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1. Introduction 

The concept of hybrid-driven mechanism was first 

proposed by Tokuz [1]. This type of mechanism with two-

degrees of freedom is controlled by a constant velocity (CV 

for short) motor (uncontrolled) and a servo motor (real-time 

control). The CV motor provides main power and move-

ment required. The servo motor provides a flexible move-

ment regulation by controlling the output of the servo motor 

of limited power capacity. Therefore, hybrid-driven mecha-

nism takes advantage of the complementary characteristics 

of both motors to generate a programmable range of highly 

nonlinear output motions with high power capacities [2]. 

Hybrid-driven mechanism is capable of generating precise 

and flexible motion and is suitable for applications that only 

require machines with certain flexibility and intelligence to 

complete similar tasks, such as medical rehabilitation, pack-

aging engineering and automatic production line.  

Up to date, a series of theoretical results have been 

reported about kinematics [3 – 6], dynamics [7 – 8], appli-

cation research [9 – 11], control [12 – 13] and optimization 

design [14 – 15], etc. on hybrid driven planar five-bar mech-

anism, seven-bar mechanism. Zi and Sun et al. [16 – 19] 

studied kinematics and dynamics on hybrid-driven based ca-

ble parallel manipulator with 3~6 limbs, including singular-

ity, workspace, and application, etc. Each limb consists of 

cable and closed chain five-bar mechanism.  

The traditional n-DOF hybrid driven mechanism 

can be regarded as composed of n mutually coupled limbs, 

which has n motion inputs as 
T

1 2 ,( , , , )n  =θ

3 6n   and the trajectory generalized coordinates of the 

moving platform outputs as ( )
T

1 2 ,, , , nx x x=X  

3 6.n   The n independent position equations 

( ) ( )f g=θ X  are established using closed vector method. 

The derivative of the equation of position with respect to 

time gives the Jacobian of velocity. Because the velocity of 

the CV motor is constant, the full rank n-DOF (3 6).n 

Jacobian matrix of hybrid driven mechanism does not exist, 

thus the mechanism is not controllable. The redundantly 

driven mode is formed, when one or several limbs are added 

to the mechanism and the driver is added at the same time. 

The velocity Jacobian matrix is non-full rank, and there are 

countless inverse kinematics solutions. Extending the con-

figuration of hybrid-driven mechanism from plane field to 

space field is a starting point of this paper.  

Zhang et al. [20, 21] introduced a family of parallel 

mechanisms with 3, 4 and 5 degrees of freedom with passive 

limb. These mechanisms are that a passive limb fully pro-

vides the freedom of the parallel mechanism and only pro-

vides all the constraints that the moving platform requires, 

and then the number of active chains is equal to the number 

of degree of freedoms of the parallel mechanism, and the 

active limb provides only the driver for the moving plat-

form. When a driver is added to the passive limb, a redun-

dant parallel mechanism is formed [22 – 24]. Redundantly 

driven parallel mechanism is a type of parallel mechanism, 

in which the number of input links is more than the degrees 

of freedom of the mechanism.  

At present, the general redundantly driven parallel 

mechanism is mainly as: (1) Directly making the passive 

joint of the non-redundant parallel mechanism into the actu-

ated joint. Zhou et al. [25] researched the configuration of 

5-UPS/PRPU parallel machine tool; (2) Adding driving 

limb in non-redundant parallel mechanism by using self-av-

eraging redundant driving interface module. Liu et al. [26] 

designed an improved 3-degrees-of-freedom (DOF) redun-

dantly actuated parallel platform 2UPS-RPS-PS which con-

sists of four actuations. The common characteristics of the 

mechanism is derived from the Stewart platform, add a limb 

connect to static platform and moving platform with driving 

or without driving. Some limbs are only constraint the free-

dom of the whole mechanism. The limb has a positive effect 

on the overall performance of the parallel mechanism.  

Compared with the general parallel mechanism, it 

has the advantages of high rigidity, excellent operation per-

formance, bearing capacity and high positioning accuracy 

[27 – 29]. The research of spatial connecting rod type hy-

brid-driven mechanism is seldom reported in literature, 

which greatly limits the application field of hybrid-driven 

mechanism. 

In this paper, a novel 3-DOF 3-PSS/7R hybrid re-

dundantly driven mechanism (HRDM for short) is proposed 

for spatial motion. The 3-DOF HRDM includes three PSS 

driving limbs and one 7R middle limb. The middle limb is 

composed of a planar 5-bar mechanism and a spatial linkage 

mechanism in series, which is driven by CV motor and servo 

motor together. The mechanism has 3 degrees of freedom, 

but 5 drives. Therefore, the drives of the mechanism are re-

dundant. The middle limb is the redundant limb with hybrid 

driven, which determines the freedom of the HRDM, which 

is called hybrid redundantly driven limb (HRDL for short).  
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2. Kinematic Modelling of the 3-PSS/7R HRDM 

Fig. 1 shows the schematic diagram of the 3-

PSS/7R HRDM. The 3-PSS/7R parallel mechanism is com-

prised of a base, a moving platform, three identical PSS 

limbs, and one middle limb. One end of the PSS limb con-

nects the base with the prismatic pair P, and the other end 

connects the moving platform with the spherical pair S. In 

the initial position, three prismatic drives are distributed 

symmetrically on the circumference of the base.  

 

Fig. 1 The schematic diagram of the 3-PSS/7R HRDM 

The middle limb is composed of a planar five-bar 

mechanism CDEFG and a connecting link EO2 in series. 

The frame of the planar five-bar mechanism CDEFG is 

fixed in the base, which is driven by a CV motor and a servo 

motor. The two ends of the connecting link connect the ref-

erence point O2 of the moving platform and point E of the 

five-bar mechanism with revolute joints, respectively. The 

moving platform of the 3-PSS/7R mechanism can realize 

2T1R (two translations and one rotation) movements within 

the workspace range by changing the lengths of the three 

driving links and changing the driving angle of the servo 

motor. 

In Fig. 1, the radii of the base and the moving plat-

form are marked as R, r, respectively. The three guide paths 

Si (i=1, 2, 3) of the prismatic pairs are symmetrically distrib-

uted on the circumference of the base. The three spherical 

pairs Pi (i=1, 2, 3) are symmetrically distributed on the cir-

cumference of the moving platform.  

Figure 1 shows two coordinate systems. The base 

coordinate system O1-X1Y1Z1, marked as {O1}, is connected 

to the base. The coordinate origin O1 is located at the centre 

of the base. X1 axis passes through point B2 and points to the 

right, while points B1 and B3 are symmetric about X1 axis. Z1 

axis is perpendicular to the base and the direction is upward. 

The moving coordinate system O2-X2Y2Z2, marked 

as {O2}, is connected to the moving platform. The coordi-

nate origin O2 is located at the centre of the moving plat-

form. X2 axis passes through point P2 and points to the right, 

while points P1 and P3 are symmetric about X2 axis. Z2 axis 

is perpendicular to the moving platform and point away 

from the mechanism. 

The frame CG of the five-bar mechanism coincides 

with X1 axis in the {O1}. The axes of the revolute pairs C, 

D, F, G are parallel to Y1 axis. In the initial position, the 

direction of Z1 axis coincides with that of Z2 axis. X1 axis is 

parallel to X2 axis. Y1 axis is parallel to Y2 axis. 

In the planar five-bar mechanism CDEFG, the CV 

motor drives link CD to move, the servo motor drives link 

GF to move. The output is the movement trajectory of point 

E. The lengths of the planar five-bar mechanism are marked 

as 1 2 3 4 1 1, , , ,CD l DE l EF l FG l CO GO= = = = = =  

5 2 6, ,l EO l= = respectively. The rotation angle of link il  

are marked as iq  (i=1, 2, 3, 4), where , ( 1, 2)i iq i= = , as 

shown in Fig. 2. 

 

Fig. 2 HRDL 

3. Inverse and forward position analyses 

3.1. The inverse position analysis of the 3-PSS/7R HRDM 

The inverse kinematics of the 3-PSS/7R HRDM is 

to solve the displacement hi (i=1, 2, 3) of driving slider Si in 

three PSS limbs and rotation angle of the servo motor for 

the given position and orientation ( ), , , , ,x y z     of the 

moving platform. Under the condition that the velocity and 

initial posture of the CV motor are known, the position vec-

tor of point O2 in the {O1} is  
T

2 .x y z=O  According 

to the dimensions of the mechanism and the geometrical re-

lationship among the links, the hinge centre coordinate val-

ues in respective coordinate system of four driving limbs 

can be obtained using vector projection method. 

3.1.1. The inverse position analysis of HRDL 

The middle limb of the 3-PSS/7R HRDM consists 

of the five-bar mechanism CDEFG and link EO2, the degree 

of freedom of the centre of the moving platform is com-

pletely determined by the middle limb. Thus the motion 

transformation matrix of the middle limb directly deter-

mines the transformation matrix of the whole mechanism.  

The middle limb can be seen as consist of two sub-

limbs O1CDEO2 and O1GFEO2. The two sub-limbs are re-

combined at point E, the revolute pairs of point E are coax-

ial. The position and orientation of the moving platform are 

controlled by two different types of driving forces acting on 

point E. In order to facilitate analysis, one of the sub-limbs 

O1CDEO2 is analysed, and the link coordinate systems of 

the middle limb 7R are established, as shown in Fig. 3. D-H 
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parameters [28, 29] are defined for the middle limb, and θi 

(i=1, 2, 3, 4) can be obtained as shown in Table 1. 

Table 1 

The D-H parameters of the sub-limb O1CDEO2 

No. i Link length ai Torsion angle αi-1 Bias di Turning angle θi 

0 0 90° 0 0° 

1 l5 0 0 θ1 

2 l1 0 0 θ2 

3 l6 0 0 θ3 

4 0 0 0 θ4 

O2 0 −90° 0 0° 

 

Fig. 3 The link coordinate systems of O1CDEO2 

With D-H parameters, the general expression of 

the coordinate transformation matrix 1

i

i− T  is as follows [30, 

31]. 

 

1 1

1

1 1 1 1

1 1 1 1

1 Rot( , )Trans( , )Trans( , )Rot( , )

c s 0

s c c c s s
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s c s c c
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i i i i

i i i

i i i i i i i

i i i i i i i

i
i

x x a z d z

a

d

s d
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T

(1) 

 
1 1

2 2

0 1 2 3 4

0 1 2 3 4

O O

O O=T T T T T T T.  (2) 

 

The orientation transformation matrix of the {O2} 

relative to the {O1} is represented by the Euler angle as fol-

lows: 

 

1

2
,

c c s s c c s c s c s s

c s s s s c c c s s s c

s s c c c

0 0 0 1

O

O

x

y

z

           

           

    

− + 
 + −
 =
− 

  

T  (3) 

 

where: point  
T T

, , , ,x y zP P P x y z= =  P is the reference 

point and its vector coordinate is  
T

,x y z=P  which 

coincides with the coordinate origin of the moving coordi-

nate system {O2}. ( ), ,    are Euler angles of the frame 

{O2}.  

The left side of Eq. (3) can be found by homogene-

ous transformation with D-H parameters. By comparing two 

sides of the equations, we have: 

 

6 1,2,3 2 1,2 1 1 5

6 1,2,3 2 1,2 1 1

1,2,3 4

c c c ,

0,

s s s , ,

0 ,

.

x l l l l

y

z l l l

  

  

 

 

= + + +


= 


= + + 


= =  
= − 

 (4) 

 

where: 1, 2, , 1 2 ( ),k k k N   = + + + 

1, 2, , 1 2s ( ),k ksin   = + + +

1, 2, , 1 2 s  and c .c cos( ),k k sin cos   = + + + = =   

Substituting Eq. (4) into Eq. (3), yields: 

 

1

2

c 0 s

0 1 0 0
.

s 0 c

0 0 0 1

O

O

x

z

 

 

 
 
 =
 −
 
 

T  (5) 

 

When the parameters of the position and orienta-

tion of the moving platform ( )
T

, ,x z   and parameters of 

the constraint limbs are determined, the value of the relative 

absolute coordinates of each joint is obtained through the 

form of multiple function products. The input parameters of 

two motors can be determined by means of the trajectory of 

point E because point E is driven by the servo motor and the 

CV motor. 

The transformation matrix of the known limb as 

Eq. (2), the coordinate vector of point E can be obtained by 

homogeneous transformation. 

 

( ) ( )1 1 1

2 2

0 1 2 3 4

3 0 1 2 3 4

1

.
O

O O O

O

−

= =T T T T T T T T  (6) 

 

From Eq. (6), the following expression can be ob-

tained: 

 

( )

( )

3

6 4

3

3

6 4

c ,

0, ,

s .

x e

y e

z e

p x x l

p y

p z z l

 

 

= = − −


= = 
= = − − 

 (7) 

 

where: (xe, ye, ze)T is the coordinate of the point E in the mid-

dle limb 7R. 

When the position and orientation of moving plat-

form ( )
T

, ,x z  and the driving angle of the CV motor 1  is 

determined, it’s easy to get the coordinates of point E in the 

{O1}. From Fig. 2, the vector equations of limb O1CDE 

driven by the CV motor and limb O1GFDE driven by the 

servo motor are established, respectively, using closed vec-

tor method, as follows: 

 

1 ,= + +O E O C CD DE
1  (8) 

1 .= + +O E O G GF FE
1  (9) 

 

Their projects to x1 and z1 axes yield: 
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1 1 2 1,2

1 1 2 1,2

5 c c , 
,

s s .

e

e

x l l q l q

z l q l q

= + + 


= + 
 (10) 

 

4 4 3 3,4

4 4 3 3

5

,4

c c ,
.

s s .

e

e

x l l q l q

z l q l q

= − + + 


= + 
 (11) 

Eliminating 1,2q  from Eq. (10), yield: 

 

( ) ( )
2 2 2 2

5 1 5 1 1 1 1 22 c 2 s .e e e ex l l x l q z l z q l l− − − + − + =  (12) 

 

Eliminating ( )4 −  from Eq. (7), yield: 

 

( ) ( )
2 2 2

6 .e ex x z z l− + − =  (13) 

 

From Eq. (12) and Eq. (13), get:

 
( )

( )

2 2 2 2 2

5 5 1 5 1 1 2

1 1

2 2 c 2
.

2 s 2

e e e

e

l x l l x l q l l x xx z
z

l q z

− + − − + − − + −
=

−
. (14)

 

Substituting Eq. (14) into Eq. (12), yield: 

 

( )

2 2 2

2
2 2 2

62

2
2 2

1
2 ,

e e e

e e

Cz
x xx x z Bzx

A

B x BCx C l
A

− + + − − +

+ + + =

 

(15)

 

 

where: 1 1 5 1 12 2 , 2 2 2 ,A l sinq z B x l l cosq= − = − −  
2 2 2 2 2

5 1 5 1 1 22 .C l l l cosq l l x z= − + − − −  

Eq. (15) is rewritten as an expression about xe as 

follows: 

 
2 0,e eCx Dx E− + =  (16) 

 

where: 2 21 / ,C B A= +  22 2 / 2 / ,D x Bz A BC A= + −  
2 2 2 2 2

62 / / .E x z Cz A C A l= + − + −  

Solving Eq. (16), and get: 

 

( ) ( )2 4 / 2 .ex D D CE C=  −  (17) 

 

Under the working condition, the posture X and q1 

of the HRDM at any moment are determined. For the limb 

O1CDEO2 driven by the CV motor, the following vector re-

lationship is satisfied: 

 

1 2 1 2 ,=O E + EO O O  (18) 

 

1 1 .= + +O E O C CD DE  (19) 

 

Under this condition, the solution is obtained as 

point E and point E', but point E is the coupling point of two 

limbs O1CDE and O1GFE, thus the following conditions 

should be met. 

 

1 1 .= + +O E O G GF FE  (20) 

 

As can be seen from Fig. 4, if both point E and E' 

can meet the requirements of the limb O1GFE, then there 

must be =FE FE' , =DE DE' .  

At the time   FED FE'D . 

Then get,  = EFD E'FD ,  = EDF E'DF , 

 = FED FE'D . 

Thus, point E and E' overlap. However, this con-

tradicts the fact that point E and E' are two different points, 

thus it can both satisfy the uniqueness of E driven by two 

limbs at the same time. Set the coordinate vector E as 

 
T

, ,e e ex z=X  ze is located above the Z1 axis and satisfies 

the assembly relationship: 

 

1

1

 

 

FG - EF O E FG + EF

CD - DE O E CD + DE
. (21) 

 

Then the inverse solution of the HRDL can be ob-

tained: 

 

2 2

1

6 1 2 2

2

2

2

3

3 3

4

6 4 3 3

( )
,

( )

1
,

,
1

,

( )
.

( )

e

e

e

e

z l sin q
q arctan arctan

x l l l cos q

F
q arctan

F

G
q arctan

G

z l sin q
q arctan arctan

x l l l cos q

 
= −  

− +  


 − =



 − 
= 


  

= −  
+ +  

 (22) 

 

where:
2 2 2 2

6 1 2

1 2

( )
,

2

e ex l z l l
F

l l

− + − −
=  

( )
2 2 2 2

6 3 4

3 4

.
2

e ex l z l l
G

l l

+ + − −
=  

 

Eq. (22) is the inverse solution of the HRDL, and 

each has two solutions. Since link CD is driven by the CV 

motor and can only move in one direction, 1 2,q q  is a given 

value. The value 4q  is the servo motor compensation angle, 

there are two possibilities according to the actual situation. 

The value 3q  is the angle of transition from l3 to l4 can be 

determined according to the assembly relationship of the in-

itial mechanism. 

3.1.2. The inverse position analysis of the limb 3-PSS 

The position vector of point Bj (j=1, 2, 3) of the 

base in the {O1} is 
T

j .jx jy jzB B B =  B  

( )  
T

( , 2 1 / 3) 0 0 .j Rot Z j R= −Β  (23) 

 

The coordinates of the prismatic pair j
S  in the 

{O1} can be expressed as:  
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( )
T

Rot( , 2 1 / 3) 0 .jZ j R h  = −  j
S  (24) 

 

The position vector of the spherical joint centre Pj 

of the moving platform in the  2O  is 2O

jP . 

 

( )  2
T

( , 2 1 / 3) 0 0 .
O

j Rot Z j r= −P  (25) 

 

Any vector in the {O2} can be transformed to the 

{O1} by the coordinate transformation equation 1

2

O

O R : 

 
1 1 2

2
,

O O O

O j= +
j

P R P P  (26) 

 

where, 1

2

O

O R is the orientation transformation matrix in the 

form of Z-Y-X Euler angle (γ, β, α). 

According to the characteristics of the 3-PSS/7R 

mechanism, the moving platform has three DOFs (two 

translations and one rotation). The middle HRDL 7R re-

stricts the two rotation DOFs and one translation DOF of the 

moving platform. Its motion transformation matrix can be 

obtained through D-H parameters transformation of the 

middle limb 7R in Section 3.1.1. Thus the orientation trans-

formation matrix 1

2

O

O R can be expressed as: 

 

1

2

c 0 s

0 1 0 .

s 0 c

O

O

 

 

 
 

=
 
 − 

R  (27) 

 

When generalized coordinates of the moving plat-

form are known and substituting it into Eq. (26), the dis-

placement vector of the spherical joint centre Pj of the mov-

ing platform in the {O1} can be obtained. The length of the 

driving link also can be obtained using geometric relation-

ships. 

 

1 1 .j j j j j== −L O S O PS P  (28) 

 

From Eq. (28), the length of the three limbs can be 

obtained by using coordinates of the spherical joint centres 

in the {O1}, which connect to the base and the moving plat-

form. 

 
2 2 2 2 ,j jx jy jzL L L L= + +  (29) 

 

where: , ,jx jx jx jy jy jy jz jz jzL P S L P S L P S= − = − = − . 

Because the moving platform is located up the 

base, and the z value of the coordinate values ( ), ,x y z  of 

reference point O2 is constant positive and jz h , here the 

moving distance jh  of the prismatic pairs is positive value 

and can be expressed as: 

2 2 2  .j jz j jx jyh S L L L= − − −  (30) 

 

The inverse solution equation of the PSS limbs can 

be obtained by substituting the mechanism parameters into 

Eq. (30). 

1

2

3

0.5 s ,

s , ,

0.5 s .

h z r a

h z r b

h z r a







= − − 


= + − 
= − − 

 (31) 

 

where: ( )
22 2

1 0.75 ,a L R r= − − −  
2 2

2 ,b L = −  

1 0.5 c 0.5 ,x r R = + −  2 cx r R = − + . 

Eq. (31) indicates that the mechanism can realize 

controlled motion of the moving platform by using coordi-

nate values of each spherical joint centre in the {O1}. 

3.2. Jacobian matrix of the 3-PSS/7R HRDM 

The HRDM’s Jacobian mapping matrix is a non-

full rank matrix. The mechanism has 5 motion inputs but 

only 3 motion outputs. When the feeding velocity of the ref-

erence point of the moving platform is given, only five driv-

ing input velocities can be obtained, and the expression can 

be written as follows: 

 

,=Q JX  (32) 

 

where: ( )
T

, ,x z X =  is the generalized velocity vector of 

the centre of the moving platform; Q  is the velocity vector 

driven by the generalized joint. 

3.2.1. The velocity analysis of the middle limb 7R 

The velocity of point E is formed by coupling CDE 

limb driven by CV motor and GFE limb driven by servo 

motor. The velocity mapping matrix of HRDL is determined 

by the parallel five-bar mechanism and the spatial linkage. 

The velocity Jacobian of HRDL is expressed as 1
J . The ve-

locity of the CV motor 1q  and the servo motor 4q  and the 

output velocity of the centre point O2 of the moving platform 

satisfy the following equation: 

 

( )
T 1

1 4,q q = X.J  (33) 

 

Under the driving 1q and 4q , the velocity mapping 

relation of point E is: 

 

( ) ( )
T T1

1 4 1, , ,e eq q x z= J  (34) 

 

where: ( )1

1 2 3s .q q= −J

( ) ( ) ( )

( ) ( ) ( )

1

1 1 2 3 1 2 1 3 4 2 4 3

1 1 2 3 1 2 1 3 4 2 4 3

s s s s s s
.

c s c s c s

l q q q l q q q l q q q

l q q q l q q q l q q q

−

− − + − − − 
 

− − − − 
 

The velocity mapping relationship between the 

spatial link and the moving platform is: 

 

( ) ( )
TT 1

2, , , .e ex z x z = J  (35) 

 

According to Eq. (7), point E is determined at any 

time when the HRDM is in working state. The virtual limb 

O1EO2 can be regarded as the passive link of the parallel 

mechanism with a middle passive link [21]. 

For the virtual limb O1EO2, the motion mapping 
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relation is equivalent to: 

 

, J X=  (36) 

 

where: 
T

1 2 3' = ' ' '   
   is the velocity vectors of O1, E 

and O2 of the virtual revolute joints. J  is the Jacobian ma-

trix of the virtual limb, which can be expressed as: 

 

1 3

1 1 3 3

,
 

     

e e
J =

e r e r
 (37) 

 

where: 'ir  is the position vector relative to the centre of the 

static platform, 2 e= r r , 3 4=  . 

Thus, 

 

2

1 1 1

1 .J= JJ  (38) 

3.2.2. The velocity analysis of the driving limbs 3-PSS 

The velocity equation can be obtained by differen-

tiating the position equation with respect to time. The posi-

tion and orientation of the moving platform are constantly 

varying when the mechanism is in the working state. In or-

der to obtain the driving velocities of three prismatic pairs 

of the limbs 3-PSS and the moving velocity of the moving 

platform, the velocity equation can be obtained by taking 

position equation to the first derivative with respect to time. 

 
2 ,=q JX  (39) 

 

where: T

1 2 3( , , )h h h=q  is driving velocity vector. 

The Jacobian matrix of the 3-PSS limbs can be ob-

tained by differentiating Eq. (31) with respect to time, yields. 

 

( )

( )

( )

11

22 2

11

s c
1

2

s c
1 .

s c
1

2

r a

a a

r b

b b

r c

c c

 

 

 

+ 
− 

 
 +

=  
 
 +

− 
 

J  (40) 

 

The total Jacobian matrix of the 3-PSS/7R HRDM 

is: 

 
1

2
.

 
=  
 

J
J

J
 (41) 

 

4. The workspace atlas of the 3-PSS/7R HRDM 

4.1. Factors affecting workspace of the HRDM 

Workspace is one of the important indexes to 

measure the kinematic performance of a mechanism. The 

HRDM workspace is the active area that can be reached by 

centre of moving platform, which size and shape determine 

the active space of the mechanism. The HRDM consists of 

3-PSS limbs and a middle HRDL, and its workspace is af-

fected by all the limbs. 

The main factors affecting the workspace of 3-PSS 

parallel mechanism as: the activity degree of the ball hinge 

pair, the length range of the links, and the interference be-

tween the links. The mathematical relationship expression 

is as follows: 
 

,

, 1, 2, 3

, 1, 2, 3 ,

, , , 1, 2, 3

max j max

R min j max

i k min

j

W L L L j

d d i k i k

  −   =


=   =
   =

 (42) 

 

where: σj is the activity degree of the jth spherical pair; σmax 

is the extreme value of ball hinge mobile space; Li is the 

length of the ith drive link; Lmin and Lmax is the limit of the 

length of the driving link; di,k is the distance between the 

limbs; dmin is the limit distance between the links. 

The factors that affect the workspace of the HRDL 

are as follows: 

1) The parameters of the hybrid drive planar five-

bar mechanism. 

The workspace of 3-PSS mechanism is deter-

mined, and HRDL plays a constraint role in the whole mech-

anism, thus it determines the whole workspace of the mech-

anism. A key factor in the calculation of the HRDL work-

space is to determine the workspace of the planar five-bar 

mechanism CDEFG. The shape of the workspace of point E 

is determined by the two limbs CDE and EFG. The length 

of the link and the frame of the planar five-bar mechanism 

also determine the workspace of point E. The constraint 

condition for calculating the workspace point set of point E 

of the hybrid driven planar five-bar mechanism is: 
 

1 2 1 2

3 4 3 4

.
e

e

l l l l l

l l l l l

 −   +


−   +
 (43) 

 

2) The constraint of the connecting link length l6.  

The upper and lower limits of the trajectory of the 

moving platform centre are within the maximum and mini-

mum driving range of 3-PSS sliding pair, respectively. hmin, 

hmax are the minimum and maximum stroke of 3-PSS sliding 

pairs, respectively. Then, the maximum motion region in z 

direction of the 3-PSS mechanism is: 
 

( )
2 2

min

2 2

( )
1, 2, 3 .

( )

min i

max i max

z L R r h
i

z L R r h

  = − − +
=

 = − − +

 (44) 

 

The workspaces of the HRDL is: 
 

1 2 6 6 1 2 6

3 4 6 6 3 4 6

.
e

e

l l l l l l l l

l l l l l l l l

 − +  +  + +


− +  +  + +
 (45) 

 

If there is an intersection between the HRDL and 

3-PSS limbs, the following conditions should be satisfied. 
 

.min z maxz z     (46) 

 

Since the degree of freedom of the whole mecha-

nism is determined by the middle HRDL, the activity degree 

of the HRDL directly determines the activity ability of the 

entire mechanism. The mechanism has no linear movement 
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ability in y direction, and the workspace of the mechanism 

determined by the orientation and the parameters of each 

limb of the mechanism. 

 

4.2. Workspace atlas of the 3-PSS/7R HRDM  

The workspace of the 3-PSS/7R HRDM is the in-

tersection of the two workspaces determined by the limbs 3-

PSS and the middle HRDL 7R, respectively.  

As shown in Fig. 1, assuming the moving distance 

ih  of the driving slider Si (i=1, 2, 3) of the limbs 3-PSS is 

defined in the range of [0 mm, 400 mm]. The structure pa-

rameters of the 3-PSS/7R HRDM are shown in Table 2. 

Table 2 

The structure parameters of the 3-PSS/7R HRDM 

Description Parameters Value 

Lengths of the driving links in the 

middle limb 7R 
li (i=1, 4) /mm 120 

Lengths of the connecting links in the 

middle limb 7R 
li (i=2, 3) /mm 450 

Length of the frame in the middle 

limb 7R 
2l5 /mm 600 

Length of link EO2 in the middle limb 

7R 
l6 /mm 420 

Maximum oscillating angle of the 

spherical pair S 
  /(°) 45 

Radius of the base R /mm 400 

Radius of the moving platform r /mm 180 

Length of link PiSi Li (i=1, 2, 3) /mm 500 

 

  

a) β = 0° b) β = 5° 

  

c) β = 10° d) β = 15° 

  

e) β = 20 f) β = 25° 

Fig. 4 Workspace atlas of the 3-PSS/7R HRDM with differ-

ent orientation angles 

The range of the flexible orientation angle β is [0°, 

25°]. The constraint conditions of the workspace of the mid-

dle limb 7R are added to the workspace search program of 

the limbs 3-PSS, and the workspaces with different flexible 

orientation angles β are obtained, as shown in Fig. 4. 

From Fig. 4, the workspace of the 3-PSS/7R 

HRDM has the following characteristics: 

1) As shown in Fig. 4, a, when the feasible orien-

tation angle β = 0°, the workspace area is the largest. How-

ever, the minimum reachable space of the z axis is less then 

when β become larger. 

2) When the flexible orientation angle β increases 

gradually, the maximum working radius of the mechanism 

has no change, which is [−250 mm~150 mm]. However, 

there are many unreachable spaces in the working radius 

along Z1 axis in the {O1}, and the workspace area decreases 

obviously and the shape also changes. 

5. Case study of the 3-PSS/7R HRDM 

In order to verify the correctness of the kinematics 

models of the 3-PSS/7R HRDM, assuming the centre O2 of 

the moving platform moves along the linear motion trajec-

tory in the workspace range, the linear motion law is: 

 

( )

( )

20 0.1

0 (0 20).

20 0.1

x sin t

y t

z cos t

  

= 


= = = =  
 = 

 (47) 

 

Assuming the angular velocity of the CV motor is 

1 18 deg/s = , and the initial point of 10 0 = . The reference 

point of the moving platform moves in a uniform linear mo-

tion, its starting point P0 is (0, 0, 720)  and the end point Pe 

is (100, 0, 670) . According to the inverse kinematics model 

of the 3-PSS/7R HRDM established by the inverse solution 

Eqs. (22), (30), (38) and (41), the theoretical curves of the 

inverse kinematics solution of the mechanism are obtained, 

as shown in Figs. 5 and 6. 

 

a) The displacements of the driving sliders Si ( )1,2,3i =  

 

b) The velocities of the driving sliders Si ( )1,2,3i =  

Fig. 5 The theoretical curves of the displacements and ve-

locities of the driving sliders Si ( 1,2,3i = ) 
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Fig. 6 The theoretical curves of angular displacement and 

angular velocity of the servo motor 

As can be seen from Figs. 5 and 6, when the refer-

ence point of the moving platform moves along the straight 

line at a constant velocity, the maximum displacement of the 

drivers is within the range of its motion limit, the maximum 

movement velocity of the drivers is within the rated velocity 

of the motor, the acceleration changes gently, which is ben-

eficial to the movement control of the 3-PSS/7R HRDM. 

One of the drivers of 7R limb is constant velocity, and the 

velocity and acceleration do not vary with time. The angular 

displacement of the servo motor is the cosine function, and 

the variation range of the angular velocity is from 0°/s to 

7.2°/s, the variation range of the angular acceleration is from 

30°/s2 to 90°/s2. The variation ranges of the angular velocity, 

angular acceleration, and the interval are narrow. The gentle 

change has little impact on the motor and mechanism, thus 

it is controllable. 

6. Conclusions 

A novel 3-PSS/7R HRDM with 2T1R motion 

mode is presented. The inverse position solution model of 

the mechanism is established. The 5×3 Jacobian matrix 

equation between the velocity of the moving platform and 

the driving velocity of the joint, which is suitable for Euler 

angular velocity, is established. The one-to-one correspond-

ence between the joint space and the workspace velocity is 

realized. 

The factors that affect the workspace of the mech-

anism are analysed, and the workspace atlas under different 

orientation angles are obtained. 

The case simulation analysis results verify the ra-

tionality mechanism design, thus theoretically verify the 

feasibility of the HRDM realization and mechanism control-

lability, and lay the foundation for further trajectory preci-

sion control test research. 

This study has been conducted only for 3-DOF 

mechanism and can serve as the basis for the kinematics of 

n-DOF (n≥4) mechanisms. 

The mechanism’s research broadens the configura-

tion of hybrid driven mechanisms to the space field, broad-

ens the research scope of hybrid driven mechanisms, and 

provides a theoretical reference for the research of spatiali-

zation of hybrid driven mechanisms. 
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Qisheng ZHANG, Ruiqin LI, Jingjing LIANG 

KINEMATICS AND WORKSPACE ATLAS OF  

3-PSS/7R HYBRID REDUNDANTLY DRIVEN 

MECHANISM 

S u m m a r y 

Aiming at the problem that the traditional hybrid-

driven mechanism is limited to planar mechanism, the paper 

presents a 3-PSS/7R Hybrid and Redundantly Driven Mech-

anism (HRDM for short), which takes advantage of hybrid 

driven and redundantly driven mechanism, driven by both 

constant velocity motor and servo motor. The mechanism 

consists of three PSS limbs with 6-DOF and a middle con-

strained limb with 7R configuration. The moving platform 

is constrained to 3-DOF motion. The kinematics model of 

the mechanism is established, and the kinematics analysis of 

3-PSS/7R mechanism is carried out. The Jacobian matrix of 

the inverse kinematics is derived. The factors that affect the 

workspace are analyzed. The workspace of the HRDM is 

solved and verified using numerical method, and the work-

space atlas with different orientation angles is obtained.  

Keywords: 3-PSS/7R, hybrid redundantly driven mecha-

nism (HRDM), Jacobian matrix, kinematics, workspace. 
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