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1. Introduction 

Generally speaking, servo motors are often used to 

drive parallel mechanism (PM for short), but the emergence 

of hybrid-driven mechanism breaks this convention. Hy-

brid-driven mechanism is a multi-DOFs mechanism jointly 

controlled by constant velocity (CV for short) motor (un-

controllable) and servo motor (real-time controllable). The 

CV motor provides main power, and the servo motor bear 

smaller power. Originally it was proposed by Tokuz [1] of 

the University of Liver-pool in 1992, which has the charac-

teristics of both traditional mechanism and controllable 

mechanism. By controlling the output of servo motor to ac-

curately compensate the motion trajectory of the mecha-

nism, high motion accuracy can be achieved. Hybrid-driven 

mechanism is an important branch of mechanisms and also 

a research hotspot of mechanisms [2]. However, during the 

research and development of hybrid-driven mechanism for 

more than 20 years, its mechanism has always been limited 

to the range of planar five-bar mechanism, six-bar mecha-

nism, seven-bar mechanism and nine-bar mechanism. 

The research on hybrid-driven five-bar mechanism 

is the most extensive and mature, due to its advantages of 

few bars and easy control. The research on hybrid-driven 

mechanism covers configuration synthesis, kinematic anal-

ysis, dynamic analysis, control methods and applications [3-

12]. It is mainly used to press [5-9], walking mechanism 

[10], excavator [11], etc. 

Redundantly actuated PM is a PM with more input 

components than the number of DOFs of output components 

[12-14]. The redundantly actuated method can eliminate the 

singularity of the PM and increase the workspace, which is 

beneficial to improve the stiffness, dexterity, positioning ac-

curacy, obstacle avoidance performance, force transmission 

characteristics and reasonable load distribution of the PM 

[15-17]. Redundantly actuated PM has aroused the research 

interest of scholars because of its unique advantages. Dif-

ferent configurations of redundantly actuated parallel robot 

have been proposed and have been applied to parallel ma-

chine tool [18, 19], medical rehabilitation [20], seismic sim-

ulation instrument [21] and other fields. 

Wu et al. [17] proposed a redundantly actuated U-

3PSS solar tracker based on PM. Compared with non-redun-

dantly driven U-2PSS solar tracker, U-3PSS solar tracker 

has larger workspace and less energy consumption in one 

year. Lamber et al. [18] proposed a 7-DOF PM, which not 

only provides 6-DOF operation, but also provides 1-DOF 

grasping. Because a configurable platform is used, all actu-

ators are located on the base, which replaces the single rigid 

body usually used as the end effector in traditional PM. 

Zhang et al. [19] proposed a redundantly actuated 2RPU-

2SPR PM. Aiming at the mathematical problem of forward 

kinematics of parallel robot, three back propagation (BP) 

neural network optimization strategies are used to solve it. 

The BP neural network with position compensation is a suit-

able method to solve the forward kinematics. The mecha-

nism can be used for five-axis hybrid machine tools and is 

suitable for machining large heterogeneous and complex 

structural parts in the field of aerospace.  

Wang et al. [20] proposed an ankle rehabilitation 

robot, which can realize three rotation movements in three 

directions. The rotation center of the mechanism can match 

the rotation axis of the ankle joint. The proposed mechanism 

can ensure that the redundantly actuated PM has no singu-

larity, better dexterity and stiffness in the specified work-

space. Zhao et al. [21] presented a 3-DOF redundantly actu-

ated seismic simulation shaking table, which has strong 

bearing capacity and driving capacity and can resist the de-

structive force of earthquake. 

The configurations of hybrid-driven mechanism 

reported in the literature are mostly multi-DOF planar link-

age mechanisms. It will have a wider application prospect 

to introduce this hybrid-driven mechanism with high power 

and greater flexibility into the field of spatial mechanisms. 

The technical bottleneck restricting the further development 

of this kind of mechanism to spatial configuration is that 

there is no suitable configuration to satisfy the motion char-

acteristics of hybrid-driven, that is, to solve the "controlla-

bility problem" of CV motor. By combining with other types 

of spatial mechanisms, it has become an idea to "copy" the 

relevant performance of hybrid-driven mechanism to this 

kind of mechanism to form a new mechanism with both 

characteristics. 

A new type of hybrid redundantly driven mecha-

nism (HRDM for short) integrating redundantly actuated 
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PM and hybrid-driven mechanism will give full play to their 

respective advantages. Zhang et al. [22] proposed a kind of 

HRDM. The basic idea of this mechanism is: HRDM with 

n-DOF is composed of N symmetrically distributed driving 

limb with 6-DOF that do not restrict the DOF of the mech-

anism and an intermediate limb that restricts the DOF of the 

mechanism. The intermediate limb is driven by both CV 

motor and servo motor, which is called hybrid redundantly 

actuated limb (HRDL for short).  

The 3-PSS/7R HRDM proposed in reference [23] 

can only achieve two translation movements and one rota-

tion movement, and its application range is limited. The 

movement characteristics of HRDM are periodic, flexible 

and controllable, which is especially suitable for the field of 

ankle rehabilitation. Ankle rehabilitation generally requires 

two rotation DOFs. 

The paper is organized as follows. The configura-

tion of a 5-DOF (5-SPS)+5R2U HRDM is constructed and 

the driving selection is described in Section 2. The kine-

matic model of the HRDM is established in Section 3. The 

factors affecting workspace are analyzed in Section 4. Fol-

lowed by Section 5 the workspace atlas of the mechanism 

under different orientation angles is obtained. The output 

characteristics of the HRDM are analyzed in Section 6 to 

verify the correctness of the kinematics equations and the 

controllability of the mechanism. Conclusions are drawn in 

Section 7. 

2. Configuration of the (5-SPS)+5R2U HRDM 

Three-dimensional model and structure diagram of 

(5-SPS)+5R2U HRDM with five DOFs are shown in Figs. 

1 and 2, respectively. The mechanism is composed of a 

moving platform, a static platform, five SPS (S is spherical 

pair, P is prismatic pair) limbs with the same structure and 

one 5R2U intermediate limb. Five SPS limbs are symmetri-

cally distributed at the center points of the static platform 

and the moving platform. The intermediate limb 5R2U (Five 

revolute pairs and two Hooke joints) connects the static plat-

form and the moving platform, and the center point is con-

nected. The intermediate limb is composed of a planar five-

bar mechanism and a 2U link, which is driven by both CV 

motor and servo motor. It is called hybrid redundantly 

driven limb (HRDL for short).  

Link 
1l CD=  is driven by an uncontrollable CV 

motor, and the angle between the driving link and the static 

platform is q1; Link 
4l FG=  is driven by a controllable 

servo motor, the angle between the driving link l4 and the 

static platform is q4. Through cooperative control of the 

driving displacement of the prismatic pairs in the 5-SPS 

limbs and the driving angular displacement of the HRDL's 

servo motor, the position and orientation of the moving plat-

form can be controlled in real time. Among them, 5-SPS do 

not restrict the movement of the moving platform of the 

mechanism, and the DOF of the mechanism is determined 

by HRDL, which restricts the DOF of the moving platform 

to rotate around the O2 normal of the center of the moving 

platform, thus the mechanism has five DOFs (three transla-

tion movements and two rotation movements). There are 7 

drives of this mechanism and only 5 corresponding DOFs, 

thus the drives are redundant. Six of them are real-time con-

trollable servo motors and one is uncontrollable CV motor. 

Therefore, the mechanism has the characteristics of hybrid-

driven mechanism and redundantly actuated PM at the same 

time. It is an integrated mechanism of the two types of 

mechanisms, and has some common characteristics of the 

two types of mechanisms. 

In Fig. 2, 
2l DE= ,

3l FE= , 
5 1l GO= , 

6 1l O C= , 

7 2l EO= . The static coordinate system and the moving co-

ordinate system are established on the (5-SPS)+5R2U  

HRDM static platform and the moving platform, respec-

tively. The static coordinate system O1-X1Y1Z1 is fixedly 

connected to the static platform. The origin O1 of the static 

coordinate system is located at the center of the static plat-

form. X1 axis points to the right through B1, Y1 axis is vertical 

and upward. Z1 axis is determined according to the right-

hand criterion.  

 

Fig. 1 3D model of (5-SPS)+5R2U HRDM 

 

Fig. 2 Structure diagram of (5-SPS)+5R2U HRDM 

The moving coordinate system O2-X2Y2Z2 is fix-

edly connected to the moving platform, and the origin O2 of 

the moving coordinate system is at the center of the moving 

platform. In the initial orientation, X2 axis and Y2 axis are 

parallel to X1 axis and Y1 axis, respectively and in the same 

direction. ( 1, 2, ,5)iP i =  are evenly distributed on the cir-

cumference of the moving platform with radius r. Bi (i = 1, 

2,…,5) are evenly distributed on the circumference of the 

static platform with radius R.  

3. Kinematic analysis of HRDM 

The position inverse solution of the (5-SPS)+5R2U 

HRDM is known the position and orientation 
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 
T

, , , ,x y z  =X  of the moving platform and the angular 

displacement 1q  of the CV motor to obtain the displace-

ment li (i = 1, 2,…,5) of the five prismatic pairs and the driv-

ing angular displacement q4 of the servo motor of HRDL. 

Because the position vector equations of symmetrical 5-SPS 

limbs and HRDL are different, they need to be solved, sep-

arately. 

 

3.1. Inverse position solution of HRDM 

3.1.1. Inverse solution of HRDL 

 

The orientation X of HRDM moving platform is 

determined by HRDL, so it is necessary to determine the 

orientation transformation matrix of the mechanism first. 

HRDL consists of a parallel 2-DOFs planar parallel mecha-

nism CDEFG and spatial link EO2 in series. The PM is 

driven by a CV motor to drive link l1 and a servo motor to 

drive link l4. Their motions are coupled at point E. 

Hooke hinge is regarded as revolute pairs of two 

axes intersecting perpendicularly, then the CV drive limb 

CDEO2 can be regarded as a series mechanism, which con-

nect to each link by revolute pairs. The link coordinate sys-

tems are established on sub-limb CDEO2, as shown in Fig. 

3. Z axis of coordinate system {1}-{6} corresponds to the 

axis of each revolute pair member, and the axis of revolute 

pair of coordinate system {6} is recombined with axis Z2 of 

moving coordinate system O2-X2Y2Z2. The relative orienta-

tion of each link is described using Denavit-Hartenber pa-

rameter method. The D-H parameters of the HRDL limb 

CDEO2 are obtained, as shown in Table 1. 

Table 1 

D-H parameters of the HRDL limb 

No. ai, mm αi-1, ° di, mm θi, ° 

0 l6 0 0 0° 

1 l1 0 0 θ1 

2 l2 0 0 θ2 

3 0 90° 0 θ3 

4 l7 0 0 θ4 

5 0 90° 0 θ5 

6 0 0 0 θ6 

O2 0 0 0 0 

where: ai-- The length of the connecting rod; αi-1-- Torsion 

angle; di--Deviating from the displacement; θi-- Rotation 

angle. 

 

The homogeneous transformation matrix from the 

linkage coordinate system {i-1} to the coordinate system {i 

} is 
-1

i

i T , then the general expression of 
-1

i

i T  is: 

 

 -1 ,
0 1

i i i

i

Q a 
=  
 

T  (1) 

 

where:  

c s c s s c

s c c s s ;

0 s c 0

i i i i i i i

i i i i i i i i

i i

a

Q a a

     

    

 

−   
   

= − =
   
     

iQ  

and ai respectively represent the rotation of the coordinate 

system attached to the i_th link to the matrix consistent with 

the direction of the coordinate system of the (i+1)_th link 

and the position vector relative to the moving platform. 

Orientation transformation matrix of the moving 

platform and static platform of the HRDM. 
 

 

Fig. 3 The link coordinate systems of CDEO2 limb 

 

0 1 22 2
0 1 611

.

0 0 0 1

O O
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x x x x

y y y y

z z z z

m n o p

m n o p

m n o p
=

 
 
 =
 
 
 

T T T T T  (2) 

 

According to the output motion characteristics of 

HRDM, the orientation transformation matrix of the static 

platform and the moving platform of the mechanism is ob-

tained by Euler method ZαYβXγ as follows. 

 

1

2

-

.
0

0 0 0 1

o

o

c s c s s x

s c c c s y

s c z

    

    

 

 
 

−
 =
 
 
 

T  (3) 

 

Eqs. (2) and (3) of HRDM orientation matrix are 

equivalent, and get: 

 

7 1,2,3 4 2 1,2 1 1 5

7 4

7 1,2,3 4 2 1,2 1 1

4,5

1,2,3

6

/ 2 ,

0

x l c c l c l c l

y l s

z l s c l s l s

   



   

 

 



 

+= + +


= −
 = + +


= −


=
 = 


=

 (4) 

 

where: θ1,2,…,k = θ1 + θ2 +…+ θk (kN); θ1 = Const. The sign 

s stands for sin and c stands for cos. 

Let the coordinate vector of point E be

 
T

,e e ex y=X , which is denoted by vector = +e e er x y . Un-

der the coupling action of limbs CDE and EFG, the position 

vector er  of coupling point E changes from time to time. 

The HRDL can be equivalent to virtual motion limb PUU, 

as shown in Fig. 4. The dual drivers are arranged at the two 

driving revolute pairs C and G of the plane 5R mechanism 

to drive q1 and q4 respectively. The servo motor accurately 
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X1 

Z1 

Y1 

O1 

l6 

l1 x2 

D-{2} z2 θ2 

x3 

E-{3,4} 

x5 

x4 

θ3 

z4 

θ4 

z6 

z3 

z5 

x6 

θ6 

O2-{5,6} 

l2 
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compensates the trajectory of point E. The CV motor drives 

the CD link, and the servo motor drives the FG link. Driven 

by the two driving links, the driven links DE and EF are 

driven to make the E point output flexible track. Therefore, 

the CDE sub-limb meets the kinematic constraints of 

CDEFG PM at the same time. The included angle between 

the links li(i = 1, 2, 3, 4) and the horizontal axis is qi(i = 1, 

2, 3, 4), where qi = θi, (i = 1, 2). 

Using closed vector method, the vector equations 

of servo motor driving limb and CV motor driving limb are 

established, respectively. 

 

1 , = + +O E O C CD DE1  (5) 

 

1 .= + +O E O G GF FE1  (6) 

 

Eqs. (5) and (6) are projected to X1 axis and Y1 axis, 

respectively. Using the trigonometric equation, get: 

 

5 1 1 2 1,2

1 1 2 1,2

   e

e

x l l cq l cq

y l sq l sq

= + +


= +
, (7) 

 

5 4 4 3 3,4

4 4 3 3,4

.
e

e

x l l cq l cq

y l sq l sq

= − + +


= +
 (8) 

 

According to the assembly relation of the five-bar 

mechanism in the workspace, and ye is located above X1O1Z1 

plane. 

 

1

1

 

 

FG - EF O E FG + EF

CD - DE O E CD + DE
. (9) 

Solving Eq. (9), the inverse solution is obtained as 

folows: 

( ) ( )

( ) ( )

( ) ( )

( ) ( )

2 2
1

6 1 2 2

2

2

2

3

3 3
4

6 4 3 3

( )
10.1

( )

1
10.2

1
10.3

( )
10.4

( )

e

e

e

e

z l s q
q X at at

x l l l c q

F
q X at

F

G
q X at

G

z l s q
q X at at

x l l l c q

  
= −  

− +  

  −

=


  −
=




  = −  + + 

, (10) 

 

where: 

( )
2 2 2 22 2 2 2

5 3 46 1 2

1 2 3 4

( )
, .

2 2

e ee e
x l z l lx l z l l

F G
l l l l

− + − −− + − −
= =

The sign at stands for arctan. 

Because link CD is driven by CV motor which can 

only move in one direction, after the trajectory planning is 

completed, the angle q1 is determined at any given time. 

Therefore, when the position and orientation is given, the 

angle of transition from l1 to l2 is also determined according 

to Eq. (10.2). Due to the existence of CV motor, not all tra-

jectories X of HRDM in the workspace can be realized, and 

the inverse solution does not exist everywhere in the same 

configuration. For the planned trajectory, if the initial con-

figuration of HRDL is determined, q30 will be determined 

accordingly, assuming that it meets the function determined 

by q3(X). 

 

Fig. 4 Equivalent diagram of HRDL 

 

Similarly, the initial angles q10 and q40 are deter-

mined. For a planned trajectory X, once the initial configu-

ration of HRDL is determined, although q4 and q3 have two 

solutions, in order to ensure the continuity of the trajectory, 

q and q3 can only be the trajectory on the function of the law 

determined by q3(X) and q4(X), otherwise q4 and q3 will 

have a great jump, and the mechanism cannot have con-

trolled. Therefore, with the determination of the initial con-

figuration of HRDL, the operation law of q4 and q3 will also 

be determined. The q1(i = 1, 2, 3, 4) of whole limbs is 

unique. Eq. (10) is the inverse solution of the HRDL. 

The coordinates of point E can be obtained by ho-

mogeneous transformation. 

 

( ) ( )3 0 1 2 3 ' 4 5 6 '

0 1 2 3 4 5 6

1

3 3 3 3

3 3 3 3

3 3 3 3
.

0 0 0 1

O O

O O O

x x x x

y y y y

z z z z

m n o p

m n o p

m n o p

−

= = =

 
 
 =
 
 
  

T T T T T T T T T T

 

(11)

 

 

From Eq. (5), get: 

 

( )3 ,e xx p f= = X ( )3 ,e yy p g= = X
3 0.

e z

z p= =  

 

Point E of the HRDL is the coupling point driven 

by constant velocity motor and servo motor. When the 

equivalent virtual link is in different orientation X, the vec-

tor re = O1E is different, and its length equivalent to the vir-

tual link length v el = r  is also variable. The inverse solution 

of the general equation is transformed into solution vl . 

After the position vector of coupling point E is de-

termined, the orientation of the HRDL can be finally deter-

mined. 

 

= ,e evl x + z  (12) 

 

2 2 .v e ex z= +l  (13) 

Z1 

 

Z2 

O1 X1 

O2 

E 

Y1 

X2 
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3.1.2. Inverse solution of 5-SPS limbs 

 

According to the size parameters of the mecha-

nism, get  Rot( , ( 1) / 5) 0 0 , ( 1, 2, ,5)Z i R i= − =iB . 

the coordinate vectors in static coordinates 
T

, ,ix iy izB B B =  iB  ( )1, 2, ,5i = .  

The coordinate vector 2 2 2 2
T

, ,
O O O O

ix iy izP P P =  iP  

( )1, 2, ,5i =  connected with the center point 

 2 Rot( , ( 1) / 5) 0 0
O

Z i r= −iP  of the spherical pairs in 

the moving coordinate system is represented as the coordi-

nate vector 
T

, ,ix iy izP P P =  iP  in the static coordinate sys-

tem. 

 

( )2
T

, , 1, 2, , 5 ,
O

ix iy iz iP P P i = = + = iP R P P  (14) 

 
where: R  denotes Euler transformation matrix represented 

by Z-Y-X. P  denotes the coordinates of the origin of the 

moving coordinate system relative to the static coordinate 

system {O1}. 

The position vector of the five prismatic pairs in 

the static coordinate system is: 

 

( )1,2,…,5 .ii i i 1 i 1 iL = B P = O B - O P =  (15) 

 
Substituting the coordinates of each axis compo-

nent of Eq. (15) and Bi into Eq. (16), the length of each driv-

ing link can be expressed as: 

 

( ) ( ) ( )

( )

22 2

1,2,. .

,

..,5

ix ix iy iy iz izB P B P B P

i

−

=

= − + + −iL
 

(16)
 

 

Eq. (16) is the position inverse solution model of 

5-SPS limbs. 

3.2. Velocity analysis of (5-SPS)+5R2U HRDM 

3.2.1. Velocity analysis of HRDL 

The HRDL motion input is q1 driven by CV motor 

and q4 driven by servo motor, and the motion output 

=v e el x + y  is generated at the coupling point E, which is 

the vector sum of the speeds in X1 axis and Y1 axis direc-

tions, and is coupled by q1 and q4. The virtual link O1E is 

expressed as  
T

e =v e el = r x y , and the corresponding mo-

tion mapping relationship is: 

 

( )
T

1 4 , vq , q = J l
1

1  (17) 

 

where: ( )1

1 2 3s q q= −J

( ) ( ) ( )

( ) ( ) ( )

1

1 1 2 3 1 2 1 3 4 2 4 3

1 1 2 3 1 2 1 3 4 2 4 3

1 1

1 11 1 12

1 1

1 21 1 22

s s s s s s

c s c s c s

.

l q q q l q q q l q q q

l q q q l q q q l q q q

−
 − − + − − −

= 
− − − − 

 
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 

j j

j j

 

The velocity mapping relationship between the 

spatial link and the moving platform is: 

vl = JX,
1

2  (18) 

 

where: 

1
1 2 1
2 1

2 2

,
 
 
 

J
J =

J
 

1

2 1 ,
 

=
 

J v e

e

l x

x X

1

2 2 .
 

=
 

J v e

e

l y

y X
 

 
1 1 1

1 2JJ = J.  (19) 

 

The driving angular velocity 1q  of HRDL CV mo-

tor, the driving angular velocity 4q  of servo motor and the 

central motion output velocity X  of the moving platform 

are obtained from Eq. (18), Eq. (19) and Eq. (20), which 

satisfy the following equations: 

 

( ) 1T

1 4q ,q = X.J  (20) 

3.2.2. Velocity mapping of 5-SPS limbs 

Fig. 5 shows the velocity diagram of HRDM in 

working state. The meaning of the symbol is expressed as 

follows. 1

2

O

OV  is the velocity of the center point of the mov-

ing platform. 1

2

O

O  is the angular velocity of the center point 

of the moving platform. 1

i

O

PV  is the velocity of the spherical 

pairs center Pi. iL  is the variation velocity of prismatic pairs 

of the SPS limb. 1
Pi

O
r  is the vector diameter of spherical 

pairs point Pi relative to the center point 2O of the moving 

platform. 1O

in  is the unit direction vector of the rod Li, then 

the velocity. 1
Pi

O
V  of the point Pi can be expressed as: 

 

1 1 1 1

2 2
.

i i

O O O O

P O O P= + V V r  (21) 

 

The driving velocity of the prismatic pairs iL  on 

the 5-SPS limb can be expressed as the projection of 1

i

O

PV  

on Li: 

 

1 1 .
i

O O

P i=iL V n  (22) 

 

Substituting Eq. (21) into Eq. (22), we obtain: 

 

( )
1

21 1 1

1

2

.
i

O
T OO O OT

i P i O

O

 
 =   
     

i

V
L n r n


 (23) 

 

For all 5-SPS drive links, there is a velocity rela-

tionship: 

 

1

2

1 1

2

2

1 ,

O

O

O O

O

 
=  

  

V
L J


 (24) 

 

where: 
T

1 2 3 4 5 ; 
 L = L L L L L . 
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( )

( )

( )

( )

( )

1 1 1

1

1 1 1

2

1 1 1

1 3

1 1 1

4

1 1 1

5

T
T

1 1

T
T

2 2

T2 T
1 3 3

T
T

4 4

T
T

5 5
5 6

,

O O O

P

O O O

P

O O O
O P

O O O

P

O O O

P


 
 
 

 
 

=  
 
 
 
 

  

n r n

n r n

J n r n

n r n

n r n

 where 
1

2

1 OJ  is PS driving 

velocity mapping matrix. 

When Zα – Yβ – Xγ is used to represent the orienta-

tion and orientation of the moving platform, the derivative 

of Euler angle (α, β, γ) to time is   on Z axis,   on the Y' 

axis,   on the X" axis, and , ,    is non orthogonal. When 

the generalized angular velocity , ,    is converted to the 

static coordinate system {O1}, the rotational angular veloc-

ity of the moving platform is expressed by the derivative of 

Euler angle. 

 

0

0 .

1 0

c

s







 
  

=   
   

2Oω  (25) 

 

The six-dimensional velocity of the moving plat-

form is expressed as: 

 

 
2

1

2

T

2

T

2 ,

O

O

O x y z  

 
= 

  

 = = 

2

2

O

O

v

V
J

ω

X

X
 

(26)
 

 

where: 
1

2

2

6 5

1 0 0 0 0

0 1 0 0 0

0 0 1 0 0
.

0 0 0 0

0 0 0 1 0

0 0 0 0

O
c

s






 
 
 
 

=  
 
 
 
  

J  

Substituting Eq. (26) into Eq. (24), yield: 

 

1

1

2

2 2

23

4

5

,O

   
   
    
   = = 
     
   
   

  

2

2

O

O

xL

yL
V

J JzL
ω

L

L

X





 (27) 

 

where: 
1 1

2 2 2 5 5

5 5 1 2 ;O O R 

 = J J J  2

5 5J  is the velocity trans-

fer matrix in the form of Euler angular velocity.  

The driving velocity of 5-SPS can be obtained by 

using Eq. (27). 

From Eq. (20), Eq. (24) and Eq. (27), the overall 

Jacobian matrix of (5-SPS)+5R2U HRDM is: 

 
1

2
.

 
=  
 

J
J

J
 (28) 

 

Fig. 5 Velocity analysis diagram of (5-SPS)+5R2U HRDM  

3.3. Acceleration analysis of (5-SPS)+5R2U HRDM 

Let ( )1,2, ,5iL i =  is the acceleration along iL , 

then the linear acceleration a and angular acceleration ε cor-

responding to the moving platform are expressed as: 

 
T

x y za a a =  a  and 
T

.x y z   =    

 

And the acceleration is calculated for the HRDL 

and 5-SPS limbs, respectively. 

3.3.1. Acceleration analysis of HRDL 

The derivative of Eq. (20) with respect to time, and 

obtain: 

 

( )
T 1

1 4

1
q ,q = X + X.J J  (29) 

 

According to Eq. (19), 1
J can be further obtained. 

 
1 1 1 1

1 2 1

1

2 . JJ = J + J J  (30) 

 

Next, solving 1

1 J  and 1

2 J , respectively  

 

1 1
1 1 11 1 12
1 1 1

1 21 1 22

,
 

=  
 

j j
J

j j
 

where 
1

1 ,
ij

ij

Q

Q X

 
=
 

j
j   1 2 3 4q q q q=Q . 

Further calculation, the expression of 1

2 J  can be 

expressed as follows: 

 
1

1
2 1

2

1

2 2

,
 
 
 

J
J =

J
 (31) 
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where:
2 2 2 2 2 2

1
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;e e e e e ex x x x x x

x y z  

      
= =  

           
J

X X X X XX

2 2 2 2 2 2

1

2

2

.e e e e e e

y y y y y y

x y z  

      
= =  
           

J
X X X X X X

 

 

3.3.2 Acceleration analysis of 5-SPS  

The derivative of Eq. (24) with respect to time, and 

obtain: 
 

( )  
1

2
1 1 1 1 1

2 2

,
i

O

T

O
O T O O O O

i i P i O O i

   
=  +      
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1

2

1 1

2 2

O

O

O O
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V V
L n r n V h

ω ω
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where:  
T

,= aA   

1 1 1

1 1 1 1 1 1 1

2 2

2 2 2

6 6
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i i p
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

 −
=  
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n n r
h

L r n r n r n r
 

The derivative of Eq. (26) with respect to time, and 

obtained: 
 

1

2

2 ,T

O p p= +A J v HvX  (33) 

 

where:  
T

1 2 3 4 5 6 ;=H H H H H H H  

1 2

0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0

; ;0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0

   
   
   
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   
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   
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H H

3 4
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   
   
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   
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   
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   
   
   

H H  

When X  and X  are known, the acceleration of 

5-SPS limbs in (5-SPS)+5R2U HRDM can be obtained by 

Eq. (26)~Eq. (33). 

4. Factors affecting workspace 

Workspace is the active area which can be reached 

by the reference point of the moving platform, which is one 

of the important indexes to measure the kinematic perfor-

mance of the mechanism. The activity space of HRDM is 

the public area that can be reached by the reference point of 

the moving platform under the joint action of each limb. It 

is the intersection of the workspace generated by 5-SPS 

limbs and the HRDL in the center of the moving platform. 

4.1. Factors affecting the workspace of 5-SPS PM 

The main factors affecting the workspace of 5-SPS 

limbs are the activity of spherical pairs the length of the 

spherical pairs and the interference range of the spherical 

pairs. Expressed as the following mathematical relationship: 
 

, min

, 1, 2, ,5

, 1, 2, ,5,

,

max i max

R min j max

i j

i

W L L L j

d d i j

  −   =


=   =
  

 (34) 

 

where: σi is the activity of the i_th spherical pairs, and σmax  

is the limit value of the spherical pairs activity space; σi is 

the length of the j_th driving rod, and lmin and lmax are the 

limit values of the length of prismatic pairs; di,j is the dis-

tance between links and dmin is the limit distance between 

links. 

4.2. Factors affecting HRDL workspace 

1. Parameters of planar five bar mechanism.  

The workspace of 5-SPS limbs of HRDM is deter-

mined, and HRDL restricts the movement of the whole 

mechanism. It is composed of parallel / series mechanisms, 

and its workspace is determined by the planar PM CDEFG 

and the spatial connecting rod EO'. Reachable interval 

workspace and reachable space point set of coupling point 

E, and the constraint condition is: 
 

1 2 1 2

3 4 3 4

.
e

e

l l l l l

l l l l l

 −   +


−   +
 (35) 

 

2. Constraint of spatial link. 

The upper and lower limit values of the center track 

of the moving platform of HRDL are within the maximum 

and minimum driving range of the 5-SPS prismatic pairs. 

minl  and maxl   are the minimum and maximum travel of 5-

SPS limbs prismatic pair respectively, thus the maximum 

movement area of 5-SPS limbs in Y1 direction is:  
 

( )

( )
( )

2 2

min min

2 2

max max

( )
1, 2, ..., 5 .

( )

y l l R r
i

y l l R r

  = + − −
=

  = + − −

 (36) 

 

The reachable workspace of HRDL is 

( )' ', ', 'X x y z= , which satisfies the following constraints: 
 

( ) ( ) ( )
2 2 2 2

7 .e ef X x x y y z l   = − + − + −  (37) 

 

The workspace of HRDM is the intersection of 

HRDL and 5-SPS limbs. If there is a common area between 

the two, HRDL must meet the operation interval of 'y  in Y1 

direction of 5-SPS limbs determined by constraint Eq. (37) 

( )' 0X =  (the interval determined by Eq. (36)), i.e. 
 

( ) 0 , , .y X x z X    =     (38) 

 

If there is intersection between HRDL and 5-SPS 

limb, the conditions must be met: 
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.min maxy y y     (39) 

The workspace of the whole mechanism should be 

determined jointly according to the position and orientation 

of the mechanism and the structure parameters of the all 

sub-limbs. 

5. Workspace atlas of (5-SPS)+5R2U 

The workspace of (5-SPS)+5R2U HRDM is jointly 

determined by 5-SPS limbs and HRDL, which is the inter-

section of the two workspaces.  

 

    

   a       b 

 

   c       d 

 

   e       f 
 

Fig. 6 Workspace atlas under different angles α: a) projection of the workspace on the X1O1Z1 plane when α = 0°; b) projec-

tion of the workspace on the X1O1Y1 plane when α = 0°; c) 3D diagram of workspace when α = 0°; d) 3D diagram of 

workspace when α = 5°; e) 3D diagram of workspace when α = 10°; f) 3D diagram of workspace when α = 15°;  

g) 3D diagram of workspace when α = 20°; h) 3D diagram of workspace when α = 25° 
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   g       h 
 

Fig. 6 Continuation 

Define the driving range of prismatic pairs of 5-

SPS limbs as (0~400 mm), and the maximum swing angle 

of spherical pair is 45°, and the maximum rotation angle of 

Hooke hinge is 60°. From Eq. (34) to Eq. (39), the constraint 

conditions and kinematic Eq. (10) and Eq. (17) of HRDM 

workspace are affected, and the workspace atlas under dif-

ferent flexible orientation angles are obtained, as shown in 

Fig. 6. 

As can be seen from Fig. 5, the workspace atlas of 

(5-SPS)+5R2U HRDM presents the following characteris-

tics: 

1. When the flexible orientation angle of the mech-

anism α = 0°, the mechanism is translational. At this time, 

the U plane of the U pair in the HRDL constraint limb al-

ways remains parallel, that is, the motion of the constraint 

of the 5R2U constraint limb is the rotation of the moving 

platform around its normal, which does not affect the work-

space of the mechanism. Therefore, the workspace of the 

mechanism is the same as that of the 5-SPS mechanism. The 

maximum movement range (650~950) mm of the mecha-

nism in X1 direction is similar to the cylinder at a certain 

angle to the coordinate plane X1O1Y1 and the workspace is 

symmetrical about Y1 axis. 

2. When the flexible orientation angle of the mech-

anism α is gradually increasing, the workspace of the mech-

anism gradually increases in x1 direction and decreases in z1 

direction. Because the intermediate constraint limb 5R2U is 

composed of parallel/series mechanisms, the workspace of 

the planar five-bar mechanism is the intersection of several 

rings, which has a great impact on the scope of the work-

space.  

6. Kinematic example of HRDM 

Set the angular velocity of the CV motor as 

1 30 /sq =  , and it takes 12 s for the CV motor to run for a 

cycle. The motion law of the center point of the moving plat-

form of the mechanism is defined as: 
 

( )

( )

20 / 6

20 / 6

(0 12).0.2

0

0

x sin t

y cos t

tz t









=


=


 =
 =

 =  (41) 

 

Fig. 7 Variations of the displacement li(i = 1, 2,…,5) in 5-

SPS limbs  

 

Fig. 8 Variations of the displacement of point E 

 

According to the inverse solution Eq. (17) of 

HRDM, the variation law of the displacement li(i = 1, 

2,…,5) in 5-SPS limbs are obtained, as shown in Fig. 7. The 

position of point E of HRDL is shown in Fig. 8, and the var-

iation law of the angular displacement of qi(i = 1, 2,…,5) is 

shown in Fig. 9. The driving variation laws of the driving 

velocity of 5-SPS limbs are obtained from Eq. (27), as 

shown in Fig. 10. 
 

 

Fig. 9 Variation law of the angular displacement qi(i = 1, 2, 

3, 4) 
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The variation of the velocities of point E is shown 

in Fig. 11; The variation laws of the compensation angular 

velocity 4q  of HRDL servo motor and angular velocity 2 ,q  

and 3q  of included angle of links is shown in Fig. 12. The 

acceleration variation laws of 5-SPS limbs are shown in Fig. 

13. The variation laws of the acceleration of the coupling 

point E are shown in Fig. 14. 

 

 

Fig. 10 Variation law of velocity of 5-SPS driving sliders 

 

 

Fig. 11 Variation law of the velocity point E 

 

Fig. 12 Variation law of the angular velocity ( )2,3,4iq i =  

 

The midpoint trajectory X of the planned moving 

platform is coherent and smooth. By analyzing the variation 

laws of the curves in Figs. (7)~(15), the following conclu-

sions can be drawn. 
 

 

Fig. 13 Acceleration variation curves of 5-SPS 

 

Fig. 14 Variation law of the acceleration of point E 

 

Fig. 15 Variation law of the angular acceleration 

( )2,3,4
i

q i =  

 

1. The inverse solutions li(i = 1, 2,…,5) and qi(i = 

1, 2, 3, 4) of the HRDM driving limb are unique with the 

determination of the driving angular displacement q4 of the 

HRDL servo motor. 

2. The virtual limb lν inverse solution is uniquely 

determined, and the displacement curve is smooth and con-

tinuous without jump. The velocity variation range is be-

tween (-60~70) mm/s, and the impulse generated by the 

moving platform is very small. Most of the variation areas 

of acceleration are (-200~200) mm/s. Thus, the variation 

range is small and the impact force on the moving platform 

is small. 

3. The variation curves of the displacement li and 

the velocity 
il  of the driving limb 5-SPS, the variation 

curves of the angular displacement 4q  and angular velocity 

4q  driven by the servo motor are all smooth and coherent. 

At the same time, the variation curves of the driving accel-

eration 
ih  and angular acceleration 4q  are all smooth with-

out jump and sudden change, which ensures the stability of 

the mechanism operation and the overall controllability of 

the mechanism.  

4. Servo motor 4q  is a regulating motor, and its ve-

locity variation range is (0~50) °/s. When making the 

planned trajectory movement, the rotating torque is small 

and will not damage the motor shaft. 2q  changes greatly in 

(7~9) s and 3q  in (10~11) s, but the variation range is be-

tween (0~130) °/s, and the impact is limited. The mecha-

nism can still operate smoothly. 

7. Conclusion 

The spatial 5-DOF HRDM takes the CV motor as 

a drive of the redundantly actuated PM, organically com-

bines the hybrid-driven theory and the redundantly actuated 

mechanism, and constructs a new mechanism. It success-
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fully extends the hybrid-driven theory to the spatial mecha-

nism and widens the research field of the hybrid-driven 

mechanism. Taking (5-SPS)+5R2U mechanism as an exam-

ple, kinematics is analyzed, and the following conclusions 

are drawn: 

1. In the HRDM, the HRDL not only restricts the 

DOFs of the whole mechanism, but also a limb controlled 

by the CV motor and servo motor. The CV motor provides 

the main power, and the servo motor accurately compen-

sates the trajectory of the moving platform. This mechanism 

can be extended to a spatial mechanism with n (n = 3, 4, 5, 

6) DOFs. 

2. The position equation of the HRDM is estab-

lished by using the vector method, and the inverse solution 

equation and the analytical equations of velocity and accel-

eration are obtained. The inverse Jacobian matrix is ex-

pressed as the explicit functional relationship between mo-

tion input and motion output. The form is simple and con-

venient for real-time control. 

3. Through the analysis of workspace and kinemat-

ics simulation, the inverse solution of mechanism is unique 

with the determination of initial configuration. It is obtained 

that the motion trajectory of the mechanism is continuous 

and smooth in space, and is real-time controllable in work-

space. 
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Q. Zhang, R. Li, W. Yao, J. Liang, F. Ning 

KINEMATICS AND WORKSPACE ANALYSIS OF  

5-DOF HYBRID REDUNDANTLY DRIVEN 

MECHANISM 

S u m m a r y 

A novel 5-DOF (5-SPS)+5R2U hybrid redun-

dantly driven mechanism (HRDM for short) is proposed, 

which can realize 3 translations and 2 rotations (3T2R) 

movements. (5-SPS)+5R2U parallel mechanism is com-

posed of six driving limbs. Of which 5-SPS (S represents 

spherical pair, P represents prismatic pair) limbs are sym-

metrically distributed at the center point of static and mov-

ing platform have no restriction on the degrees of freedom 

of the mechanism. The middle limb (7R)U (R represents 

revolute pair, U represents Hooke joint) is connected to the 

static platform and the center point of the moving platform. 

It is jointly driven by constant velocity motor and servo mo-

tor, and plays a role of restraining the freedom of the whole 

mechanism. It is called hybrid redundantly driven limb 

(HRDL for short). Hybrid-driven mechanism and redun-

dantly actuated mechanism can be integrated into one mech-

anism by HRDL, which can give full play to the advantages 

of both. The inverse position solution model of the mecha-

nism is established, and the velocity Jacobian matrix and ac-

celeration expression are derived to obtain the velocity and 

acceleration variation laws of the mechanism. On this basis, 

the factors affecting the workspace are analyzed, and the 

workspace atlas under different orientation angles is ob-

tained. The results provide theoretical model for the realiza-

tion planning trajectory of (5-SPS)+5R2U HRDM. 

Keywords: (5-SPS)+5R2U parallel mechanism, hybrid re-

dundantly driven, Jacobian matrix, kinematic analysis, 

workspace. 
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