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1. Introduction 

“Hybrid machine” was first proposed by Tokuz 

and Jones from Liverpool University of Technology in the 

1990s [1]. Hybrid driven mechanism (HDM for short), also 

known as hybrid input mechanism, is a type of controllable 

mechanism. HDM is different from full servo drive mecha-

nism, which uses constant velocity (CV for short) motors 

and servo motors to drive a multi-DOF mechanical system 

to output flexible and controllable trajectory. HDM is be-

tween controllable mechanism and uncontrollable mecha-

nism, and has certain flexibility. At present, HDM has be-

come an important branch in the field of modern mecha-

nisms, which has the advantages of large carrying capacity, 

strong driving force and low cost. 

At present, the research on hybrid driven two-DOF 

planar multi-bar mechanism is the most in-depth, such as 

hybrid driven planar five-bar mechanism, seven-bar mech-

anism and nine-bar mechanism. The planar five-bar mecha-

nism has the least number of links and the most research in 

the two-DOF mechanisms. The theoretical research results 

include configuration design, mobility, trajectory planning, 

power matching, kinematics, dynamics, etc. [2-12]. HDM 

has been applied in many fields, especially press machine 

[6-8] and walking robot [9] are the most widely used. 

The above research on HDM is mostly based on 

the research of planar linkage mechanism. In the process of 

HDM expanding from planar configuration to spatial con-

figuration, a kind of hybrid driven parallel mechanism with 

flexible cable mechanism as limbs appears. Zi Bin [13-15] 

et al. designed a kind of hybrid-driven flexible cable parallel 

mechanism, which is composed of several symmetrically 

distributed limbs, static platform and moving platform. The 

composition of each limb is the same, which is composed of 

a hybrid-driven planar five-bar mechanism and a cable in 

series. The five-bar mechanism is fixed on the frame and 

symmetrically distributed on static platform. The lengths of 

the cables are jointly controlled by CV motor and servo mo-

tor, so that the moving platform can output a flexible and 

controllable trajectory. The remarkable characteristics of the 

mechanism are large workspace, large power and large load. 

The disadvantage is that numbers of motors is twice the de-

grees of freedom, which brings difficulties to the control of 

the system. The dynamics, workspace and singular space, 

system control, trajectory planning, performance optimiza-

tion, stiffness, system reliability and error of such mecha-

nisms have been studied [13-18]. 

As a scheme of hybrid-driven spatial mechanism 

[19, 20], hybrid redundantly driven mechanism (HRDM for 

short) has the characteristics of HDM and RDM. n-DOF 

HRDM has n + 1 limbs, of which n driving limbs with 6-

DOF are symmetrically distributed between the moving 

platform and the static platform, which does not restrict the 

DOFs of the mechanism; An intermediate limb is driven by 

CV motor and servo motor simultaneously, which restricts 

the DOFs of the mechanism. Because of the uncontrollable 

characteristics of CV motor, the flexibility of the mecha-

nism decreases and the output DOFs decreases, which is 

mainly used in the field of lower-mobility. The output of the 

moving platform of lower-mobility HRDM is less than six 

DOFs. Compared with 6-DOF HRDM, lower-mobility 

HRDM only needs fewer driving motors, whose structure is 

simple and the control is convenient. It can well satisfy the 

characteristic requirements of partial flexibility for the mo-

tion output of the mechanism. It has broad application pro-

spects in the fields of aerospace, disaster rescue and medical 

rehabilitation, etc. 

In this paper, a geometrical model of 3-DOF 3-

PSS/7R spatial HRDM is proposed. The inverse kinematics 

characteristics of the mechanism are analyzed by establish-

ing the position equation and acceleration equation of 3-

PSS/7R HRDM. The motion continuity of each kinematic 

pair and influence of the initial configuration on the in-

cluded angle of the intermediate limb and the compensation 

angle of servo motor are studied. The sufficient and neces-

sary conditions for accurately realizing the trajectory plan-

ning of the mechanism are studied. Simulation results verify 

that the mechanism can realize continuous trajectory and in-

verse kinematic solution is unique. 

The paper is organized as follows: Section 2 intro-

duces the geometrical model of 3-PSS/7R HRDM. The kin-

ematic modeling of the mechanism is established in Section 

3. In Section 4, the necessary and sufficient conditions for 

smooth and continuous trajectory of the HRDM are derived. 

In Section 5, the correctness of the kinematic model and the 

controllability of the mechanism are demonstrated. Finally, 

conclusions are drawn in Section 6. 

2. Geometrical model of 3-PSS/7R HRDM 

The 3D model of 3-PSS/7R HRDM studied in the 
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paper is shown in Fig. 1, and the kinematic diagram is 

shown in Fig. 2. The mechanism is composed of a moving 

platform, a static platform and four driving limbs. Three 

PSS limbs (P is prismatic pair and S is spherical pair) have 

the same configuration and are symmetrically distributed 

between the moving platform and the static platform, which 

does not restrict the DOFs of the HRDM. The intermediate 

7R limb is composed of a planar five-bar mechanism 

CDEFG and a link EO' in series, and each link is connected 

to each other by a revolute pair. 

The mechanism has three DOFs, but there are four 

limbs and five drives, thus the drives are redundant. The in-

termediate 7R limb is jointly driven by CV motor and servo 

motor, which is called hybrid redundantly driven limb 

(HRDL for short). The CV motor drives link CD, and the 

included angle between CD and X-axis is denoted as q1. The 

servo motor drives link GF, and the included angle between 

link GF and X-axis is denoted as q4. The HRDL imposes 

constraints on freedoms of the whole mechanism, which re-

stricts the translation of the moving platform along Z2-axis 

and the rotations around X2-axis and Y2-axis. Thus, the 

mechanism has three DOFs (two translations and one rota-

tion, i.e. 2T1R). The link CD driven by CV motor and link 

FG driven by servo motor are coupled at E point, and 

through link EO' act on the moving platform center O'. The  

 

 

Fig. 1 3D model of 3-PSS/7R HRDM 

 

Fig. 2 The kinematic diagram of 3-PSS/7R HRDM 

end orientation of limb CDEO' and limb GFEO' is the ori-

entation of the HRDM. 

Under working condition, the driving angular dis-

placement q1 and the initial angle q10 of CV motor are deter-

mined. By changing the displacement hi (i = 1, 2, 3) of the 

driving links in three PSS limbs and the driving angle dis-

placement q4 driven by the servo motor in the HRDL, the 

moving platform of the HRDM can achieve three DOFs 

movement in the workspace. 

The structure parameter of HRDM expressed as，

1 2 3 4 5 6CD l , DE l , EF l , FG l , GO l , OC l ,= = = = = =

7EO l . =  

3. Kinematic analysis of 3-PSS/7R HRDM  

3.1. Mechanism position analysis of 3-PSS/7R HRDM 

In Fig. 2, assume that the static coordinate system 

O-XYZ is established with the geometric center O of the 

static platform as the origin, and the moving coordinate sys-

tem O'-X'Y'Z' is also established with the geometric center 

O' of the moving platform as the origin. The axes of the pris-

matic pairs of three PSS limbs intersect with the static plat-

form at point Bi (i = 1, 2, 3), and point Bi is evenly distrib-

uted on the circumference of the static platform with the ra-

dius R, and the spherical hinge center Pi (i=1, 2, 3) is evenly 

distributed on the circumference of the moving platform 

with the radius r. 120 1 2 3i jPO P ( i, j , , , i j ) =  =  . 

When the mechanism is in the initial state, Y-axis and Y'-

axis are coaxial, and X-axis and Z-axis are parallel to X'-axis 

and Z'-axis, respectively. 

It is known that trajectory  
T

x, y,=X  of the 

geometric center of the moving platform of 3-PSS/7R 

HRDM is continuous, thus ( ) ( ) ( )
T

x t , y t , t=   X  exists 

everywhere in the workspace. The inverse position solution 

is to calculate the displacement hi (i = 1, 2, 3) of three pris-

matic pairs and the driving angular displacement q4 of servo 

motor in the HRDL, when given the position and orientation 

X  of the moving platform and the angular displacement q1 

of CV motor. 

The inverse kinematics of the 3-PSS/7R HRDM is 

to solve the displacement hi (i = 1, 2, 3) of driving slider Si 

in three PSS limbs and rotation angle of the servo motor for 

the given position and orientation ( )x, y,z, , ,    of the 

moving platform. Under the condition that the velocity and 

initial posture of the CV motor are known, the position vec-

tor of point O2 in the {O1} is  2

T
x y z=O . According 

to the dimensions of the mechanism and the geometrical re-

lationship among the links, the hinge centre coordinate val-

ues in respective coordinate system of four driving limbs 

can be obtained using vector projection method. 

3.1.1. Inverse solution of the HRDL 

The position and orientation of the HRDL deter-

mines the position and orientation of the HRDM. The link 

coordinate system of limb OCDEO' driven by CV motor are 

established, as shown in Fig. 3. The coordinate systems {1}-

{4} are established at the center of each revolute pair, re-

spectively. z4-axis of the coordinate system {4} is parallel to  
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Fig. 3 Link coordinate systems of OCDEO' 

Table 1 

D-H parameters of OCDEO´ limb 

i ai αi di θi 

0 l6 0 0 0 

1 l1 0 0 θ1 

2 l2 0 0 θ2 

3 l7 0 0 θ3 

4 0 0 0 θ4 

 

Z'-axis of the moving coordinate system {O'}. The D-H pa-

rameters of OCDEO' limb of the HRDL are shown in Ta-

ble 1. 

The kinematics model of the HRDM in the link 

coordinate systems is established using Denavit-Harten-

berg method. The position and orientation of the moving 
platform of OCDEO' limb can be obtained by homogeneous 

transformation. The homogeneous transformation matrix 

from link coordinate system {i-1} to link coordinate system 

{i} is 1

i

i- T ，and the general expression of 1

i

i- T
 is 

 1
0

0 0 0 1

i i i i i i i

i i i i i ii

i

i i i

c s c s s a c

s c c s a s

s c d

     

    

 
−

− 
 

−
 =
 
 
 

T . (1) 

The orientation transformation matrix of the 

HRDM from the static platform to the moving platform can 

be expressed as 

 0 1 2 3 4

0 1 2 3 4
0

0 0 0 1

O O

O O

x x x

y y y

z z z

m n o x

m n o y

m n o

 
= =

 
 
 
 
 
 

T T T T T T T , (2) 

where: 1 2 3 4 1 2 3 4 0
x , , , y , , , zm c , m c , m ; = = = 1 2 3 4x , , ,n s ,= −

1 2 3 4 0y , , , zn s ,n= = ; 0 1x y zo o , o= = = ,

7 1 2 3 2 1 2 1 1 6, , ,x l c l c l c l  = + + + , 

7 1 2 3 2 1 2 1 1, , ,y l s l s l s  = + + . 

Here: s represents sin, c represents cos, 1, 2, , k  represents

1 2 k ( k N )  + + +  . 

According to the degrees of freedom characteris-

tics of the HRDM, the position and orientation transfor-

mation matrix is obtained by Euler method as follows. 

 
0 1

O

O


 

=  
 

T
R O

, (3) 

where

( )      0 0 0 0 1zyx , , c s , s c ,       = − R is 

Euler transformation matrix represented by Z-Y-X.

 0
T

x y =O  represents the coordinate vector of the 

origin of the moving coordinate system { O } in the static 

coordinate system {O}. 

Eq. (2) and Eq. (3) are equivalent, and get 

 

7 1 2 3 2 1 2 1 1 6

7 1 2 3 2 1 2 1 1

1 2 3 4

0

0

, , ,

, , ,

, , ,

x l c l c l c l

y l s l s l s

z

  

  

 

 

= + + +


= + +


=
 = = 


=

. (4) 

Deleting 1 2 3, ,  from Eq. (4), yield 

 1 2 1 2 0, ,Ac Bs C + + = , (5) 

where: ( ) ( )2 1 1 6 2 1 12 2A l x l c l , B l y l s = − − = − , 

 
( ) ( )

2 22 2

7 2 1 1 6 1 1C l l x l c l y l s . = − − − − − −
 

Solving Eq. (5), and obtain 

 ( )1

1 2 2, tan E x, y, −=    , (6) 

 ( )
2 2 2B A B C

E x, y,
C A


−  + −

=
−

, (7) 

where ( )E x, y, is a function of trajectory  
T

x, y,=X . 

For 1 2,  to be continuous, 1 2,  must exists. Only 

when the equation 0C A−   holds in the workspace, then 

Eq. (6) is derivable everywhere. In order for the equation 

( ) ( )
2 2 2

1 1 6 2 1 1 7 0C A x l c l l y l s l   − = − − − + − − −      

to be true everywhere in workspace, as long as 

( ) ( ) 2 2

1 1 6 2 1 1 70 0x l c l l & y l s l True   − − + = − − =    
 

is true. Therefore, in trajectory planning, it only needs 

1 7y l l +  to be satisfied. 

Similarly, deleting 1 2,  from Eq. (4), yield 

 ( )1

1 2 3 2, , tan F x, y, −=    , (8) 

 ( )
2 2 2B A B C

F x, y,
C A


   −  + −

=
 −

, (9) 
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where: ( ) ( )7 1 1 6 7 1 12 2A l x l c l , B l y l s ,  = − − = −

( ) ( )
2 22 2

6 7 1 1 6 1 1C l l x l c l y l s  = − − − − − − , 

( )F x, y,  is a function of the trajectory  
T

x, y,=X . 

In order to make Eq. (8) derivable everywhere, it 

only needs the equation 0C A −   holds everywhere in the 

workspace, that is 

( ) ( ) 2 2

1 1 6 2 1 1 60 0x l c l l & y l s l True.   − − + = − − =    
 

It only needs to set 1 6y l l +  in trajectory plan-

ning, thus 1 2 3, ,  must be continuous everywhere. 

Since 1  is driven by CV motor, the expression of 

( )1 2 3 4i i , , , =  is 

 

1 10

2 1 2 1

3 1 2 3 1 2

4 1 2 3

C

,

, , ,

, ,

t 

  

  

  

= +


= −


= −
 = −

, (10) 

where, C is the angular velocity of CV motor. 

The coordinate vector of point ( )e e eE x , y ,z  can 

be obtained by homogeneous transformation 

 ( )3 0 1 2 3 4

0 1 2 3 4

1
O' O

O O O

 −

= =T T T T T T T T . (11) 

From Eq. (11), the coordinates of point 

( )e e eE x , y ,z are 

 

( )

( )
7 4

7 4

0

e

e

e

x x l c

y z l s

z

 

 

= − −


= − −
 =

. (12) 

As shown in Fig. 3, the HRDL works under the 

coupling of limb OCEDO' driven by CV motor and limb 

OGFEO' driven by servo motor. Among them, 1 1q = , 

1 2 2, q = . The position and orientation X and q1 at any time 

are determined when the HRDM moves in a regular contin-

uous trajectory under the working state. For limb OCDEO', 

the following vector relation is satisfied. 

 1 2 1 2+ =O E EO O O , (13) 

 1 1= + +O E O C CD DE . (14) 

There are two solutions satisfying this conditions: 

points E and E  . At the same time, point E is the coupling 

point of limb OCDE and limb OGFE, thus the following 

conditions should also be satisfied. 

 1 1O E = O G + GF + FE . (15) 

From Fig. 3, if both points E and E can satisfy the 

geometric constraints of the servo drive limb, there must be 

=FE FE' , =DE DE' , at this time, 

 FED FE'D . It is further obtained that points E and 

E   are coincide, but this contradicts the fact point E and 

point E   are two different points. Therefore, point E is 

unique that can satisfy the constraints of two driving limbs 

simultaneously. According to the assembly relationship of 

the five-bar mechanism CDEFG, ye is located above the 

XOZ plane. 

 
1

1

-

-

  +

  +

FG EF O E FG EF

CD DE O E CD DE
. (16) 

If the vector Eq. (14) and Eq. (15) are projected to 

X axis and Y axis respectively, the trajectory of point E is a 

function about the input angular displacement q1 of CV mo-

tor and the input angular displacement q4 of servo motor, 

which is obtained using trigonometric function relationship. 

 

( ) ( )

( )

( ) ( )

( )

1 4 6 1 1 2 2 1 4

5 4 4 3 3 1 4

1 4 1 1 2 2 1 4

4 4 3 3 1 4

 

=-   

e

e

x f q ,q l l c q l c q q ,q

l l c q l c q q ,q

y g q ,q l s q l s q q ,q

l s q l s q q ,q

= = + +


+ +


= = +
 = +

. (17) 

From Eq. (17), the relationship of included angles 

q2, q3 of the links with respect to E point coordinate vector, 

the angular displacements q1 of CV motor and q4 of serve 

motor can be obtained 

 

1 1 1
2

1 1 5

1 1 4
3

4 4 6

e

e

y l sq
q tan

x l cq l

y l sq
q tan

x l cq l

−

−

  −
=  

− −  


 −
=   − − 

, (18) 

where, the angular displacement 1 1q =  of CV motor is 

known, thus q2 is uniquely determined. q3 will be deter-

mined with the driving angular displacement q4 of servo mo-

tor. 

Eliminating q2 and q3 from Eq. (17), yield 

 
( ) ( )

( ) ( )

2 2 2

1 1 6 1 1 2

2 2 2

4 4 5 4 4 3

s

s

e e

e e

x l c q l y l q l

x l c q l y l q l

 − − + − =


− + + − =

. (19) 

Rearranging it as function of q1 and q4, yield 

 3 3 1 3 1

4 4 4 4 4

s 0

s 0

L M c q N q

L M c q N q

+ + =


+ + =
, (20) 

where: 

( )

( )

( )

( )

2 22 2 2 2 2 2

3 6 1 2 4 5 4 3

3 1 6 4 4 5

3 1 4 4

2 2

2 2

e e e e

e e

e e

L x l l l y L x l l l y

M l x l , M l x l

N l y N l y

 = − + − + = + + − +
  

= − − = − + 
 

= − = −
  

. 

Using half-angle formula of trigonometric function to solve 

Eq. (20), the following solutions are obtained 

 
( )

( )

1

1

1

4

2

2

q tan G x, y,

q tan H x, y,





−

−

 =    


=    

, (21) 
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where: 

 ( )
2 2 2

3 3 3 3

3 3

N N M L
G x, y,

L M


 + −
=

−
, (22) 

 ( )
2 2 2

4 4 4 4

4 4

N N M L
H x, y,

L M


 + −
=

−
. (23) 

Eq. (21) and Eq. (18) is the inverse solution of the 

HRDL. Because q1 and q2 are uniquely determined, q4 is a 

function about ( )H x, y, . According to Eq. (21) and 

Eq. (22), there are two compensation angles of servo motor 

theoretically, and the expression is 

 

( )

( )

1
2 2 2

4 4 4 4

4 1

4 4

1
2 2 2

4 4 4 4

4 1

4 4

N N M L
q H X tan ,

L M

N N M L
q H X tan .

L M

−

−

 + + −
 = =
 −
 

 − + −
  = =
 −
 

  

When 4 4 0L M−   is satisfied, that is, 

 ( ) 2 2 2 2

5 4 30 0e ex l l & y l True   + − = − =   
.  

( )H X and ( )H ' X are differentiable everywhere 

in the workspace  . Thus, q4 and 4q   is continuous in the 

workspace  . Therefore, 4q , 4q   are continuous and exists 

everywhere. When the initial position and orientation X0 of 

the HRDM and the angular displacement q1 of CV motor are 

determined, in order to make the HRDM work normally, an 

angle must be selected from the corresponding q4 and 4q   as 

the initial compensation angle of servo motor. 

Setting q4 as the initial compensation angle of serve 

motor, it is always a function of ( )1H X . To keep q4 the 

continuity of q4, only ( )1H X  exist. In fact, ( )1H X  is 

differentiable everywhere in the workspace  . q4 is then 

determined and is unique. q3 is determined by q4. Therefore, 

once the initial configuration of the HRDM is determined, 

to maintain the continuity of the inverse solution of the 

HRDL, and the existence of ( )1 2 3 4iq i , , ,=  is continuous 

and unique. 

3.1.2. The inverse position solution of 3-PSS limb 

According to dimension parameters of the HRDM, 

the coordinate vector of ( )1 2 3i iB ,S i , ,=  in the static co-

ordinate system is obtained, respectively. The coordinate 

vector of point Pi in moving coordinate expressed as 

( )1 2 3O

iP i , ,


= . The coordinate vector ( )1 2 3i i , ,=P  in 

the static coordinate system can be expressed as 

 ( )1 2 3O

i i , ,
 = + =iP R P O . (24) 

The vector equation of the i-th PSS limb is ob-

tained by closed vector method 

 i i i i+ =OB B S OS , (25) 

 i i i i+ =OS S P OP , (26) 

 i i i=S P L , (27) 

 i i i=h B S , (28) 

where: Li (i=1, 2, 3) is the link length of i-th PSS limb; hi 

represents the driving displacement of the prismatic pair Si. 

Eq. (28) is the position inverse solution of 3-PSS limb. 

3.2. Velocity analysis of 3-PSS/7R HRDM 

Jacobian matrix represents corresponding relation-

ship between generalized velocity vector of three prismatic 

pairs and generalized velocity of the moving platform. Ja-

cobian mapping matrix of the HRDM is a non-full rank ma-

trix, which has 5 motion inputs but only 3 motion outputs, 

and can be expressed as following relationship. 

 =Q JX , (29) 

where, ( )
T

x, z, =X  is the generalized output velocity 

vector of the center of the moving platform. 

1 4 1 2 3

T

q ,q ,h ,h ,h =  Q  is the driving velocity vector of the 

generalized joint. 

3.2.1. Velocity analysis of the HRDL 

Driven by CV motor and servo motor, the hybrid 

motion input generates coupling velocity at point E through 

the coupling action of the parallel five-bar mechanism, and 

then transmits motion to the center of the moving platform 

through the spatial link EO', so as to output a flexible and 

controllable trajectory. The velocity of the HRDL satisfies 

the following relationship. 

 1

1= XQ J , (30) 

where, ( )1 41

T
q ,q=Q  is the velocity of CV motor and servo 

motor, respectively. 1
J  is the Jacobian matrix of the 

HRDL. 

Taking the derivative of Eq. (17) with respect to 

time and considering the coupling between servo motor 

drive and CV motor drive, the mapping relationship be-

tween the input velocity and the velocity of the coupling 

point E is obtained. 

 1

11 e=Q Jl , (31) 

where 

 
1 1 1 1 1

1 1 11 1 12 1 21 1 22j j , j j    =     
J , (32) 

where:  

( ) ( ) ( )
11

1 11 2 3 1 1 2 3 1 2 1 3j s q - q l sq s q q l sq s q q
−

 = − − + −  ,

( ) ( )
11

1 12 4 2 2 3 4 3j l sq s q - q s q q
−

= − − ,
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( ) ( ) ( )1

1 21 2 3 1 1 2 3 1 2 1 3j s q - q l cq s q q l cq s q q = − − −  ,

( ) ( )1

1 22 4 2 2 3 4 3j l cq s q - q s q q= − . 

At any instant, the velocity relation between the 

coupling point E of the HRDL and the moving platform sat-

isfies 

 1

2e =l JX . (33) 

Taking the derivative of Eq. (12) with respect to 

time, yield 

 
( )( )

( )( )

7 4 4

7 4 4

e

e

x x l s

y y l c

   

   

 = + − −


= − − −

. (34) 

According to Eq. (6) and Eq. (9), ( )E x, y,  and 

( )F x, y,  are functions about X, which are continuous in 

the workspace and derivable everywhere. 

Taking the derivative of Eq. (10) with respect time, 

yield 

1

2 2

3 2 2

4 2 2 2

2

1

2 2

1 1

2 2 2
1

1 1 1

C

E E E
X C

x yE

F E

F E F E F E
X C

x x y y

F F F
X

x yF F F








 







=
    
 =  − 

  +  

  

= −  
+ + 

       
 − − − + 

       


 −  −   = −     + + + 

. (35) 

Substituting Eq. (35) into Eq. (34), and get 

 
1 1 1 1 1 1 1

2 2 11 2 12 2 13 2 21 2 22 2 23j j j , j j j    =     
J , (36) 

where:

( ) ( )

( ) ( )

( ) ( )

1 1

2 11 2 12

1 1

2

7 4 7 4

2 2

7 4 7 4

2 2

7 4 7 4

2

13 2 21

1 1

2 12 2 13 2

1

1

2 2

1 1

2 2

1 1

2

1 1
1

2

l s l sF F
, ;

x yF F

l s l cF F
, ;

x

l

j j

.

j j

j j

F F

c l cF F
,

yF F

   

   



   



= + =

= = +

− − 

 + +

− − 

 + +

− − 

 +
= + = −

+

 

To sum up, 

 1 1 1

1 2= J J J . (37) 

3.2.2. Velocity of 3-PSS limb 

The Jacobian matrix of 3-PSS limb can be obtained 

by calculating the first derivative of Eq. (5) with respect to 

time, get 

 2

2 =Q JX , (38) 

where, 
2 1 2 3

T

h h h =  Q  is the driving velocity of the 

prismatic pairs of 3-PSS limb. 

 2 2 2 2

1 2 3

T

j j j      =       
J , (39) 

where, ( )
T

2 1 2 3i i i
i

h h h
j , i , ,

x y 

   
  = =      

. 

Then the overall Jacobian matrix of 3-PSS/7R 

HRDM is expressed as 

 1 2
T

 =  J J J . (40) 

3.3. Acceleration analysis of the HRDM 

3.3.1. Acceleration of the HRDL 

The acceleration is analyzed on the basis of inverse 

kinematics analysis and velocity analysis of the HRDL. 

Taking the derivative of Eq. (30) with respect to time, get. 

 1 1

1 = +Q JX JX , (41) 

where, ( )1 1 4

T
q ,q=Q  is the driving acceleration of the 

HRDL. 

In order to obtain 1
J , taking the derivative of Eq. 

(37) further with respect to time, get 

 11 1 1 1

1 2 1 2 = +J JJJ J , (42) 

 
1 1

1 1 11 1 12
1 1 1

1 21 1 22

j j

j j

 
=  
 

J , (43) 

where, 

 

( ) ( )

( ) ( )
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1 1

1 1

1 2

1 2

1 1

1 1

4 4

3 4

1 2

ij ij

ij ij

ijj q q
q q

q q i, j , ,
q q

 
+ +

 

 
+ + =



=



1

1

j j

j j
  

 

2

1

2

1 1 1

2 11 2 12 2 13

1 1 1

21 2 22 2 23

j j j

j j j

 
=  
 

J , (44) 

where: 

 

( ) ( ) ( )

( ) ( ) ( )

( ) ( ) ( )

( ) ( ) ( )

1 1 1

2 11 2 11 2 111

2 11

1 1 1

2 12 2 12 2 121

2 12

1 1 1

2 13 2 13 2 131

2 13

1 1 1

2 21 2 21 2 211

2 21

j j j
j ,

x y

j j j
j ,

x y

j j j
j ,

x y

j j j
j ,

x y









  
= + +

  

  
= + +

  

  
= + +

  

  
= + +
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( ) ( ) ( )

( ) ( ) ( )

1 1 1

2 22 2 22 2 221

2 12

1 1 1

2 23 2 23 2 231

2 13

j j j
j ,

x y

j j j
j .

x y





  
= + +

  

  
= + +

  

  

Eq. (41) is the acceleration array of the 

HRDL. Thus, the acceleration array at the center of the 

moving platform can be further calculated. 

3.3.2. Acceleration of 3-PSS limb 

The acceleration is analyzed on the basis of the po-

sition analysis and velocity analysis. Taking the derivative 

of Eq. (38) with respect to time, and then obtain 

 2 2

2 = +Q JX JX , (45) 

where 
2 1 2 3

T

h h h =  Q  is the driving acceleration 

of the prismatic pairs of 3-PSS limb. 

 2 2 2 2

1 2 3

T

j j j      =       
J , (46) 

where: 

 

( )2 2 2 2

1 2 3

2 2 2
2

1 2

2 2 2
2

2 2

2 2 2
2

3 2

1 2 3
T

i i i i

i i i
i

i i i
i

i i i
i

j j j j , i , , ,

h h h
j ,

x y xx

h h h
j ,

x y yy

h h h
j .

x y





  

   = =   

  
= + +

   

  
= + +
   

  
= + +
    

  

Eq. (45) is the acceleration array of 3-PSS limb. 

4. Continuity condition of motion trajectory of the 

HRDM  

4.1. Requirements for servo motor of the HRDL to realize 

smooth trajectory of the moving platform center 

The 3-PSS limb does not constrain the DOFs of the 

HRDM and does not affect the trajectory of the moving plat-

form in reachable workspace of the HRDM. Therefore, in 

order to study the trajectory smoothness of the moving plat-

form, it is only necessary to study the trajectory smoothness 

of the HRDL end. For the trajectory X of the center of the 

moving platform, the necessary condition for its trajectory 

continuity is ( )tX  continuity. The HRDL is coupled at 

point E. ( )tX  and the velocities of point E have following 

relationship. 

 ( ) ( ) 1 1

2e e eJ( t ) / l− =   = X X l l . (47) 

From Section 3, as long as the size parameters of 

the HRDM are properly designed, 1

2 J  exists everywhere, 

thus el  is continuous. 

At the same time, the trajectory of point E is gen-

erated by the joint action of CV motor and servo motor. The 

necessary condition for continuous trajectory of point E is 

that ( )ex t  and ( )ey t  are continuous and get 

 ( ) ( )
2 2

0e ex t y t+        . (48) 

Since the trajectory X is located above XOZ , Eq. 

(48) is always valid.  

By differentiating Eq. (17) with respect to time, the 

functions of 
el  about driving velocity of CV motor and 

servo motor can be obtained. 

 

( )

( )

4

1 1

4

4 4

e

e

f f
x t C q

q q

g g
y t C q

q q

 
= +  


  = +

  

, (49) 

where 1f / q   represents derivative of horizontal displace-

ment x of the coupling point E to the angular displacement 

q1 of CV motor when the velocity of servo motor is 0. 

Since the trajectory of point E is equivalent to end 

trajectory of the four-bar linkage GFED, 1f / q   must be 

continuous. Similarly, the derived functions 4f / q  , 

1f / q   and 4f / q   are also continuous. Therefore, the 

velocity function ( )4q t  of servo motor determines the 

smoothness of the moving platform of the HRDL. If ( )4q t  

is continuous, the trajectory of the moving platform is 

smooth curve. If it is discontinuous or does not exist, ( )tX  

is discontinuous. At this time, the trajectory of the moving 

platform is continuous but not a smooth curve. 

In conclusion, the sufficient and necessary condi-

tions for smooth trajectories of the moving platform of the 

HRDM is that derivative of servo motor motion input func-

tion is continuous. That is, the driving velocity of servo mo-

tor has no step. 

4.2. Trajectory planning of the HRDM 

In the full servo parallel mechanism, the driving 

angle of each servo motor can rotate in both directions, and 

any trajectory in the workspace can be realized theoretically. 

The motion input of the HRDM is essentially different from 

it, due to the existence of CV motor. Once the initial angular 

displacement, angular velocity and direction of CV motor 

are set, the mechanism cannot realize any trajectory in the 

workspace on the same configuration and parameters. Only 

when the trajectory curve satisfies the properties of unidi-

rectional constant velocity driven by CV motor and the con-

straint conditions of the HRDL, the trajectory curve can be 

reproduced in the HRDM. 

In order to make the HRDM realize trajectory in 

the workspace, it is necessary to plan the trajectory of the 

mechanism. The HRDL determines the DOFs of the 

HRDM. In trajectory planning, as long as the planned tra-

jectory can be realized at the end of the HRDL, the whole 

mechanism can realize planned trajectory. Therefore, the 

trajectory planning problem of the HRDM moving platform 
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is transformed into the trajectory planning problem of the 

HRDL. Under the working state of the HRDL, the driving 

angular displacement ( ) ( )1 1t t=q θ  of CV motor is deter-

mined at any time t. At this time, the reachable region of the 

end point of the mechanism can be regarded as the curve 

cluster formed by the trajectory ( )tX  of point O', which is 

expressed as 

 

( ) ( )

( ) ( )

( ) ( )

 

1

1

1

1 1 4

2 1 4

3 1 4

0

q Ct

q Ct d

q Ct

x t m q ,q

y t m q ,q , t ,t

t m q ,q

=

=

=

 =



= 


=

, (50) 

where, t is time variable, td is termination time of CV motor 

input. 

4.3. Necessary and sufficient conditions for the HRDM to 

realize continuous trajectory 

For the theoretical trajectory function to be repro-

duced by the HRDM, its expression is defined as 

 

( )

( )

( )

 
1

2

3

0 d

x T

y T , T ,T

T





 

=


= 


=

, (51) 

where, T is the equivalent time parameter of the reproduc-

tion trajectory, and dT  is the duration of the reproduction 

trajectory. 

In order to reproduce the theoretical trajectory, the 

driving function of CV motor can be expressed as 

 ( )  10
1 10 10 0d

d

q q
q t q t q Ct, t ,T

T

−
= + = +  , (52) 

where, q10 is the initial angular displacement of CV motor, 

qd is the end angular displacement of CV motor, and C is the 

input angular velocity of CV motor. 

The driving function of CV input is determined by 

Eq. (52). The actual running trajectory of the center of the 

moving platform of the HRDM can be expressed as 

 

( ) ( ) ( )

( ) ( ) ( )

( ) ( ) ( )

 

1 1

1 1

1 1

1 1 4

2 1 4

3 1 4

0

q q t

dq q t

q q t

x t m q ,q

y t m q ,q , t ,t

t m q ,q

=

=

=

 =



= 

 =


. (53) 

Assuming that the given theoretical trajectory to be 

planned can be stably realized at the end of the HRDL, in 

the actual trajectory Eq. (53) of the point O  at any time T, 

there is time t, so that the end trajectory curve passes through 

point O . That is, the function ( )T t= exists. where, T is 

the equivalent time parameter. t is the time variable of the 

CV motor drive function. 

The equation ( )T t=  represents the relation-

ship between the trajectory position and the driving angular 

displacement when the HRDM reproduces the given trajec-

tory. Therefore, ( )T t=  is also called the equation of the 

position deviation. 

The theoretical trajectory point TP  at time T corre-

sponds to the actual trajectory point tP  expressed by Eq. 

(53) at time t. Assuming that the theoretical trajectory point 

TP   at time T T+  ( 0T  ) corresponds to the actual tra-

jectory tP   at time t t+  ( 0t  ), in order to make the 

HRDL reproduce the continuous trajectory, TP  corresponds 

to tP  one by one in the whole working cycle, and T  must 

be greater than zero. 

 ( )
( ) ( )

0
t t t T

t
t t t t

 


+  − 
= = 

+  − 
. (54) 

Obviously, the position equation ( )T t=  is a 

monotone function. According to the above analysis, the 

necessary and sufficient condition for the HRDM to repro-

duce trajectory is that the position equation ( )T t=  ex-

ists and is a monotone function. 

5. Kinematic analysis examples of the HRDM 

In order to verify the continuity and uniqueness of 

the inverse kinematics position solution of 3-PSS/7R 

HRDM and joint points of each revolute pair of the HRDL, 

when planned trajectory X, given 1q  and initial configura-

tion of the HRDL are determined, assuming that in the 

HRDL, the angular velocity of CV motor is 1 24q / s=  , 

the initial angular displacement is 10 0q = , and the time of 

CV motor running for one cycle is 15 s, the movement law 

of the center of the moving platform is defined as 

 

( )

( )
( )

( )

( )

20 2 15
0 15

20 2 15

2 3 0 7 5

10 2 3 7 5 15

x sin t /
t

y cos t /

t / , t .

t / , .

,

t







= 
 

 








= 

 
=
 




 −

. (55) 

Based on the position inverse solution Eq. (28) of 

the HRDM, the displacement variations of the prismatic 

pairs of 3-PSS limb are shown in Fig. 4. The displacement 

curves of point E can be obtained by Eq. (12) are shown in 

Fig. 5. The variations of the angular displacement qi(i =2, 3, 

4) are shown in Fig. 6. The driving velocity variations of 3-

PSS limb can be obtained from the inverse velocity solution 

Eq. (38), as shown in Fig. 7.  

The velocity variations at point E are shown in 

Fig. 8. The variation of the compensation angular velocity 

4q  of servo motor and the variations of the angular veloci-

ties 2 3,q q  of the included angles of links are shown in 

Fig. 9. Similarly, the driving acceleration variations of the 

prismatic pairs of 3-PSS limb are shown in Fig. 10. The var-

iations of the acceleration of the coupling point E are shown 

in Fig. 11. 

The variations of the compensation angular accel-

eration 4q  and the angular acceleration 2 3q ,q  of the in-

cluded angles of links are shown in Fig. 12. 
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Fig. 4 The variations of the displacements of 3-PSS driving 

sliders 

 

Fig. 5 The variations of the displacements of point E 

 

Fig. 6 The variations of the angular displacements qi(i = 2, 

3, 4) 

 

Fig. 7 The variations of the velocities of 3-PSS driving slid-

ers 

 

Fig. 8 The variations of the velocities of point E 

 

Fig. 9 The variations of the angular velocities ( )2 3 4iq i , ,=  

 

Fig. 10 The variations of the accelerations of PSS 

 

Fig. 11 The variations of the accelerations of point E 

 

Fig. 12 The variations of the angular accelerations 

( )2 3 4iq i , ,=  

The planned trajectory X of the center of the mov-

ing platform is coherent and smooth. The following conclu-

sions can be obtained by analyzing the kinematic variations 

in Fig. 4 - Fig. 12. 

The inverse solutions ( )1 2 3ih i , ,=  and 4q  of the 

HRDM are unique with the determination of the driving an-

gular displacement q40 of servo motor. 

The variations of the displacements and velocities 

of the coupling point E are gentle and continuous without 

jump. There is a small jump in acceleration curve, but they 
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are still continuous and smooth, which does not affect the 

stability of the mechanism operation. 

The variations of the displacement hi and the ve-

locity 
ih  of 3-PSS limb, and the angular displacement q4 

and angular velocity 4q  are all smooth and coherent. The 

correctness of Eq. (47) is proved. The smoothness of 4q  en-

sures the smoothness of the X trajectory of the moving plat-

form of the mechanism. At the same time, the variations of 

the curves 
ih  and 4q  are smooth without jump, which en-

sure smooth operation and overall controllability of the 

mechanism. 

The variation of the angular velocity ( )2 3 4iq i , ,=  

of the HRDL is consistent, which confirms that the position 

inverse solution is differentiable in the workspace, and fur-

ther verifies the continuity and uniqueness of the inverse so-

lution of the HRDM. The variation of the curve 

( )2 3 4iq i , ,=  is smooth with a small change range, and the 

servo motor will not be greatly impacted. Therefore, the 

HRDL is also stable and controllable. 

6. Conclusions 

3-PSS/7R HRDM with the characteristics of both 

hybrid-driven mechanism and redundantly driven mecha-

nism is studied. The position inverse solution equations of 

the symmetric limbs and the HRDL are established based on 

vector method, respectively. Based on it, the velocities and 

accelerations of the HRDM are analyzed. In this process, the 

inverse kinematics solution is unique with determination of 

the angular displacement of CV motor and initial compen-

sation displacement of servo motor of the HRDL. 

Further, the sufficient and necessary conditions for 

the center of the moving platform to realize smooth trajec-

tory are studied. And the sufficient and necessary conditions 

for reproducing planning trajectory of the HRDM are also 

studied. Finally, an example is given to verify the correct-

ness of the kinematic theoretical model.  

The variations of the displacement curves, velocity 

curves and acceleration curves of the motion input are 

smooth, continuous and without large step. The overall op-

eration of the HRDM is stable and controllable. The re-

search results in this study lay a foundation for the research 

on dynamics, control system and application of the spatial 

hybrid-driven mechanism. 
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Q. Zhang, R. Li, J. Liang, Y. Wei 

KINEMATICS AND TRAJECTORY PLANNING OF  

3-PSS/7R SPATIAL HYBRID REDUNDANTLY 

DRIVEN MECHANISM 

S u m m a r y 

A novel 3-PSS/7R spatial hybrid redundantly 

driven mechanism (HRDM) is proposed. The mechanism is 

driven by constant velocity (CV) motor and servo motor at 

the same time. The CV motor provides the main power for 

the system, and the servo motor plays the role of motion 

regulation. This system not only has the advantages of the 

traditional mechanical system, such as stable operation, 

large bearing capacity, but also can output controllable and 

adjustable flexible trajectory. The degrees of freedom of the 

mechanism are determined by the middle limb, which is 

called hybrid redundantly driven limb, which is driven by 

both CV motor and servo motor. Based on closed vector 

method, the position equation of the mechanism is estab-

lished, and the velocity mapping matrix and acceleration 

change laws of the mechanism are obtained. Further, the 

necessary and sufficient conditions for the mechanism to re-

alize continuous trajectory and the relationship of rod con-

straints are obtained. The correctness of the kinematics 

equation and the smooth and controllable operation of the 

mechanism are verified by examples. The research results 

of this paper lay a foundation for the in-depth research and 

application expansion of spatial hybrid redundantly driven 

mechanism. 

Keywords: 3-PSS/7R parallel mechanism, hybrid redun-

dantly driven mechanism (HRDM), kinematics, trajectory 

planning. 
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