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1. Introduction 

Gear stiffness lays a foundation for studying the 

dynamic performance of gear transmission systems. In re-

cent years, scholars have conducted extensive studies on 

gear stiffness based on methods, such as analytical [1-6], fi-

nite element [7-11], and experimental research methods [12-

13]. Based on the integral potential energy method a novel 

analytical method for accurately determining the spur gears 

mesh stiffness was proposed by Tang et al. [4]. An im-

proved method to calculate the helical gear’s meshing stiff-

ness was propsoed based on the slicing method in literature 

[5]. Yang et al. [6] used the parametric equations for a flank 

profile. The analytical formulations for the time-varying 

meshing stiffness (TVMS) of a spur gear considering the ac-

tual tooth profile geometry were derived. The meshing stiff-

ness of an asymmetric tooth was obtained by using the finite 

element method (FEM) in literature [10]. Gooley et al. [11] 

predicted the meshing stiffness of gears by using FEM. 

Raghuwanshi et al. [13] used the laser displacement sensor 

technique to measure the meshing stiffness of gears. In ad-

dition, numerous scholars have investigated the factors in-

fluencing gear stiffness for a more accurate measurement of 

the gear meshing stiffness. These include spalling defects, 

cracks, tooth profile shifts, tooth pitting, and temperature. 

Saxena et al. [14], Ma et al. [15], and Cui et al. [16] investi-

gated the influence of spalling defects on the gear meshing 

stiffness. The calculation method for the gear’s meshing 

stiffness with spalling defects was developed. Based on this, 

Luo et al. [17] proposed a new method to calculate the 

TVMS of gears with curved-bottom features with tooth 

spalls. Wang et al. [18] investigated the effect of cracks and 

complex foundations on the gear meshing stiffness. Jiang et 

al. [19-20] studied the effect of cracks on the gear meshing 

stiffness and considered the influence of the gear body de-

flection caused by tooth cracks. Chen et al. [21] investigated 

the effect of non-uniformly distributed tooth root cracks on 

the meshing stiffness of gears. Moreover, the effects of a 

tooth profile shift, pitting, lubrication, and axial force on 

gear meshing stiffness were investigated by Chen et al. [22], 

Liang et al. [23], Cheng et al. [24], and Wang et al. [25], 

respectively. In terms of temperature factors, Gou et al. [26] 

established a mathematical expression for the deformation 

of tooth profile owing to the tooth surface contact tempera-

ture. Following this, they studied the effect of the contact 

temperature on the gear meshing stiffness in accordance 

with the Hertz contact theory. The concept of thermal stiff-

ness of gears was proposed in literature [27]. In addition, a 

semi-analytical method for determining the thermal stiff-

ness of spur gears was provided by introducing a correction 

coefficient, which was verified using the FEM. Lin et al. 

[28] proposed an analytic algorithm for the meshing stiff-

ness of helical gears considering the temperature effect 

based on the slice method and potential energy method. To 

summarize, certain achievements have been made in the 

study of the influence of temperature on gear stiffness. 

However, the calculations involved in the FEM remain com-

plex. The semi-analytical method based on the correction 

coefficient is not universal. Moreover, all the above studies 

have been conducted under the thermal expansion condi-

tion. Therefore, the temperature meshing stiffness of the 

gear pair was investigated in the full temperature range in 

this study. The research results can provide a theoretical ba-

sis for conducting accurate dynamic studies on gear trans-

mission systems over a wide temperature range (such as the 

high-speed railway from Northeast to Guangdong), which is 

a significant contribution to the existing literature. 

The remainder of this paper is organized as fol-

lows. Section 1 defines the temperature stiffness of a gear 

pair. In Section 2, the temperature stiffness model is estab-

lished based on the conservation of energy. Thereafter, the 

general formulation for calculating the temperature meshing 

stiffness of the gear pair in the full temperature range is de-

rived. In Section 3, the numerical calculation and discussion 

are presented. The influence of the tooth profile shift and 

temperature distribution on the tooth surface on the temper-

ature stiffness is discussed. In Section 4, an indirect experi-

mental verification is presented. Finally, Section 5 presents 

the main conclusions of this study.  

2. Definition of temperature stiffness 

In the process of gear meshing, the thermal expan-

sion of gear teeth caused by friction heat from the meshing 

tooth surface influences the stiffness of the gear. In [27], the 

influence of heat on gear stiffness was studied, and the def-

inition and calculation method for gear thermal stiffness 

were presented. However, the standard state of a gear corre-

sponds to a standard temperature owing to the expansion 

and contraction of the material. A gear contracts when the 

gear temperature below the standard temperature, and ex-

pands when the gear temperature is higher than the standard 
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temperature. In this study, the concept of gear thermal stiff-

ness is extended to the full temperature range to investigate 

the effects of expansion with heat and contraction with cold 

on the gear stiffness. The temperature stiffness of gears can 

be defined as Eq. (1): 

,n

n

F
c


=  (1) 

where: Fn denotes the normal external load of the gear; c is 

the temperature stiffness of the gear; Δn is the coupling de-

formation along the line of action, which considers the in-

fluence of temperature. 

3. Temperature stiffness based on energy conservation 

According to Eq. (1), the key to calculate c is to 

identify a method to evaluate Δn. In this study, a temperature 

stiffness model was established based on energy conserva-

tion. Thereafter, the temperature stiffness was studied under 

the conditions of expansion and contraction. 

3.1. Temperature stiffness in thermal expansion state 

Under the tooth thermal expansion condition, the 

thermal expansion is restricted at the contact point. Further-

more, the directions of tooth profile expansion and the elas-

tic deformation caused by the external load are opposite. An 

additional thermal load and thermal deformation are gener-

ated. This affects the gear’s stiffness. In this study, the en-

ergy conservation method was employed to establish the 

spur gear pair’s temperature stiffness model under the con-

dition of thermal expansion (Fig. 1). In the proposed model, 

the gear is fixed, and the pinion can slide in the grooves 

without friction. The gear and pinion are connected by two 

compression springs and an extension spring. An air cylin-

der is mounted between the two compression springs. In Fig. 

1, s, s1 and s2 are the stiffness of the extension spring, first 

compression spring, and second compression spring, re-

spectively. These also indicate the standard meshing stiff-

ness k of the tooth pair, single-tooth standard stiffness k1 of 

the pinion, and single-tooth standard stiffness k2 of the gear. 

That is, s=k, s1=k1, and s2=k2. For the convenience of de-

scription, the symbol k, k1, and k2 are used uniformly in the 

subsequent sections. 

In the standard state, the extension spring has its 

original length, x0. Thus, no deformation or force exists. The 

normal external load, Fn, is equal to the spring force pro-

duced by the compression springs. Hence, the entire model 

is in a force balance. The gas in the cylinder is compressed 

under the force of two compression springs and is in equi-

librium. The compression deformation, xi, of the two com-

pression springs can be expressed as follows: 

ini kFx = (i = 1, 2). (2) 

In addition, Fn causes single-tooth elastic defor-

mations of the pinion and gear. Therefore, their sum can be 

expressed as: 
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According to the relationship between ki and k, 
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+= . Therefore, Eq. (3) can be simplified as:  
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Then, x = Fn / k, where x is the tooth pair’s elastic 

deformation caused by Fn. Thus, x = x1 + x2.  

Thermal expansion occurs owing to an increase in 

temperature. Furthermore, it is restricted by Fn. Therefore, 

an additional thermal load and thermal deformation are pro-

duced at the meshing point. This is equivalent to heating the 

cylinder continuously in the stiffness model. Consequently, 

the gas in the cylinder expands and disrupts the original 

equilibrium state until a new equilibrium state is established. 

At this instant, each spring in the model sustains a larger 

load and produce further deformation. These increments in 

load and deformation are the additional thermal load and 

temperature deformation of the system in the state of ther-

mal expansion. 

 

Fig. 1 Temperature stiffness model of gear pair in thermal 

expansion state 

As shown in Fig. 1, the gas in the cylinder is heated 

and expanded. Thereby, the piston shifts to the right by ΔxT. 

The pinion shifts to the right to attain a new equilibrium 

state. The displacement of the pinion relative to the standard 

position is ΔxTS, which is the deformation of the extension 

spring. Corresponding to the gear system, ΔxTS is the tem-

perature deformation increment of the tooth pair along the 

line of action in the thermal expansion state. ΔxT denotes the 

restricted expansion deformation of the tooth pair along the 

line of action. xT1 and xT2 are the coupling deformations 

along the line of action of the pinion and gear, respectively, 

at the contact point. The following relationship exists be-

tween the above deformations: 

1 1 2 2 .T T T TSx x x x x x = − + − +  (5) 

Then the coupling deformation, xT along the line of 

action of the tooth pair can be calculated by Eq. (6). 

.T TSx x x= +  (6) 

xT1 and xT2 can be determined using Eq. (7) accord-

ing to the force balance under thermal expansion conditions: 
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The normal temperature deformation increment of 

the tooth pair can be expressed as follows based on Eqs. (5–

7): 

 

1
.

2
TS Tx x =  (8) 

 

That is, in the thermal expansion state, the normal 

temperature deformation increment of the tooth pair is half 

of its normal restricted expansion deformation (also equal to 

the cylinder piston displacement). The magnitude of the pis-

ton displacement depends on the amount of external energy 

input, i.e., the energy variation, Q, caused by an increase in 

gear temperature. In this study, the increase in the elastic 

potential energy caused by the thermal expansion of the 

tooth profile in the free state was used to measure the energy 

variation caused by an increase in temperature of the sys-

tem. Thus, the energy variation, Q caused by an increase in 

gear temperature can be determined using Eq. (9): 

 
2

2

1

1
,

2
i pi

i

Q k x
=
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where: Δxpi denotes the normal thermal expansion defor-

mation of an individual tooth in the free state. The subscript 

i = 1,2 indicates the pinion or gear. The specific method for 

calculating Δxpi is available in the literature [27]. 

The mechanical work W of the air cylinder during 

thermal expansion can be determined using Eq. (10): 

 

( )
1

.
2

n n TS TW F F k x x = + +  (10) 

 

In accordance with the energy conservation of the 

system, the energy input from outside to the cylinder is 

equal to the mechanical work of the cylinder expressed in 

Eq. (11):  
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(11) 

Based on Eqs. (8) and (11), the normal restricted ex-

pansion deformation (ΔxT), normal temperature deformation 

increment (ΔxTS), and normal coupling deformation (xT) of 

the tooth pair can be determined by Eqs. (12–14), respec-

tively: 

( )2 2 2

1 1 2 24 2 2 ,T p px x k x k x k x = + + −  (12) 

 

( ) ( )2 2 2
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(13) 

 

( ) ( )2 2 2

1 1 2 2 2 .T p px x k x k x k= + +  (14) 

 

Therefore, the normal single-tooth coupling defor-

mation xT1, xT2 can be expressed as: 
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The normal single-tooth temperature deformation 

increment ΔxTS1, ΔxTS2 can be expressed as: 
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 (16) 

 

The temperature meshing stiffness kT of the tooth 

pair under thermal expansion conditions can be expressed 

as follows according to the definition of temperature stiff-

ness: 
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(17) 

 

The single-tooth temperature stiffness kT1, kT2 of 

the pinion and gear under thermal expansion conditions can 

be expressed as: 
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(18) 

 

According to the definition of compliance, the tem-

perature compliance δT of the meshing tooth pair in the state 

of thermal expansion can be expressed as: 

 

,TS
T TS

n

x x

F


  

+
= = +  (19) 

 

where: δTS denotes the compliance caused by ΔxTS, and 

δTS = ΔxTS / Fn. This is known as the thermal expansion com-

pliance of the tooth pair. 

Similarly, the temperature compliance δTi of a sin-

gle tooth under thermal expansion conditions is obtained as 

expressed in Eq. (20). The subscript i = 1, 2 indicates the 

pinion or gear.  

 

,i TSi
Ti i TSi

n

x x

F


  

+
= = +  (20) 

 

where: δTSi signifies the compliance caused by ΔxTSi, and  

δTSi = ΔxTSi / Fn. This is called the thermal expansion compli-

ance of a single tooth. 
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Based on the relationship between stiffness and 

compliance, kT and kTi can be given as Eqs. (21-22). 

 

1 1 1
,T TS

T TSk k k
  = = + = +  (21) 

 

1 1 1
,Ti i TSi

Ti i TSik k k
  = = + = +  (22) 

 

where: kTS indicates the tooth pair’s thermal expansion stiff-

ness owing to ΔxTS, and kTSi indicates the single tooth’s ther-

mal expansion stiffness owing to ΔxTSi, under the thermal 

expansion condition. The subscript i = 1, 2 indicates the pin-

ion or gear. 

To summarize, under the thermal expansion condi-

tion, the reciprocal of temperature meshing stiffness, 1/kT, 

of the tooth pair is the sum of the reciprocal of standard 

meshing stiffness, 1/k, and expansion stiffness, 1/kTS, of the 

tooth pair. The reciprocal of single-tooth temperature stiff-

ness, 1/kTi, is the sum of the reciprocal of standard single-

tooth stiffness, 1/ki, and single-tooth expansion stiffness, 

1/kTSi. Just like a series connection of two springs. 

3.2. Temperature stiffness in cold shrinkage state 

When the beginning temperature of gears is lower 

than the standard temperature. The gear is in a state of cold 

shrinkage. Fig. 2 presents the tooth pair’s temperature stiff-

ness model in the cold shrinkage state. 

 

Fig. 2 Temperature stiffness model of gear in cold shrinkage 

state 

As shown in Fig. 2, the gas in the cylinder contracts 

with a decrease in temperature. This causes the piston to 

shift to the left, and the displacement is, ΔxS. The pinion 

shifts to the left to attain a new equilibrium. The displace-

ment of the pinion relative to the standard position is, ΔxSS. 

At present, the deformation, ΔxSS, of the extension spring is 

the normal increment in the tooth pair’s temperature defor-

mation in the shrinkage state. ΔxS denotes the tooth pair’s 

normal shrinkage deformation. 

However, in the cold shrinkage state, the shrinkage 

deformation direction at the contact point remains identical 

to that of the elastic deformation caused by external load. 

No additional load or deformation occur at the meshing 

point. As shown in Fig. 2, the length of the extension spring 

is reduced, and there is no tensile force. Consequently, the 

normal increment in the temperature deformation, ΔxSS, of 

the tooth pair is equal to the normal shrinkage deformation, 

ΔxS, of the tooth pair. The tooth pair’s coupling deformation, 

xS, along the action line is a simple superposition of ΔxSS and 

x. That is: 
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Δ Δ
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where: ΔxSi indicates the normal shrinkage deformation of a 

single tooth. A detailed description of the calculation 

method is available in the literature [27]. ΔxSSi denotes the 

normal temperature deformation increment of a single tooth 

in the cold shrinkage state. xSi signifies the normal single-

tooth coupling deformation in the cold shrinkage state. The 

subscript i = 1,2 indicates the pinion or gear. 

Based on the definition of temperature stiffness, 

the temperature meshing stiffness, kS, and single-tooth tem-

perature stiffness, kSi, in the cold shrinkage state can be ex-

pressed as: 

 

( )

( )

Δ
.

Δ

S n S

Si n i Si

k F x x

k F x x

 = +


= +

 (24) 

 

According to the definition of compliance, the tem-

perature compliance, δS, of the tooth pair and single-tooth 

temperature compliance, δSi, in the cold shrinkage state can 

be expressed as: 

 

( )

( )

Δ
,

Δ

S S n SS

Si i Si n i SSi

δ x x F δ δ

δ x x F δ δ

 = + = +


= + = +  

(25) 

 

where: δSS is the compliance caused by ΔxSS, and δSS = ΔxSS 

/ Fn. This is called the shrinkage compliance of the tooth 

pair. δSSi is the compliance caused by ΔxSSi, and δSSi = ΔxSSi / 

Fn. This is called the shrinkage compliance of a single tooth. 

On the basis of the relationship between the com-

pliance and stiffness, the kS and kSi is given as Eq. (26). 

 

1 1 1

,
1 1 1

S SS

S SS

Si i SSi

Si i SSi

δ δ δ
k k k

δ δ δ
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= = + = +



 = = + = +


 

(26) 

 

where: kSS indicates the tooth pair’s shrinkage stiffness ow-

ing to ΔxSS under the contraction condition, and kSSi denotes 

the single tooth shrinkage stiffness owing to ΔxSSi under the 

contraction condition. The subscript i = 1, 2 signifies the 

pinion or gear. 

From Eq. (26), in the cold shrinkage state, the re-

ciprocal of temperature meshing stiffness, 1/kS, of the tooth 

pair is the sum of the reciprocal of standard meshing stiff-

ness, 1/k, and the reciprocal of shrinkage stiffness, 1/kSS, of 

the tooth pair. The reciprocal of single tooth temperature 

stiffness, 1/kSi, is the sum of the reciprocal of standard single 

tooth stiffness, 1/ki, and the reciprocal of single tooth shrink-

age stiffness, 1/kSSi. Just like a series connection of two 

springs. 

Based on the above analysis, the temperature 

meshing stiffness, c0 and single tooth temperature stiffness, 
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ci, of the gear in the full temperature range can be expressed 

as: 

 

0

0
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 (28) 

 

where: t and t0 are the actual and standard temperature of the 

gear, respectively. Based on Eqs. (27–28), in the full tem-

perature range, both temperature meshing stiffness and sin-

gle-tooth stiffness is less than the corresponding standard 

stiffness. Consequently, when the initial temperature of the 

gear below the standard temperature, the temperature mesh-

ing stiffness and single-tooth stiffness first increase and then 

decrease with gradual increase in the temperature. That is, 

the stiffness of the gear displays a "low–high–low" variation 

with an increase in temperature. 

4. Case analysis and discussion 

Two different cases are presented in Table 1. The 

gear pair’s standard temperature is 30 ℃. The temperature 

of the meshing tooth surfaces for both pinion and gear is 70 

℃ under the thermal expansion condition, whereas it is 10 

℃ under the contraction condition. The non-uniform tem-

perature distribution along the meshing line is omitted. The 

material linear expansion coefficient is 1.13 × 10-5 ℃-1. The 

gear’s standard stiffness calculation method is presented in 

the literature [29]. 

Table 1  

Fundamental parameters of gear pair 

Gear 

pair Ⅰ 

Module m, mm Tooth number z1, z2 Pressure angle α, ° 
Shift coefficient  

x1, x2 

Addendum coeffi-

cient h*
a 

Tip clearance coef-

ficient c* 

3.0 27/35 20 0, 0 1.0 0.25 

Face width b, mm 
Standard center dis-

tance a, mm 

Height of tooth ha, 

mm 

Pitch radius r1, r2, 
mm 

Tip radius ra1, ra2, 
mm 

Base radius rb1, rb2, 
mm 

25 93 6.75 40.5, 52.5 43.5, 55.5 38.06, 49.33 

Gear 

pair Ⅱ 

Module m, mm Tooth number z1, z2 Pressure angle α, ° 
Shift coefficient 

x1, x2 

Addendum coeffi-

cient h*
a 

Tip clearance coef-

ficient c* 

4.5 16/24 20 0.8532, -0.5 1.0 0.25 

Face width b, mm 
Standard center dis-

tance a, mm 

Height of tooth ha, 

mm 

Pitch radius r1, r2, 
mm 

Tip radius ra1, ra2, 
mm 

Base radius rb1, rb2, 
mm 

* 20 91.5 10.04 36.60, 54.90 44.25, 56.16 33.83, 50.74 

To accurately represent the distribution of each pa-

rameter along the line of action, the positional coordinates 

of the arbitrary contact points, K, on the meshing line are 

represented by the normalized coordinate, ΓK. From Fig. 3, 

the line of action is considered as the coordinate axis, point 

C is the coordinate origin, and the direction of point C to 

point N1 is the negative direction. Therefore, ΓK can be de-

fined as 1 1

1

N K N C
1

N C

K
K

C

tan
Γ

tan





−
= = − , where αC is the 

pressure angle of the pitch point C, and αK is the pressure 

angle of point K on the pinion. 

 

Fig. 3 Normalized coordinates of the line of action. A – 

meshing-in point; C – pitch point; E – meshing-out point; K 

– arbitrary meshing point in the entire meshing region; N1 – 

ideal meshing-in point; N2 – ideal meshing-out point 

 

Fig. 4 presents the distribution curves of the tem-

perature meshing stiffness and single-tooth temperature 

compliance along the line of action. 

As shown in Fig.4, δS denotes the temperature 

compliance of the tooth pair in the cold shrinkage state; kS 

denotes the temperature meshing stiffness of the tooth pair 

in the cold shrinkage state; δSi denotes the temperature com-

pliance of single-tooth in the cold shrinkage state; δT is the 

temperature compliance of the tooth pair in the thermal ex-

pansion state; kT is the temperature meshing stiffness of the 

tooth pair in the thermal expansion state; δTi denotes the 

temperature compliance of single-tooth in the thermal ex-

pansion state; δ denotes the compliance of the tooth pair in 

the standard state; k represents the meshing stiffness of the 

tooth pair in the standard state; δTi is the compliance of sin-

gle-tooth in the standard state; the subscript i = 1, 2 signifies 

the pinion or gear. 

From Fig. 4, both on the conditions of thermal ex-

pansion and cold shrinkage, the single tooth temperature 

compliance is larger than the single-tooth standard compli-

ance in the whole contact region. Under different condi-

tions, Tables 2 and 3 list the stiffness data of the gear at the 

key points. From Fig. 4 and Table 2, in the full temperature 

range, the single-tooth temperature stiffness decreases com-

pared to the single-tooth standard stiffness in the whole con-

tact region. The decrement in stiffness increases from the tip 

to the root of the tooth. Meanwhile, under the thermal ex-

pansion condition, similar results are presented in the liter-

ature [27] (Figs. 3, a and 10, a in the literature [27]). Signif-

icantly, the unit tooth width stiffness was used in that study. 

Thus, the stiffness value obtained in the mentioned literature 

is approximately 40 times than that obtained in the current 

study (the tooth width study is 25 mm). 
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a b 

Fig. 4 Distribution curves of temperature stiffness and compliance along the line of action: a) distribution curves – gear pair 

Ⅰ; b) distribution curves – gear pair Ⅱ 

Table 2  

Single-tooth stiffness data of gear at key points under different conditions 

 Stiffness of pinion (× 108 N/m) Stiffness of gear (× 108 N/m) 

Key points 
Meshing-in 

(Root of the tooth) 
Pitch 

Meshing-out  

(Tip of the tooth) 

Meshing-in 

(Tip of the tooth) 
Pitch 

Meshing-out  

(Root of the tooth) 

Gear 

pair Ⅰ  

Standard  18.5940 7.4045 2.3619 2.5141 8.2403 22.3810 

Expansion  17.9410 6.7564 2.2383 2.4759 7.4968 21.2100 

Difference -0.6526 -0.6481 -0.1236 -0.0882 -0.7435 -1.1717 

Shrinkage 13.4620 5.8402 2.1143 2.1869 5.9959 13.3090 

Difference -5.1322 -1.5642 -0.2476 -0.3272 -2.2444 -9.0726 

Gear 

pair Ⅱ  

Standard  30.6230 22.0610 2.4278 1.2675 1.6713 4.6155 

Expansion  29.5070 21.0500 2.3929 1.2213 1.5947 4.5493 

Difference -1.1160 -1.0110 -0.0348 -0.0419 -0.0766 -0.0662 

Shrinkage 15.6580 12.1930 2.1293 1.2093 1.5807 4.3053 

Difference -14.9660 -9.8682 -0.2985 -0.0582 -0.0906 -0.3102 

Table 3  

Meshing stiffness data of gear at key points under different conditions 

Key points Meshing-in  Pitch Meshing-out  Max 

Meshing stiffness of gear pair Ⅰ (× 108 N/m) 

Standard  2.2147 3.9000 2.1365 3.9029 

Expansion  2.1370 3.5481 2.0246 3.5531 

Difference -0.0777 -0.3519 -0.1118 -0.3498 

Shrinkage 1.8813 2.9585 1.8245 2.9602 

Difference -0.3334 -0.9415 -0.3120 -0.9427 

Meshing stiffness of gear pair Ⅱ (× 108 N/m) 

Standard   1.2171 1.5536 1.5909 2.2412 

Expansion  1.1728 1.4824 1.5681 2.1522 

Difference -0.0444 -0.0712 -0.0228 -0.0890 

Shrinkage 1.1226 1.3993 1.4247 1.9242 

Difference -0.0946 -0.1543 -0.1662 -0.3170 

By combining Fig. 4 and Table 3, in the full tem-

perature range, the temperature meshing stiffness is noticed 

to be less than the standard meshing stiffness in the whole 

contact region. The stiffness reductions at the meshing-in 

and -out points are smaller than those nearby the pitch point 

and the similar results can be found in the literature [27]. For 

gear pair Ⅰ without a tooth profile shift, the largest reduction 

occurs near the pitch point. For gear pair Ⅱ with a tooth pro-

file shift, the meshing point corresponding to the maximum 

stiffness reduction is far away from the pitch point. That is, 

if the pitch point shifts toward the meshing-in point after 

tooth profile shift, the meshing point corresponding to the 

maximum stiffness reduction shifts toward the meshing-out 

point. 

Fig. 5 shows the influence of temperature on the 

gear stiffness through the distribution curves of the temper-

ature meshing stiffness along the line of action at different 

temperatures. The figure shows that the temperature mesh-

ing stiffness first increases and then decreases with the in-

crease in temperature, and the maximum stiffness is ob-

tained at the standard temperature. 

During the contact of the gear, its bulk temperature 

is mainly determined by the external load. In addition, an 

apparent temperature gradient exists. In this study, a thermal 

analysis model of the gear was established using FEM to 

investigate the influence of temperature on gear stiffness 

more accurately. Fig. 6a shows the temperature result. Sub-

sequently, the temperature data of each node on the contact 

surface were extracted. Thereafter, the distribution curve of 

temperature along the line of action at the middle of the 

tooth width was obtained by employing the data fitting 

method, as shown in Fig. 6b. The detailed modelling and 
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analysis methods are available in the literature [29]. Table 4 

lists the working conditions, materials, and lubrication pa-

rameters required for the thermal analysis of the gears. 

 

  

a b 

Fig. 5 Temperature meshing stiffness of tooth pair under different temperatures: a) gear pair Ⅰ; b) gear pair Ⅱ 

Table 4  

Parameters required for thermal analysis of gears [29] 

Load & material 

parameters 

Power P, kW Rotation rate n1, rpm Density ρ, kg·m-3 Poisson's ratio υ Young’s modulus E, Pa 

80 2000 7850 0.3 2.06×1011 

Thermal conductivity λ, W·(m·K)-1 Thermal capacity c, J·(kg·K)-1 

46 465 

Lubricant oil pa-

rameters 

Lubricant model Density ρo, kg·m-3 Thermal conductivity λo, W·(m·K)-1 

SCH632 870 0.14 

Thermal capacity Co, J·(kg·K)-1 Kinematic viscosity υo, cst Oil operating temperature toot, ℃ 

2000 320 (40 ℃) / 38.5 (100 ℃) 60 

 

  
Pinion Gear 

a 

  

Pinion Gear 

b 

Fig. 6 The bulk temperature for gear pair Ⅰ: a) single tooth bulk temperature of gear pair Ⅰ; b) bulk temperature distribution 

curve at the middle of the tooth width – gear pair Ⅰ 
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The fitting data in Fig. 6b was used to calculate the 

temperature stiffness of the gear. Then, the actual tempera-

ture stiffness of the gear could be obtained. Meanwhile, the 

mean value (pinion: 80.48 ℃, gear: 75.54 ℃) of the bulk 

temperature was also used and the non-uniform distribution 

of temperature along the line of action was omitted. Then 

the actual temperature stiffness results are shown in Fig. 7. 

From Fig. 7, the temperature stiffness obtained us-

ing the average temperature was less than that obtained us-

ing the bulk temperature. However, the distribution of the 

stiffness along the line of action was consistent. Therefore, 

the average temperature could be used to estimate the tem-

perature stiffness of the gear. 

5. Verification of temperature stiffness model 

The correctness of the proposed model under the 

condition of thermal expansion was verified by comparing 

the meshing stiffness with that of the literature [27]. 

It is challenging to directly obtain the stiffness of 

gears at different temperatures using an experimental 

method. In this work, an indirect verification method based 

on the relationship between the stiffness and vibration natu-

ral frequency of the system was proposed. The fundamental 

concept of the experiment is shown in Fig. 8. In this study, 

the natural frequency at different temperatures was ob-

tained. Thereafter, the variation of the natural frequency 

with temperature was used to indirectly verify the correct-

ness of the proposed model. 

As presented in Fig. 8, the key to verify the cor-

rectness of the proposed model is to identify a method to 

obtain the beat vibration signal of the system. Referring to 

the literature [30], the gear vibration test platform was es-

tablished. The parameters of the experimental gear pair were 

consistent with gear pair II presented in Table 1. The exper-

imental system exhibited a beat phenomenon at 900 rpm. 

The experiment was conducted in winter in northern China 

to obtain the gear vibration signal under cold contraction 

conditions. Table 5 lists the temperature and load parame-

ters associated with the experiments. 

  

a b 

Fig. 7 Temperature meshing stiffness under different temperatures: a) meshing stiffness; b) single-tooth stiffness 

 

Fig. 8 The basic ideas for the experimental validation 

Table 5  

Experimental conditions 

Initial temperature, ℃ Load, N/m Rotational speed of pinion, rpm 

Ambient Lubricating oil Pinion Gear Level Ⅰ  Level Ⅱ 

5.2 9.2 8.4 8.3 14 138 900 

 

During the gear contact process, the bulk tempera-

ture of the gear increases gradually owing to the friction 

heat. Therefore, the system beat vibration signal varies with 

variation in temperature. In the present experiment, the vi-

bration test lasted for 20 min at a rotational speed of 900 

rpm. The vibration signal and temperature of the system 

were obtained using a wireless acceleration sensor and tem-

perature sensor, respectively. The system temperatures at 

different times under different load conditions are listed in 

Table 6. 
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From Table 6, the system temperature first in-

creased rapidly with time, gradually after a certain period, 

and finally tended to be constant. The vibration signals of 

the 3rd, 5th, and 10th min was extracted from the 20 min 

vibration signal for performing a comparative analysis. 

Then the system natural frequencies at different tempera-

tures were obtained. The system vibration acceleration-fre-

quency characteristic curve is presented in Fig. 9.

Table 6 

System temperature data at different times 

Time, min 1st 3rd 5th 7th 9th 10th 12th 14th 16th 18th 20th 

Temperature, ℃ 
Level 1 13.5 18.0 23.8 26.8 30.3 32.8 36.2 37.4 38.2 39.8 40.2 

Level 2 31.0 32.3 35.6 37.9 41.9 42.7 44.4 46.0 47.9 49.4 50.7 

 

  

a b 

Fig. 9 The system vibration acceleration-frequency characteristic curve: a) load level Ⅰ; b) load level Ⅱ 

From Table 6 and Fig. 9a, on load level Ⅰ, the sys-

tem beginning temperature below the standard temperature 

under the condition of. The natural frequencies at the 3rd 

and 10th min is less than that at the 5th min. That is, the 

system natural frequency first increases and then decreases 

with the increase in temperature. It displays a "low–high–

low" variation. This is consistent with the trend of the gear 

temperature stiffness vs. temperature obtained by from the 

proposed stiffness model. 

Based on Table 6 and Fig. 9b, on load level Ⅱ, the 

system beginning temperature is higher than the standard 

temperature. The natural frequency at the 3rd min is larger 

than that at the 5th min, which is larger than that at the 10th 

min. That is, the natural frequency of the system decreases 

with an increase in temperature. Consequently, the stiffness 

of the system also decreases with an increase in temperature 

owing to the relationship between stiffness and natural fre-

quency. This is consistent with the trend of the temperature 

stiffness vs. temperature in the thermal expansion state. 

Thus, the correctness of the gear temperature stiffness 

model was verified by the above experimental study. 

6. Conclusion 

To conclude, the effect of temperature on gear 

stiffness is investigated in the full temperature range in this 

paper. The concept of temperature stiffness is proposed. 

Thereafter, the temperature stiffness model of the gear is es-

tablished based on energy conservation. A general formula 

for calculating the gear temperature stiffness is derived, and 

a verification experiment is carried out. The observations 

are summarized below: 

1. In the full temperature range, the reciprocal of 

temperature stiffness of the gear is the sum of the reciprocal 

of gear standard stiffness and the expansion (or shrinkage) 

stiffness of the gear. Just like a series connection of two 

springs. 

2. In the full temperature range, the gear’s temper-

ature stiffness is less than the standard stiffness. The single-

tooth stiffness reduction increases from the root to the tip. 

The reduction in meshing stiffness at the pitch point is big-

ger than that at the meshing-in and -out points. 

3.When the gear beginning temperature is below 

the standard temperature, the gear temperature stiffness first 

increases and then decreases with the increase in gear tem-

perature. That is, it displayed a "low–high-low" variation. 
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Y. B. He, H. B. Yang 

NOVEL MESHING STIFFNESS MODEL FOR SPUR 

GEAR PAIRS CONSIDERING THE TEMPERATURE 

EFFECT 

S u m m a r y 

This work studied the effect of temperature on gear 

stiffness in the full temperature range which contained ther-

mal expansion and cold shrinkage. Considering the temper-

ature effect, a meshing stiffness model for spur gear pairs in 

the full temperature range was established based on the con-

servation of energy. The general calculation formula for the 

gear pair’s temperature meshing stiffness in the full temper-

ature range was derived. The influence of addendum modi-

fication and gear temperature distribution on gear stiffness 

was studied. Thereafter, the proposed model was verified 

experimentally. The results revealed that the temperature 

stiffness was smaller than the standard stiffness of the gears 

in the full temperature range. When the temperature of the 

gears increased from an initial temperature, which was 

lower than the standard temperature, the temperature stiff-

ness of the gear first increased and then decreased. Moreo-

ver, the obtained results could provide theoretical support 

for an accurate dynamic analysis of gear transmission sys-

tems in the full temperature range. 

Keywords: spur gear pairs; meshing stiffness model; tem-

perature effect; full temperature range; conservation of en-

ergy. 
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