

used for control and recording of current and voltage values. 

Measured excitation response characteristics of the 

piezoelectric cantilevers shows the influence of base dis-

placement to tip displacement for each cantilever (Fig. 12, 

a). Displacements of the base and tip were measured by op-

tical sensors (Fig. 11). The resistance load during this stage 

of investigation was equal to input resistance of the oscillo-

scope; i.e., 10 MΩ. Hence, the displacement characteristics 

were measured in open circuit conditions. The excitation 

frequencies were set to the operation vibration frequencies 

obtained during first stage of the experimental investigation. 

The characteristics of the open circuit voltage versus tip dis-

placement were investigated at same conditions. The results 

are given in Fig. 12, b. 

In Fig. 12 – can observed that the supreme base – 

tip displacement characteristics were achieved with the pie-

zoelectric cantilevers modified by rectangular and trapezoi-

dal gaps. Therefore, can be concluded that piezoelectric can-

tilevers with rectangular and trapezoidal gaps can response 

to much lower base displacement amplitudes compare to the 

conventional piezoelectric cantilever. 

So, could be highlighted that piezoelectric cantile-

vers with irregular cross section area compare to the con-

ventional piezoelectric cantilevers. Fig. 12, b shows that the 

highest open circuit voltage value is 22.4 V. It was gener-

ated by the piezoelectric cantilever with cylindrical gaps. 

The conventional piezoelectric cantilever generated voltage 



 228 

was 10.04 V i.e. more than 2 times lower compare to the 

piezoelectric cantilever with cylindrical gaps.    Such differ-

ence caused by improved strain and it distribution in the pi-

ezo ceramic layer.  

 

 

                                                   a                                                                                        b 

 

                                                 c                                                                                            d 

Fig. 10 Vibration modes of the piezoelectric cantilevers; a – conventional cantilever, ωa – 191.5 Hz; b – cantilever with 

cylindrical gaps, ωb – 99.4 Hz; c – cantilever with rectangular gaps, ωc – 108.05  Hz; d – cantilever with trapezoidal 

gaps, ωd - 117.3 Hz  

 

 
 

Fig. 11 Experimental setup; 1,2 – optical displacement sen-

sor; 3 – plastic clamping frame; 4 – computer; 5 – 

power amplifier; 6 – function generator; 7 – electro-

magnetic shaker; 8 – variable resistive load; 9 – mi-

cro current probe; 10 – oscilloscope 

 

The output voltage – tip displacement characteris-

tics were measured for each piezoelectric cantilever as well. 

Voltage was measured by oscilloscope as shown in Fig. 11. 

The variable resistance load was attached in parallel to piezo 

ceramic layer. Tip displacement was controlled by the opti-

cal sensors. Results of the investigation are given in Fig. 13. 

As can be found in Fig. 13, the piezoelectric canti-

levers with rectangular and trapezoidal gaps have noticeably 

higher output voltage compare to the conventional piezoe-

lectric cantilever. The output voltage generated at 38μm tip 

displacement with 1 MΩ load was chosen as critical param-

eter for the comparison of cantilevers. So, output voltage 

17.8 V, 18.08 V, 7.56 V was generated by the piezoelectric 

cantilevers with rectangular, trapezoidal and conventional, 

respectively. Therefore, the conventional piezoelectric can-

tilever has approximately 55% lower output voltage com-

pare to the piezoelectric cantilevers with rectangular and 

trapezoidal gaps. On the other hand, the highest output volt-

age was generated by the piezoelectric cantilever with cy-

lindrical gaps. The output voltage was equal to 19.1 V. Gen-

erated voltage is higher 5.3% compare to the piezoelectric 

cantilevers with rectangular and trapezoidal gaps and 61% 

higher compare to the conventional piezoelectric cantilever. 

Hence, can be concluded that modifications of the cross sec-

tion area by cylindrical gaps ensures 61% higher output 

voltage compare to the conventional cross section design. 

            

                                                      a                                                                                   b 

Fig. 12 Piezoelectric cantilevers response and open circuit voltage characteristics; a –displacement response characteristics; 

b – open circuit voltage characteristics
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.  

                                                       a                                                                                       b 

 

                                                    c                                                                                            d 

Fig. 13 Output voltage versus tip displacement characteristics; a – conventional cantilever; b – cantilever with cylindrical 

gaps; c – cantilever with rectangular gaps; d – cantilever with trapezoidal gaps 

 

The output current – tip displacement characteris-

tics were measured for each cantilever as well. As in previ-

ous case same experimental setup was used. Tip displace-

ment was controlled by the displacement sensors, current 

was measured by the micro current probe. Results of the in-

vestigation are given in Fig. 14. 

Fig. 14 shows that piezoelectric cantilevers with 

rectangular and trapezoidal gaps have much higher output 

current compare to the conventional piezoelectric cantile-

ver. The output current generated at 38 μm tip displacement 

with 51 kΩ load was chosen as critical parameter for the 

comparison of the piezoelectric cantilevers. The output cur-

rent for the piezoelectric cantilevers with rectangular and 

trapezoidal gaps and current generated by the conventional 

piezoelectric cantilever are 54.7 μA, 66.3 μA and 18.3 μA, 

respectively. So, according to these results the conventional 

piezoelectric cantilever has approximately 72.3% lower out-

put current compare to the cantilevers with rectangular and 

trapezoidal gaps. On the other hand, according to this com-

parison the piezoelectric cantilever with cylindrical gaps has 

much higher output current. 

The piezoelectric cantilever with cylindrical gaps 

supreme over other cantilevers with 74.1 μA. This piezoe-

lectric cantilever has 10.5% higher output current compare 

to the piezoelectric cantilevers with rectangular and trape-

zoidal gaps. The conventional piezoelectric cantilever has 

75.3% lower output current compare to the cantilever with 

cylindrical gaps. Therefore, on basis on this comparison can 

be concluded that modifications of the cross section area by 

cylindrical gaps ensured 75.3% higher output current com-

pare to the conventional cross section design. In order to 

conduct accurate comparison of the piezoelectric cantilevers 

with different resonant frequencies derivative values were 

used. Therefore, output voltage, current and power densities 

were compared. The comparison was made with following 

conditions 1 MΩ resistance load and 38 μm tip displace-

ment. Results of the comparison are given in Fig. 15. 

As can be noticed in Fig. 15 – 1 the supreme volt-

age density characteristic has piezoelectric cantilever with 

cylindrical gaps. It has approximately 5.3% higher voltage 

density compare to the piezoelectric cantilevers with rectan-

gular and trapezoidal gaps and 61% higher compare to the 

conventional piezoelectric cantilever. Analysis of the 

Fig. 15 – 2 revealed that cantilever with cylindrical gaps has 
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31.8% higher current density compare to the piezoelectric 

cantilevers with rectangular and trapezoidal gaps and 

76.58% higher current density compare to the conventional 

piezoelectric cantilever at same conditions. In Fig. 15 – 3 

can be found that piezoelectric cantilever with cylindrical 

gaps has approximately 35.49% higher power density com-

pare to the piezoelectric cantilevers with rectangular and 

trapezoidal gaps. Moreover, it has 90% higher power den-

sity compare to the conventional piezoelectric cantilever. 

 

 

                                                       a                                                                                       b 

 

                                                       c                                                                                       d 

Fig. 14 Output current versus tip displacement characteristics; a – conventional cantilever; b – cantilever with cylindrical 

gaps; c – cantilever with rectangular gaps; d – cantilever with trapezoidal gaps 

 

 

                                     1                                                                2                                                                3 

Fig. 15 Comparison of the electrical characteristics; 1 – voltage density; 2 – current density; 3 –power density; a – conven-

tional cantilever; b – cantilever with cylindrical gaps; c – cantilever with rectangular gaps; d – cantilever with trap-

ezoidal gaps 
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5. Conclusions 

 

Numerical and experimental investigations of the 

piezoelectric rectangular cantilevers with irregular cross 

section areas were performed. Numerical investigation re-

vealed that strain and electrical characteristics of the piezo-

electric cantilevers depends on the design of cross section 

area, cantilever thickness function and second moment of 

inertia. Hence, strain variation along the length of the pie-

zoelectric cantilevers becomes non-linear because of irreg-

ular cross section area. 

The experimental investigation validated results of 

the numerical investigation and showed that irregular cross 

section area design ensured noticeably improvement of the 

electrical characteristics of the modified piezoelectric canti-

levers. The comparison of power density showed that the 

periodical rectangular and trapezoidal gaps used for modifi-

cations of the cross section area improved power density 

more than 35.49% compare to conventional piezoelectric 

cantilever. Moreover, cylindrical gaps improved power den-

sity more than 90% at same conditions. 
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A. Čeponis, D. Mažeika, G. Kulvietis and Y.Ying 

 

PIEZOELECTRIC CANTILEVERS FOR ENERGY 

HARVESTING WITH IRREGULAR DESIGN OF THE 

CROSS SECTIONS 

 

S u m m a r y 

 

Results of the numerical and experimental investi-

gations of the piezoelectric rectangular cantilevers with ir-

regular design of the cross section area are presented in this 

paper. The aim of the investigation was to analyse how mod-

ification of the cross section area by periodical gaps acts on 

power density of the piezoelectric energy harvesting sys-

tems based on a rectangular cantilever. It was found out, that 

modifications of the cross section area ensure higher strain 

values and allows to improve strain distribution in piezo ce-

ramic layer and by this way to improve power density of the 

energy harvesting systems. Numerical investigations of the 

piezoelectric cantilevers with irregular design of the cross 

section area were performed in order to analyse strain dis-

tribution and predict electrical characteristics of the im-

proved energy harvesting systems. Experimental investiga-

tions of the prototypes were performed and results of the 

numerical modelling were validated. Results of the numeri-

cal and experimental investigation are discussed as well. 

 

Keywords: piezoelectric energy harvesting, irregular cross 

section design, rectangular cantilever beam. 
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