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1. Introduction 

In laminated composite materials, cracks show 

branching properties under the influence of stress, depend-

ing on fibre orientation and load direction. Each unit pro-

gression of these micro-cracks trying to propagate at the fi-

bre-matrix interface has a corresponding material stiffness. 

In anisotropic materials, the direction of crack 

propagation varies depending on the strength of the material 

and the applied stress [1]. The strength of composite mate-

rials varies depending on the size, distribution, specimen 

shape and size of the defect [2]. The modulus of elasticity, 

which varies from place to place due to the different content 

of components and voids, causes the crack propagation 

force to change moment by moment [3]. Therefore, the frac-

ture toughness of such materials characterizes the resistance 

to cracking [4]. 

Branched crack formation at the crack tip contin-

ues its planar progression with increasing stress and brings 

along fibre breaks. The value of fracture toughness against 

each unit of crack propagation forms the resistance curve 

(R-curve). Fracture toughness creates a balance against the 

stress intensity factor that tries to propagate the crack. How-

ever, at the end of the critical crack length, the equilibrium 

is upset in favour of the stress intensity factor. This point is 

called the critical fracture toughness. 

Although these details about the R-curve are 

known, constructing the curve is a complex process. Cur-

rently, the most widely used method is the compliance 

matching to utilize the graph of the load versus the crack 

mouth opening displacement (P-CMOD). However, the ab-

sence of an equation to make the measurements continuous 

causes the R-curve to be formed with the data taken from 

certain points. 

In the compliance matching method, the compli-

ance of each crack length to width ratio a/W of the material 

whose resistance curve is to be extracted is determined and 

the compliance curve is created. In the P-CMOD curve, the 

compliances formed by the lines drawn at some points from 

the origin to the various (and maximum) load are deter-

mined and the amount of crack propagation Δa measured by 

taking the general compliance of the material as a guide [5]. 

Accurate estimation of crack length a/W using ap-

plied load P and CMOD or crack propagation data recorded 

during the test is critical in the evaluation of R-curves. The 

most accurate result is to measure the amount of crack prop-

agation. However, tracking this propagation is more diffi-

cult than measuring CMOD. In a study, an empirical formu-

lation between CMOD and crack propagation amount was 

developed and crack propagation was determined from 

CMOD measurement [6]. 

Finite Fracture Mechanics models, used for the 

preliminary design and optimization of composite structures 

and using laminate thickness as a representative length 

scale, have been developed to predict the fracture of multi-

directional composite laminates in the presence of stress 

concentrations [7-9]. It is based on the simultaneous fulfil-

ment of an energy-based criterion requiring fracture tough-

ness [7-9] or crack resistance curve [10]. 

The recently used Size Effect Law method is based 

on the idea that brittle materials of different sizes cannot 

have the same strength. According to the model, as the spec-

imen size increases, the strength and fracture toughness will 

increase. Since the fracture toughness value in the crack re-

sistance curve is the tangent of the G-curve and the R-curve, 

the G-curve, which varies with specimen size, will form the 

R-curve, which is independent of specimen size [11]. This 

method was later inspired for mode-I dynamic conditions 

and the R-curve for dynamic environment was determined 

by preparing the same specimen type but with different di-

mensions [12]. These studies have also yielded important 

results in terms of indicating that the fracture toughness of 

polymeric composite material subjected to dynamic stress is 

63% higher than the static fracture toughness. 

The studies carried out in the creation of R-curves 

were mostly on random-short fibre reinforced composite 

materials [5, 13-14]. Considering the determination of the 

critical fracture stress next to the resistance curve, the con-

cept of crack tip opening displacement (CTOD) was intro-

duced [14]. The compliance-matching method was gener-

ally accepted and started to be applied to graphite-epoxy 

laminate composites [15]. Then, the resistance curve based 

on energy absorption related to the micro-mechanism of 

fracture was constructed and the curve slope and cut-off 

points were standardized according to the composite struc-

tures [16-17].  

In experimental fracture mechanics, strain-gage 

based techniques for the determination of stress intensity 

factors are quite popular due to their ease of operation, cost 

effectiveness and ability to measure strains in the high strain 

gradient zones compared to other methods such as photo-

elasticity [18], caustics [19-20] and DIC (Digital Image Cor-

relation) [21]. 

In compliance-matching method, the comparison 

of the behaviour of damaged and fresh specimens was car-

ried out in a study [22]. In this study, it was noted that the 

P-COD curve and fracture load of the damaged specimen 

differed from that of a fresh specimen with a machined crack 

of length equal to the estimated crack length in the damaged 

specimen. 

When the studies are examined, it is seen that the 

fracture energy-crack propagation graph is not obtained by 
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using all the data of the load-displacement curve. It was 

mostly created by using the data obtained from fresh speci-

mens with different crack lengths. The R-curve that will be 

formed from the values of specimens with different crack 

lengths but artificially brought to this crack level will not 

reflect the actual situation. In this study, the equations for 

the complete transformation of the load-displacement curve 

of a specimen were generated and Linear Elastic Fracture 

Mechanics and energy methods were utilised in this context. 

Therefore, a method suitable for specimens with linear char-

acteristics has been developed. For this, a laminated compo-

site tensile specimen with a single edge crack in [0/90]4s 

glass fibre/epoxy structure was used. 

2. The proposed method 

In the proposed methodology, the extensometer is 

attached to the single side-cracked tensile specimen. The 

specimen length measured with the extensometer is approx-

imately 2W (W specimen width). Measuring the effect of 

crack propagation on extensometer length stiffness is the 

main idea of the proposed methodology. 

 

Fig. 1 Schematic view of single-sided crack tensile speci-

men with extensometer 

 

The relationship between the stiffness k and the 

displacement Δl of the part under the load ΔP is as in 

Eq. (1): 

,P k l=   (1) 

 

and therefore, the elastic energy accumulated in the part will 

be: 
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If crack growth (a + Δa) occurs under the load P, 

the stiffness k of the part will also decrease to the 
'k  as seen 

in Fig. 2.  

The strain energy released rate as a result of the 

change in stiffness with increasing crack length is given by 

Eq. (3): 
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The equivalent of the strain energy released rate GI 

in case of a unit progression of the crack in Eq. (3) can also 

be expressed in a different way in Eq. (4): 
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Fig. 2 Displ. controlled load-displacement schematic plot 

In Eq. (4) a is the crack length; σ is the applied 

stress; Y is the geometric correction factor; E is the modulus 

of elasticity; W denotes the specimen width. Let the thick-

ness value be expressed by B. If σWB is written instead of 

the load P for the tensile sample in the equation and the com-

pliance of the linear part L/EWB in the load-displacement 

plot of the unnotched specimen a = 0 is written for the inte-

gral constant, the equivalent of the stiffness in Eq. (5) is 

reached: 
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Eq. (5) is not only valid for obtaining the modulus 

of elasticity from the load-displacement plot of the cracked 

specimen, but also provides the stiffness k value at each rel-

ative crack length ratio a/W if the modulus is only known 

parameter. The Y, the geometric correction factor, shall have 

the values in Table 1 for the clamped-end tensile specimen. 

The factor for the pin-loaded tensile specimen is given in the 

relevant reference [23]. 

Table 1  

The geometric corr. factors Y for the clamped-end single 

side-cracked tensile specimen [24] 

a/W Blatt et al. 
Marchand et al. 

and Ahmed et al. 

Dao and 

Mettu 

Bowie et 

al. 

0.05 1.1227 1.14 1.1389 1.13 

0.1 1.1528 1.166 1.1581 1.16 

0.2 1.2411 1.251 1.2291 1.25 

0.3 1.3654 1.378 1.3604 1.37 

0.4 1.5147 1.539 1.5178 1.52 

0.5 1.6951 1.726 1.7029 1.7 

0.6 1.9026 1.934 1.9192 1.91 

0.7 2.1569 2.171 2.1801 2.17 

0.8 2.498 2.481 2.5322  

0.9 3.1502 3.113 3.1637  

0.95 4.0864 4.052 4.137  

Consider the situation in which the crack propa-

gates in a controlled manner due to stress in a laminated 

composite material with a fibre structure in the load direc-

tion. The crack will deviate from its axis and progress at the 

fiber-matrix interfaces. The damage in front of the crack tip 

will lead to fiber fractures due to the increased stress. In par-

ticular, fiber breaks will bring along oscillations (zig-zag 

characteristic) in the P – Δl graph and will gradually reduce 

the stiffness of the material. Therefore, the ratio of the 
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applied load and the corresponding displacement measured 

during a mechanical test will give the instant stiffness. Us-

ing this instant value in Eq. (5) will give the instant crack 

length equivalent.  

In order to determine the instantaneous crack 

lengths in Eq. 5, the expression (a/W)Y should be known, as 

in Eq. (6): 

( )
1/2

111
.

E B L
a W Y

k W

  
= −  

  
 (6) 

Since the geometric correction factor Y is the pol-

ynomial expression of a/W, the function of the graph (a/W – 

(a/W)Y) will make the transition from (a/W)Y to crack length 

ratio a/W and then to crack length a. 

Although the crack is a branched state in the lami-

nated composite materials, this state has an effective coun-

terpart (Fig. 3). The crack length just mentioned is the effec-

tive response of the propagation. The treatment of the effec-

tive crack length with its corresponding stress will give the 

critical fracture toughness. The R-curve of the material can 

also be reached from the critical fracture toughness. 

 

Fig. 3 Schematic view of equivalent crack length of lami-

nated composite material for stiffness 

 

Fig. 4 The process flow chart of the specified method 

3. Material and method 

The [0/90]4s single edge-cracked non-crimped E-

glass/epoxy composite laminate tensile specimen was used 

for the methodology. The test specimen was cut to size with 

a diamond cutter (Fig. 5).  

 

Fig. 5 Dimension of test specimen 

An artificial notch was formed on one edge of the 

specimen using a diamond cutter bit. A (diamond) dremel 

bit with a thickness of 0.45 mm and a depth of 1.0 mm was 

used for artificial crack formation at the notch tip (Fig. 6).  

 

Fig. 6 Dimension of the artificial crack (A-detail of Fig. 5) 

The length, the width and the thickness of the spec-

imen are 210 mm, 25 mm and 2.68 mm, respectively. The 

crack length to width ratio a/W is 0.306  and the specimen 

is shown as the Example-1 in Fig. 4. The extensometer dis-

tance (L in Eq. 5 and 6) was 56.18 mm as a reference. The 

fibre volume ratio is 45%. The ambient temperature of the 

test performed at a speed of 5 mm/min is 22°C and the rela-

tive humidity is 35%. 

4. Results 

While the a/W ratio of two of the four specimens 

from the same structure and material given in Fig. 7 is at the 

levels of 0.2, the a/W ratios of the other two are at the levels 

of 0.3.  

  

Fig. 7 The E-glass/epoxy SENT specimens after tensile tes-

ting 

It will be important to note that during controlled 

crack propagation, in the specimens with a/W = 0.3 ratio, a 

compressive force occurs at the opposite edge and separates 

the outer longitudinal fibers from the matrix, but this is not 
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observed in specimens with a/W = 0.2 ratio, and the fibres 

were cut planely in the crack path.  

Therefore, it should be noted that the selected crack 

length ratio may also have an effect on the R-curve. 

It is seen in Fig. 8 that the maximum load at the 

level of 7465 N corresponds to an elongation of 0.477 mm. 

The slope of the linear part of the curve (stiffness) is ob-

tained as 21339 N/mm. If values are entered in Eq. (5), the 

elasticity modulus E11 for a/W = 0.306 is determined at the 

level of 22 GPa. 

In Table 2, the 6  of the 505  data obtained from 

the P – Δl graph are given. 

The polynomial equation obtained from the a/W – 

(a/W)Y graph (Fig. 9) was used to reach the a/W crack length 

ratio from the (a/W)Y in Table 2. The factors of Table 1 were 

used since the tensile test was performed under the clamped-

end condition in which moment transfer was partially re-

stricted. 

 

Fig. 8 E-glass/epoxy load-displacement graph 

Table 2  

Obtaining E-glass/epoxy sample data according to Fig. 3 

P, N Δl, mm k, N/mm (a/W)Y a, mm GIC, N/mm 

4278 0.181 20 873 0.433 7.64 8.45 

5006 0.218 20 635 0.445 7.80 11.93 

5715 0.257 20 265 0.463 8.05 16.27 

6475 0.299 19 966 0.478 8.23 21.64 

7200 0.346 19 342 0.509 8.62 28.70 

7465 0.477 14 590 0.759 11.08 48.05 

 

Fig. 9 The a/W – (a/W)Y graph prepared from Table 1 

Using Fig. 9, the crack length a is obtained from 

the crack length ratio a/W corresponding to each load value. 

In Table 2, it is seen that the initial crack length of 7.65 mm 

reaches 11.08 mm. The Δa (3.43 mm) is the effective crack 

length and shows the total amount of propagation of the 

crack that has branched and propagated in its own direction. 

At the end of the controlled crack progression, 

strain energy release rate GIC reaches 48.05 N/mm as seen 

in the last column of Table 2. 

The P – Δl curve of the specimen shows that the 

maximum load is 7466 N as seen in Fig. 8. This corresponds 

to a critical fracture stress σr of 111.4 MPa. The crack prop-

agation of the P – Δl graph, part of which is given in Table 2, 

is used but the maximum stress of 111.4 MPa is fixed in the 

Eq. (7), the G-curve will be formed. Of course, the geomet-

rical factor Y in Eq. (7) will obtain its value depending on 

the varying crack length a. 

2 2

.IC

Y a
G

E

 
=  (7) 

 

Fig. 10 is the R-curve (fracture energy-crack length 

plot) obtained from the P – Δl plot. In the graph created by 

using all ( )505  data, it is seen that a zig-zag curve is formed 

up to 8.45 mm and 27 N/mm. Beyond this point, the curve 

has a flatter structure. This may be related to the propagation 

of the crack branching from the crack tip and consequent 

fiber breaks. Beyond 8.45 mm, damage area around the 

crack tip and increased stress may have triggered a more 

planar propagation of the crack. 

 

Fig. 10 The driving G and the resistive R-curves 

In planar progression, compressive stress acting on 

the opposite edge of the specimen is also likely to have an 

effect on the characteristic of the curve. In the first place, 

the specimen will try to resist the compressive force. How-

ever, with the propagation of the controlled crack, the effect 

of the pressure on the opposite edge will increase and the 

bending moment will be more pronounced in the specimen 

under tensile stress. This will create a factor that facilitates 

the opening of the crack tip. This will be another factor that 

ensures the planar propagation of the crack. Fig. 10 shows 

that the methodology outlined in this study is appropriate in 

terms of reflecting the fracture detail unique to composite 

materials.  

The fracture toughness obtained at the end of con-

trolled crack propagation is expressed as critical fracture 

toughness. The R and G-curves are tangent at this point and 

the R-curve shows this fracture toughness KIC. Another frac-

ture toughness as important as this one is to determine the 

value at which the crack starts to propagate. The fracture 

toughness encountered at the crack length corresponding to 

the 2% increment [(Δa/a)100] is the initial fracture tough-

ness and is expressed as the candidate fracture toughness 

KQ. This also describes the point where the line drawn by 

reducing the slope of the linear part of the load-displacement 
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curve by 5 % intersects the curve [17, 25]. In this study, the 

controlled crack propagation amount Δa of the specimen 

with an initial crack length of 7.65 mm is 3.43 mm. Accord-

ing to the standard, the value at a = 7.8 mm is the candidate 

fracture toughness. According to process stated in Fig. 4 and 

Table 2, the candidate fracture toughness corresponding to 

7.8 mm is determined as 513 MPa.mm1/2. 

5. Model verification 

The amount of opening at the crack mouth in a sin-

gle-sided crack tensile specimen is expressed by Eq. (8) 

[23]: 

2

1.46 3.42 1 cos
4 2

.

cos
2

a

a W
CMOD

E a

W







  
+ −  

  =
  
  

  

 (8) 

When the crack propagation determined for each 

load using the specified method in this paper is placed in 

Eq. (8), it can be seen from Fig. 11 that the CMOD values 

obtained and the extensometer elongation are almost equal. 

 

Fig. 11 The stiffness (extens.) - CMOD plot 

The general expression for the CTOD for the plane 

stress condition is given in Eq. (9) [26]: 

2

0

.ICK
CTOD

E
=  (9) 

Eq. (10) is reached if the equation above is ar-

ranged to give the critical fracture stress: 

( )

( )
1/22

0
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CTOD E
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The ratio of the critical fracture stress σr to the ten-

sile strength σ0 for the single edge-cracked tensile specimen 

is approximately found with the help of Eq. (11) or (12). The 

difference between Eqs. (11) and (12) is due to the geomet-

ric correction factor Y. If the factors in Table 1 are used, 

Eq. (11) should be used, if the polynomial equation in refer-

ence [23] is used, Eq. (12) should be used. 
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If Eq. (11) is adapted to Eq. (9), a different expres-

sion of the CTOD is achieved as seen in Eq. (13). Eq. (13) 

shows that the value of CTOD changes only with the stress 

intensity factor (SIF) occurred at each crack increment. 

2.118 .ICK
CTOD

E
=  (13) 

 

So, it can be predicted that the approach proposed 

in this paper will yield results consistent with the P – CMOD 

curve, excluding composite materials that have the crack 

formation outside the crack zone under stress, such as poly-

ester matrix. 

Fig. 12 shows the function between the Δl in the 

length of the extensometer and the CTOD. Except for the 

region close to the maximum load, it can be stated that the 

linear characteristic is present. 

 

Fig. 12 The stiffness (extens.)-CTOD (from Eq. (13)) plot 

In a study, the effects of dimensional parameters 

such as specimen thickness and aspect ratio on fracture 

toughness were investigated on a short fibre glass composite 

[10]. The compliance values in the linear portion of the P – 

CMOD plot is normalized by multiplying the modulus of 

elasticity E and the corresponding thickness B. It was stated 

that the closest result to the actual values was obtained in 

the range of a/W = 0.3 – 0.5. It may be noted that this nor-

malization comes from Eq. (5) established in this paper. 

6. Conclusions 

In this study, the displacement values obtained by 

the extensometer, which is an easier approach, were used to 

construct the R-curve instead of the CTOD. Undoubtedly, 

CTOD will give much more precise results, as it addresses 

the crack tip. However, it can be stated that the method pro-

posed in this study will give positive results in terms of ease 

of application and the continuity of the R-curve. Since the 

specified method is based on Linear Elastic Fracture Me-

chanics, it will give more accurate results for materials with 

linear elastic characteristics. 
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OBTAINING THE FRACTURE RESISTANCE CURVE 

USING THE GENERAL DISPLACEMENT 

S u m m a r y 

In this paper, the energy release energy corre-

sponding to the unit crack propagation obtained from the 

displacement-controlled load-displacement plot is equalized 

to the elastic energy release rate, and the variation of stiff-

ness based on the crack length is obtained. For this purpose, 

instead of measuring the amount of crack mouth opening in 

the single edge-cracked tensile specimen, the extensometer 

elongation amount was taken in the middle part of the spec-

imen. Thanks to the equality of the stiffness to the crack 

length, the transformation of the load-displacement curve 

into the material resistance curve was realized. 

Keywords: resistance curve; strain energy release rate; 

load-displacement curve; fracture toughness. 
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