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1. Introduction

The earliest method discovered for dealing with
flexible body dynamic equations is the kineto-elasto-dy-
namic (KED) method [1-3]. This method is based on as-
sumptions of low speed and small displacement, while the
coupling terms of rigid-body motion and elastic motion in
the dynamic equations are neglected. The inertia character-
istics of flexible body rigid motion are loaded onto the flex-
ible body itself in the form of inertial forces. With the con-
stant emergence of lightweight, high-speed machinery, the
disadvantages of the KED method have been gradually ex-
posed [4]. To describe the effect of elastic deformation of
the flexible body on its own large overall motion, Likins [5]
proposed the floating frame of reference (FFR). The FFR
method decomposes the configuration of the flexible body
into two parts: the large overall rigid motions of the floating
coordinate system, and the elastic deformation of the flexi-
ble body with respect to the floating coordinate system. Alt-
hough the selection of the floating coordinate system does
not affect the analysis results, the mass matrix obtained by
this method is a nonlinear function matrix of generalized co-
ordinates, resulting in inertial coupling between the rigid
motion and elastic deformation of the flexible body.

To simplify the mass matrix, Simo [6—9] suggested
suppressing the floating coordinate system and expressing
the beam's dynamic equations in the global coordinate sys-
tem directly. In describing the bending and shearing of the
beam, Simo reserved the beam's cross-section local coordi-
nate system containing the cross-section angle relative to the
beam rigid configuration. Simo's approach simplifies the ex-
pression of the kinetic energy of the beam compared to the
FFR method. The constant mass matrix can be obtained us-
ing variable separation; however, the expressions of elastic
potential energy and the stiffness matrix become more com-
plex.

At the end of the 20th century, Shabana and other
scholars [10—-14] proposed the absolute nodal coordinate
formulation (ANCF) method. This method is similar to that
proposed by Simo: the dynamic equations of the beam are
described in the global coordinate system; the cross-section
local coordinate system of the beam is used to describe
bending, shearing, and twisting; and the constant mass ma-
trix can be obtained, so the centrifugal force and Coriolis
force are zero. The shortcomings of these two methods are
identical: the stiffness matrix becomes highly complicated.

In contrast to Simo's method, in the ANCF ap-
proach, the cross-section slopes at the nodes (instead of the

cross-section angles) become the beam's generalized coor-
dinates. Therefore, the rigid-body inertia of the beam can be
described accurately, and the constant mass matrix can be
obtained without needing to perform variable separation on
generalized coordinates.

For the flexible body dynamic simulation, however,
a simple mass matrix and simple stiffness matrix cannot be
obtained simultaneously. The stiffness matrix obtained with
the FFR method is relatively simple, but the mass matrix is
a nonlinear function matrix of the generalized coordinates.
If the floating coordinate system is suppressed and the dy-
namic equations are expressed in the absolute coordinate
system, then the mass matrix can be reduced to a constant
matrix, but the stiffness matrix becomes highly nonlinear.

In this paper, based on assumptions of low speed
and small deformation, the ANCF method is considered a
finite element interpolation method. The interpolation ma-
trices, mass matrix, and stiffness matrix of the two-node
beam element are extended to those of the multi-node beam
element, thereby improving calculation accuracy. The
ANCF method is combined with the FFR method (for con-
venience, the combination of these two methods is termed
the ANCF-FFR method). The stiffness matrix, which does
not include generalized coordinates, is obtained along with
the constant mass matrix. In the ANCF method, the bending
moment is a nonlinear function vector of the generalized co-
ordinates, so it is difficult to solve the system states directly.
The split-iteration method is used to solve the system states
and Lagrange multipliers. This algorithm guarantees a suf-
ficiently accurate solution and improves the computational
efficiency substantially.

2. Modeling and solving methods for flexible beam
finite rotation

To improve simulation accuracy, the expressions
of the generalized coordinates, interpolation matrices, mass
matrix, stiffness matrix, and generalized forces of the two-
node beam are extended to those of the multi-node beam.
The FFR method is combined with the ANCF method to ob-
tain the stiffness matrix, which does not contain the gener-
alized coordinates. To enhance the efficiency of the simula-
tion, the splitting iteration method is used to solve both the
static and dynamic equations.

2.1. Generalized coordinates, interpolation matrix, and mass
matrix

Fig. 1 displays the schematic diagram of the global
coordinate system and the local coordinate system based on
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the ANCF method. For convenience, the number of nodes
on the neutral axis of the beam is set to 4. The global coor-
dinate system is (O, ri, 2, r3), and the local coordinate sys-
tem is (41, x, y, z). The original point of the local coordinate
system is located at the beam's neutral axis endpoint, 4; the
coordinate x is the arc length coordinate of the beam neutral
axis; Ay is the axis along the height direction of the beam
cross-section; and Az is the axis along the width direction
of the beam cross-section.

r;

Fig. 1 The coordinate systems of the ANCF method

Let the mass density of the rectangular beam be p,
the height of the cross-section be /4, and the width of the
cross-section be w. The four nodes on the beam's neutral
axis are A1, Az, A3, A4, which divide the beam into three ele-
ments. The length of the neutral axis of the ith element is L;
(i=1, 2, 3). The generalized coordinates of each node are

defined as:
T
o’ J .
A

e, = rT|

A '

( A ay
I’:(rl,r2 ,r3)T ,i=1,2,3, 4.

The generalized coordinates of the beam can be ex-

pressed as:

o’
Aé‘z

or’
A OX

(1

e=(8)iga=(ey » - €Q)". )
set
3
=0;&=|x=->L L,
w-0i6-(x-3 A 0
n,=y/h;¢c =2/w;i=1,2,3
and the scale functions are:
f_(ab,c)=2a’-3a%+1;
f.(ab,c)=a-2a*+a’;
L( ) (4)

f.(abc)=b-b-g

f, (ab,c)=c—-c-a.
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f (a,b,c)=3a’ —2a’%

fr(ab,c)=a’-a’; )
fr(ab,c)=b-a;

fr(ab,c)=c-a

The interpolation functions of the ith element are
defined as:

SL =T (&.6:);
SLx, =L, f, (&.71.61);
sLy, =h-f, (&.m.6); ©)
Stz =w- f, (&.7.6));
i=1,2,3.
SR, = fr (&.71,61);
SRX,, =L fe (077,67
SRY;,, =h- fyR (é‘:. M6 ); @
Rz, =W T (&.7.6);
i=1,2,3.

Define matrices:
SL, =[SL-1 SLx-1 SLy,-l1 SLz-1],,;
i=1,2,3 (8)
SR; =[SR I SRx-l SRy;-l1 SRz-1] . ;
i=2,3,4

where: I is the 3-order identity matrix. The interpolation ma-
trix of the beam elements between two adjacent nodes A,
A;+1 can be expressed as:

[S Ll SR 2 03><12 03><12 ]3><48 ;
[03><12 SLz SRs 03x12 ]3><48 '
[03><12 03><12 SL3 SR4 ]

Sl
s, ©)
S3

3x48 °

The symbol 0 means the zero matrix, and the ele-
ments of S; (i=1, 2, 3) are the functions of x, y, z. Let P be
an arbitrary point on the beam element between nodes 4; and
Aj+1. The position vector of P in the global coordinate sys-
tem can be expressed as follows:

r, =S (x,y,2),-e;i=1,2,3. (10)
Then, the kinetic energy of the beam is:
1[deT" | de
T=2|—| - s's.)av, |-| —|, 11
] Sipetsis g 5] an

and the mass matrix of the beam is:
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(12)

where: M is a symmetric positive definite constant
matrix.

2.2. Strain energy and stiffness matrix

The generalized displacement produced by elastic
deformation at point P on the ith (i=1, 2, 3) beam element
can be expressed as:

ul, =S;(x,y, 2),-(e~&):

where: e is the generalized coordinate vector of the beam
in its rigid configuration. The deformation gradient of P is:

ou ou ox
D =—| =——| ;X=(x,VY,12), 14
|P orl, oxor|s (v, 2) (4
where:
ou 0
—| =—=S,(x,y,72) ‘(e—e);
OX P oX p (15)

i=1,2,3;x=(x,y,2)

Given low-speed and small-deformation assump-

] (13)  tions and the FFR method, the ANCF local coordinate sys-
i=1,2,3 tem can be considered the float coordinate system in the
FFR method, i.e.,
5 1 0 0 cosy, O siny, || cosy, siny; O
a—x =|0 cosy, siny, 0 1 0 —siny, cosy, O},. (16)
r
0 -—siny, cosy, || —siny, 0 cosy, 0 0 1
where: 1, v, w3 represent the Caldan angles. The Cauchy and its vector form is:
strain tensor of point P is:
€cv lp=(8ci1 + Econ + Ecss + 2601y + 26car + 26¢53)p (17
1 fenn oz fas
g lp= E(DT + D)‘P =|€cn €cz  fca (16) The elastic matrix Q is:
Scar fcaz e lp
R |
1-p4 1-u
H M
1-u 1-u
4
El-u) |1-# 1l-u
Q=— v ) 1-2 : (19)
(1— 2/1)(14— /1) H
2(1-u)
1-2u
2(1— ,u)
1-2u
i 2(1=p) |
where: E is the elastic modulus and y is the Poisson's ratio. 3
To eliminate the Poisson locking phenomenon, we set y=0; Es = Z; Esi- (20)

thus, the elastic matrix Q can be expressed as:
Q=diag(E E E E/2 E/2 E/2). (18)

The elastic strain energy of the ith beam element is:

ESi=%mvisgv-Q.sCVdvi 1i=1,2,3. (19)

The elastic strain energy of the beam is:

Based on the assumptions of low speed and small
deformation, geometric nonlinearity is ignored, and the tan-
gent stiffness matrix of the beam can be approximated as:

2
K = 0°E ,
08, 0€;
48x48

where: K is a symmetric positive semi-definite matrix that
does not include the generalized coordinates.

2n
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In summary, for low-speed, small-deformation
problems, we can combine the ANCF method and FFR
method to obtain the constant mass matrix and stiffness ma-
trix, which does not include the generalized coordinates.

2.3. Gravity

The virtual displacement by gravity at point P on
the element between two adjacent nodes 4;, 4+ is set to de,
and then the virtual work done by gravity at point P is:

MW, =(0, —p-g,0)-6r, =

=0, -p-9,0)-S], -5, (22)
where: g denotes gravitational acceleration. From that, we
can obtain:

9 0. -p-g.0ST,

i, (23)

where: V is the beam volume. The gravity on the beam el-
ement between A4;, 441 1s:

G|, =[[f,[0. —=p-g.0)-5]dV, (24)
and the overall gravity of the beam is:
3
G=>[[[ [0, -p-g,0)-S]aV. (25)
i=1 !

2.4. Bending moment

As shown in Fig. 2, a bending moment M3 is
placed at the cross-section of point 4, its magnitude is M.

Fig. 2 The bending moment at cross-section of point 4,

The virtual work of the bending moment M3 is:

Wy, =M - 56. (26)

From [15-16], the rotation angle & of the cross-sec-
tion satisfies the following:

or, | oy
cosé = : - |A2 =
\/(6r1 13y, ) +(or /o, )
o1y 27
sinf = : Lo .
\/(aq 13y, ) +(or /o, )
s0
56 = _ezo .56219 +6219 i 5620 , (28)
e19 + eZO
and the bending moment M can be expressed as:
0 i 19,20
My =] M€ g9 29)
€9 + 85
M& 2
€9 + 8y

2.4. Boundary conditions

Let the beam rotate anticlockwise around the Or;
axis. A constant bending moment vector M3 is placed at the
cross-section of point 4,. We set the boundary conditions in
the rotating process as follows:

, rooor
a. At point 4;, the vector (% : s :

or, )
—3j is parallel
y 0y ),

with the vector (71, r2, 73)1, :

I (1) =e,(t)- & (1) — &, (1) - &, (1) = 0; (30)

b. The distance between point 4; and O(0, 0, 0) is a con-

stant:
I, (t) = €7 () +&; () +e5 (1) = H; (31
c. The coordinate 73 of point 4; is zero:
I, (t) = e,(t) =0; (32)
d. The coordinate ér,/oy of point 4 is zero:
I1,(t) =& () =0; (33)

e. Let the angle displacement function ¢(f) is a known
function. The coordinate r; of point A4, satisfies:

T (1) = &5 (1) | A A, + H? -cos(p(t) + 2) = O;

(34)
x =arctan(H/|AA,|);

f. The coordinate r, of point A, satisfies:
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2 o . I, (t) = e, (t)=0. (36)
(1) = &, () —/|AA[ +H? -sin(p(t) + ) =0 (35)

Fig. 3 is the schematic diagram of finite rotation
boundary conditions of the beam.

g. The coordinate r; of point 4> is zero.

4

"3

Fig. 3 The schematic diagram of finite rotation boundary conditions of the beam

2.5. Solution of initial states Set matrix A=(a;)sx, vector v=(v); AEE’,::Z: ) is the

. . . submatrix of A, v, ...d) is the subvector of v:
The static equilibrium equation of the system at the

moment of =0 can be expressed as: AGT @ Z(a)
(b)) = \ij Jmxns

: . (41)
K¢, =(G+M+II,-A+K e)) , 57) i=by, - by j=C
I, =0 i=1,--,7 ’
Vg gy = (v ), k=d,,---,d,. 42)
where: ey is the rigid configuration of the beam, A is the vec-
tor of the Lagrange multipliers, and Il. is defined as: Using the above agreements, we set:
m, = (o, /o), . (38) KB =K iy € Ng; (43)
For the expression of generalized force vector: KR = Kﬁﬁﬁi; oo da € Ng (44)

Foen®)=G+M+1II,-A+K-e,, (39)

Kg = K&Ijzl)v iyl €N Jyyeeey Jan € Nps (45)

contains the nonlinear terms of the generalized coordinates o

and the coupling teTm's bet\fve.en t'he generalized coordinates K§ = K(hyf"':'i;‘;l); i, 0 €Ny Jeees Ja €Ny (46)
and Lagrange multipliers, it is difficult to solve the system

states directly. The split-iteration algorithm is thus used to

solve Equation (37). €0 =€, i) by by €N (47)
For convenience, assume the following conven-
tions: Let N and N, be two sets such that: er =€} i € Ny; (48)
N,={1,2,3,9,13,14,15}; o
N,UN,={1,2,3, -, 48}; (40) Fo = (Fee)y..ipys ool € Ny (49)
N, N, =&. . .
Fr = (FGen)(jl,u-,jM); Jioei Ja € Ny; (50)



where: Kiand K; are invertible matrices. Equation (37)
can be expressed as:

KE e =F _KE'eD;
Kg'eD:FD_Kg‘eR; (51)
I1,(t)=0;i=1,---,7.
set
-1
KE3 :_(Kgl) 'ng =
=diag(p,---,p), PeR, |p|<], (52)

where: Kf, and K5, satisfy:

K§1+K§2=K§, (53)

SO

1 -p
KR = pKR KR, = . pKR (54)

=|~Hsing , Heosg , 0, 0, \|AA[ +H?-

Finally, e converges to the 2"-order Taylor series
of ep and A.:

ez =ez(ep , M) (57)

After that , the constraint Eqs: (30)—(36) and the
second equation in (51) should be linearized to the 1%-order
Taylor series at ep=ep,, A=0, and combined with Equation
(57), er, ep and A can be solved quickly.

2.6. Solution of dynamic equations

The dynamic equations of the beam can be ex-
pressed as:

2
dt

e +K-e=Fg,(et)

(58)
I, =0, i=1,---,7

Let the damping matrix C=0, and Equation (58)
can be solved with the Newmark method:

de| _de d% %e
= +(1- at+y—|  at; (59
dtl., dtl =) dt?| ST e ot ot B9
e e+tde+t2(l ﬁ]dzeJr
IR P IR B Ml
et dt|, 2 dt?|,
d’
2 .
+at 'Ft t, (60)

The first equation of (51) can be written as:

1 P
1_pK§.eR=FR+1_pK§.eR—K§-eD, (55)

and we can get the iterative algorithm:

(g = (1- p)(Kg)’l[FR (Ve x)—ngD}L

+ p[(k)eR]. (56)

Equation (58) is convergent when p€[0,1). If the
elastic modulus of the material is sufficiently large, then the
fast convergence rate can be obtained when p=0.

Because the generalized force vector Fp is a non-
linear function vector of er and 4, the right side of Equation
(56) should be simplified before each iteration. For small
deformation problems, expanding the right side of (56) to
the 2™-order Taylor series at ep=ep,, A~=0 before each itera-
tion can ensure sufficient accuracy of the solution, where
ep, is:

-cos(g+y) ./|A1A2| +H? sin(g+y) ) (59)

2
m.d¢

e +K

t+at

trat " Craat = FGen ( t+at 1 +At) (61)

where: f=0.25, y=0.5. After rearranging Eqgs. (59)—(61), we
can get:

K € = IEGe ( t+Atlt+At)

— 1

K= ,B~A'[2 M+ Ky, .0

I:Gen (el+A[ ) I:Gen (t +At) + 'E1 + |E27 (62)

Eq. (62) can be solved using the method described
in Section 2.6.

3. Numerical example

Set the length of the rectangular section beam as
7.791m. The position of each node on the beam is shown in
Figure 3.the width of the cross-section as w=0.1m, the
height of the cross-section as #=0.1m, the elastic modulus
as E=2.1x10'"Pa, the mass density as p=7850kg/m®, and
Poisson's ratio as #=0.3. The boundary conditions are de-
scribed in Section 2.5, and OA satisfies the following:

|oA ] =H =0.295m. (63)

The lump mass m is fixed at the endpoint of the
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beam. The constant bending moment M3 is loaded at the
cross-section of node A4,, and:

M| =1000NmM. (64)

The beam angular displacement functiong(t) satis-

fies:
0 t<0
$(t) =<0.1-t(rad-s*) 0<t<5s. (65)
0 t>5s

Figs. 4 and 5 denote the static deflection of the end-
point of the neutral axis of the beam obtained by the ANCF-
FFR method and ABAQUS simulation when the lump mass
m = 0 kg and m = 50 kg, respectively. The angles between
the beam rigid configuration and the Or| axis are set at 0
degrees, 15 degrees, 30 degrees, 45 degrees, 60 degrees, re-
spectively. When using the ANCF-FFR method, the num-
bers of nodes on the neutral axis of the beam are 4, 10, 16,
22, and 28, respectively. In the ABAQUS software, the
beam model is divided into 4192 2"-order hexahedral ele-
ments. The charts and tables indicate that when the number
of nodes on the neutral axis of the beam is small, the results
obtained by the ANCF-FFR are quite different than those in
the ABAQUS simulation. As the number of nodes increases,
the ANCF-FFR results tend to be consistent with those of
ABAQUS. When the number of nodes in ANCF reaches 28,
the relative error of the two methods is less than 1%, a sat-
isfactorily accurate proportion for engineering machin-
ery such as cranes and aerial work platforms.

4 -

E 31

o

i)

3]

2

g,

Q
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c
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Fig. 4 The endpoint static deflections when m=0kg
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Fig. 5 The endpoint static deflections when m=50 kg
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5 10

Time (s)

Fig. 6 The endpoint dynamic deflection (m=0 kg)

Let the initial state of the beam be the horizontal
static equilibrium state. Figs. 6 and 11 display the dynamic
deflections of the beam during the starting stage, luffing
stage, braking stage, and steady-state vibrating stage ob-
tained by the ANCF-FFR method and ABAQUS software
when the lump mass m = 0 kg and m = 50 kg, respectively.
Figs. 7-10 and Figs. 12—15 are the local charts of every
stage when m = 0 kg and m = 50 kg, respectively. From the
starting stage to the steady-state vibrating stage after brak-
ing, the results of the 4-node beam clearly deviate from
other results. The results of the 10-node beam agree well

with the ABAQUS simulation results during the starting
stage, but subsequent phase errors increase significantly
over time during the luffing stage and the steady--state vi-
brating stage. The 16-node results show good pre-braking
performance. In the steady-state vibrating stage, however,
the phase errors between the 16-node results and the
ABAQUS results are slightly larger. The 22-node and 28-
node results are almost completely aligned with the
ABAQUS simulation results. Of course, an increase in ac-
curacy requires an increase in computing time.
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4. Conclusions

1. Based on the assumptions of low speed and
small deformation, the constant mass matrix and stiffness
matrix without generalized coordinates of the multi-node
beam are obtained by combining the ANCF and FFR meth-
ods; the calculation process is simplified, and the solution
accuracy is improved.

2. By using the split-iteration method, the gener-
alized coordinates not included in the constraint equations
are iteratively expanded as a 2"-order Taylor series of the
Lagrange multipliers and the generalized coordinates con-
tained in the constraint equations, and the constraint equa-
tions themselves, are linearized to a 1%-order Taylor series
at the rigid configuration of the generalized coordinates, af-
ter which the system states and Lagrange multipliers can be
solved quickly. The simulation results demonstrate that for
small-deformation problems, the low-order Taylor approxi-
mation of the generalized displacement at the rigid configu-
ration can significantly improve the solution speed and en-
sure sufficient solution accuracy.
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Summary

DYNAMIC MODELING AND SIMULATION OF
FLEXIBLE BEAM FINITE ROTATION WITH ANCF
METHOD AND FFR METHOD

In this paper, a method of modeling and simulating
flexible beam finite rotation is investigated. Based on the
assumptions of low speed and small deformation, the ANCF
method is regarded as a finite element interpolation method
to obtain the constant mass matrix of the flexible beam; the
local coordinate system in the ANCF method is considered
the floating coordinate system, and the stiffness matrix in-
dependent of the generalized coordinates is obtained. The
split-iteration method is used to expand the generalized co-
ordinates that are not contained in the constraint equations
to the 2"-order Taylor series of the generalized coordinates

that are contained in the constraint equations and the La-
grange multipliers. The nonlinear constraint equations are
linearized to the 1%-order Taylor series of the generalized
coordinates. Then, the generalized coordinates and La-
grange multipliers can be solved quickly. The results show
that the dynamic equations can be effectively simplified by
combining the ANCF method with the FFR method for the
small-deformation problems. The low-order Taylor approx-
imation of generalized coordinates in both the dynamic
equations and constrained equations does not lose substan-
tial computational accuracy but can significantly reduce
computational time. The results of this investigation have
important reference values for dynamic analysis of cranes,
aerial work platforms, and other engineering equipment.

Keywords: ANCF, FFR, small deformation, split-iteration.

Received May 01, 2018
Accepted October 18, 2018



