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1. Introduction 

Hydrodynamic thrust slider bearings have been 

theoretically studied plentifully by considering 

non-Newtonian fluids, surface roughness, fluid film vis-

cous heating and surface elastic deformation [1-8]. Those 

studies addressed the bearing clearances over 0.1 μm, 

which is normally far larger than the thickness of the 

physically adsorbed layer on the bearing surface. In such 

bearings, the effect of the adsorbed layer is negligible and 

the case fits a lot of practical operating conditions. How-

ever, in the condition of heavy loads and high sliding 

speeds, the clearance of the hydrodynamic slider bearing 

can be as low as on the same scale with the adsorbed layer 

thickness owing to the severe frictional heating [9]. For 

this case, the effect of the adsorbed layer must be consid-

ered. In reduced-size bearings, even for moderate loads 

and sliding speeds, the bearing clearance is comparable to 

the adsorbed layer thickness. Obviously, in these bearings 

the adsorbed layer effect should also be considered. There 

is the multiscale hydrodynamic regime in the bearing 

where the sandwich film occurs consisting of both the ad-

sorbed layer and the intermediate continuum fluid [10-12].  

How to consider the effect of the adsorbed layer 

in a multiscale hydrodynamic contact is challenging. One 

computational method is to simulate the adsorbed layer 

flow by molecular dynamics simulation while to simulate 

the intermediate continuum fluid flow by the Newtonian 

fluid model [13-15]. This method is currently applicable 

for the contact size no more than hundreds nanometers, 

however is difficult to use for bigger contact sizes because 

of over cost of computational time and computer storage. 

The simplest method is to treat the adsorbed layer as an 

immobile solid layer and treat the intermediate fluid as a 

continuum fluid [16]. It is applicable when the flu-

id-bearing surface interaction is so strong that the adsorbed 

layer is highly solidified. However, in a general case, the 

adsorbed layer should be treated as a flowing layer. Zhang 

has developed the closed-form explicit multiscale flow 

equations for both the adsorbed layer flow and the inter-

mediate continuum fluid flow for the two-dimensional 

flow (with the side leakage neglected) [10]. The advantage 

of his approach is high computational efficiency capable of 

solving engineering multiscale flow problems with very 

wide contact sizes just by using currently normal comput-

ers. 

Huang et al. [12] analytically derived the mathe-

matical equations respectively for calculating the film 

pressure and carried load of the hydrodynamic inclined 

fixed pad thrust slider bearing with low clearances consid-

ering both the flows of the adsorbed layer and the interme-

diate continuum fluid, by using Zhang’s equation and 

treating the bearing surfaces as rigid. Their calculation 

results show the significant improvement of the 

load-carrying capacity of the bearing by the adsorbed layer 

effect especially when the fluid-bearing surface interaction 

is strong.  

Surface elastic deformation was usually neglected 

in the previous studies on hydrodynamic thrust slider 

bearings because of the low film pressures [1-6]. There are 

also some literatures on the surface elastic deformation 

effect in a hydrodynamic slider bearing without consider-

ing the effect of the adsorbed layer [7, 8]. In the multiscale 

hydrodynamic thrust slider bearing as described above, 

because of the low clearance and the effect of the adsorbed 

layer, the generated film pressures can be much higher than 

those in the classical bearing and they may cause the elas-

tic deformations of the bearing surfaces comparable to and 

even larger than the bearing clearance. It appears necessary 

to further address the effect of surface elastic deformation 

in the multiscale hydrodynamic inclined fixed pad thrust 

slider bearing. The present paper attempts to do this work. 

The surface elastic deformation effect was found to be 

pronounced and it reduces the load-carrying capacity of the 

bearing especially for a strong fluid-bearing surface inter-

action. 

2. Studied bearing 

Fig. 1 shows the studied multiscale hydrodynamic 

inclined fixed pad thrust slider bearing with low clearances 

where the thickness of the physically adsorbed layer on the 

bearing surface is comparable to the surface separation and 

there is the continuum fluid film between the two adsorbed 

layers.  

 

Fig. 1 The studied multiscale hydrodynamic inclined fixed 

pad thrust slider bearing with low clearance 
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The upper bearing surface is stationary and the 

lower bearing surface is moving with the speed u. The two 

bearing surfaces are steel and the adsorbed layers on them 

are assumed as identical with the thickness hbf. The tilting 

angle of the bearing is θ and the bearing width is l. The 

thickness of the intermediate continuum fluid film is h, and 

its values on the entrance and exit of the bearing are re-

spectively hi and ho. The surface separation on the exit of 

the bearing is htot,o. 

3. Analysis 

Except the surface elastic deformation calculation, 

the analysis in the present paper is the same with that by 

Huang et al. [12] for rigid bearing surfaces. For conven-

ience in understanding, some of them are repeated here. 

The present analysis is based on the following 

assumptions: 

1. The flow inertia is neglected; 

2. The side leakage is neglected; 

3. The film viscous heating effect is neglected; 

4. The two bearing surfaces are perfectly smooth; 

5. No interfacial slippage occurs on any interface; 

6. The condition is steady-state. 

For numerical analysis, (N+1) discretized points 

are evenly distributed in the whole hydrodynamic area of 

the bearing, as shown in Fig. 2. The distance between two 

neighboring discretized points is: x l / N = . The x coor-

dinate of the Jth discretized point is: J xx J =  . 

 

Fig. 2 The studied multiscale hydrodynamic inclined fixed 

pad thrust slider bearing with low clearance
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where: bf bf= h / h,  p  is the hydrodynamic pressure; D 

is the fluid molecule diameter; x is the coordinate shown in 

Fig. 1; 
eff

bf is the effective viscosity of the adsorbed layer, 

η is the fluid bulk viscosity; 
eff

bf  is the average density of 

the adsorbed layer; ρ is the fluid bulk density; n is the 

equivalent number of the fluid molecules across the ad-

sorbed layer thickness; Δx is the separation between the 

neighboring fluid molecules in the x coordinate direction in 

the adsorbed layer; n-2 is the separation between the 

neighboring fluid molecules across the adsorbed layer 

thickness just on the boundary between the adsorbed layer 

and the continuum fluid; q0 = Δj+1/Δj (Δj is the separation 

between the (j+1)th and jth fluid molecules across the ad-

sorbed layer thickness) and 0q  is the averaged con-

stant ( 1)oq  . 

( ) ( )( )
1

2 1
avr ,n

bf l line,lDI II / h n / 
−

 = + − 
  

, (2) 

( )2 3

1 12 6eff

bf bfF D D / h  = + , (3) 

( )( ) 2

2 1  1 1
6 1eff

bf l line ,l bfavr ,n
F D n l / / h  − − −

= − , (4) 

( )
1

 
1

n

l line ,l avr ,i
i

I i / 
−

=

= , (5) 

( )
1

1 1
1

n

l line,l avr,i
i

i l /  
−

− −
=

= , (6) 

( )

( )( )

2  

0
1

1

n l line ,l avr,i

i
i l line,l avr ,i

i /
II

i /

 


 

−

=
+

 
 =
 + +
 

 , (7) 

( )

( )( )

2 1 line 1

0 1  1 1
1

n l ,l avr ,i

i
i l line ,l avr ,i

i l /

i l /

 
 

 

− − −

= − − +

 
 =
 + +
 

 , (8) 

( ) 1  1
1

i

l line ,l j line , javr,i
j

i / /   − −
=

= , (9) 

( )1  1 1  1
1

i

l line ,l j line , javr,i
j

i l / j /   − − − −
=

= , (10) 

where: -1line, j  is the local viscosity between the jth and 

(j-1)th fluid molecules across the adsorbed layer thickness, 

and it was assumed that +1 0line, j line, j/ q  = . 

The fluid viscosity is expressed by the Roelands 

equation:  

( ) ( ) 9 67 1 5 1E 9 1
G

a aexp ln . p .    = + +  − −
 

, (11) 
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where:  (5 1E 9)( 9 67) ;aG / . ln . = − +  a  is the fluid 

viscosity at atmospheric pressure, and  is constant. The 

fluid density is expressed as:  = a(1+p) where a is the 

fluid density at atmospheric pressure and  is constant. 

Considering the elastic deformations of both the 

bearing surfaces, the surface separation on the Jth discre-

tized point is formulated as: 

( ) ( )
2

0

2 l

tot ,J oo J J

v

h h x tan p s ln x s ds,
E




= + − −  (12) 

where ooh  is constant and vE  is the compound Young’s 

modulus of elasticity of two bearing surfaces. 

The thickness of the intermediate continuum fluid 

film on the Jth discretized point is then: 

( ) ( )
2

0

2
2

l

J oo J J bf

v

h h x tan p s ln x s ds h .
E




= + − − −  (13) 

According to Eqs.(1) and (13), the pressure gra-

dient on the Jth discretized point is written as: 
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where: 
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Here, ηJ and ρJ are respectively the fluid viscosity 

and density on the Jth discretized points; 
eff

bf ,J  and 
eff

bf ,J  

are respectively the effective viscosity and average density 

of the adsorbed layer on the Jth discretized points. 

By forward difference, it is expressed that: 

1J J

J x

p pdp

dx 

−−
= , for J=1, 2, 3,…, N,  (19) 

where: pJ and pJ-1 are respectively the pressures on the Jth 

and (J-1)th discretized points. 

The pressure on the Jth discretized point is easily 

written as: 

( )1 0
1

J

J K K
K
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=

= − + , for J=1, 2, 3,…, N. (20) 

The boundary condition gives that p0 = 0 Substi-

tuting Eq. (14) into Eq. (19) and further substituting Eq. 

(19) into Eq. (20) thus gives that: 
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, for J=1, 2, 3, …, N.  (21) 

The load per unit contact length carried by the 

bearing is: 
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4. Calculation 

4.1. Numerical integration 

In the surface elastic deformation calculation, 

there is the following term (Eq. (13)): 
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Since p(s) cannot be exactly formulated, the inte-

gration in Eq. (23) is generally numerically calculated by 

interpolating p(s) according to the pressure values on the 

discretized points. Thus, Eq. (23) is approximately ex-

pressed as: 
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Here, xI-1, xI and xI+1 are respectively the x coor-

dinates of the (I-1)th, Ith and (I+1)th discretized points. It is 

then found that: 
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4.2. Numerical solution procedure 

The present studied problem is highly non-linear 

and the solution can only be numerically found. Fig. 3 

shows the numerical solution procedure. k is the iteration 

order number; p(0), h(0), and w(0) are respectively the hy-

drodynamic pressure distribution, continuum film thick-

ness distribution and bearing load for rigid surfaces; htot,o,r 

is the surface separation on the exit of the bearing for rigid 

surfaces. It is satisfied that oo,min oo oo,maxh h h  ; Θ(k) is the 

value of Θ in the kth iteration; p(k) is the hydrodynamic 

pressure value in the kth iteration; h(k) is the value of h in 

the kth iteration;   is the relaxation factor; 
( )1

maxw  and 

( )1

midw  are respectively the calculated bearing loads for 

elastic surfaces when hoo = hoo,max and hoo = hoo,mid; 
( 1)k

mQ +

is the dimensionless mass flow rate per unit contact length 

through the bearing obtained in the (k+1)th iteration and it 

is satisfied that 1 1 1( k ) ( k ) ( k )

m,min m m,maxQ Q Q+ + +  . Here, it is defined 

that m m a tot ,oQ q / u h= . Then, the pressures on all the 

discretized points can be calculated from the equations 

shown above, by starting the calculation from the exit of 

the bearing. ( +1) 0k ,

N ,minp  and ( +1) 0k ,

N ,mp are respectively the hy-

drodynamic pressures on the entrance of the bearing when 
( 1) ( 1)k k

m m,minQ Q+ +=  and 
( 1) ( 1) ( 1)( )/2k k k

m m,min m,maxQ Q Q+ + += + . The value 

of Qm will be obtained when the following convergence 

criterion is satisfied: 

( ) ( )1 1 1 12 0 1( k ) ( k ) ( k ) ( k )

m,max m,min m,max m,minQ Q / Q Q . %+ + + +− +  . 

 

Fig. 3 The numerical solution procedure 

4.3. Parameter formulations 

The parameter Cq is expressed as [16]: 
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where: Hbf = hbf / hcr,bf, hcr,bf is the critical thickness for 

characterizing the rheological properties of the adsorbed 

layer, and m0, m1, m2 and m3 are respectively constant. 

The parameter Cy is expressed as [16]: 
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where: a0, a1 and a2 are respectively constant. 

The parameters F1, F2 and ε have been respec-

tively regressed out as [10]: 
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The thickness of the adsorbed layer was calculat-

ed as: 

0 0
2 1
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n

bf n n n

q q
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q q
 − −

−
= +

−
 (32) 

In the calculations, it was taken that: D = 0.5 nm, 

n-2/D = x/D = 0.15, 0 2. , =  ( ) 21 6E 8  m N,. / = −  

 = 4E-10 Pa-1 a = 0.03 Pa s,  = 1E-4 rad, l = 100 m, 

Ev = 2.09E11 Pa, N = 1000 = 7 nm 

The weak, medium and strong fluid-bearing sur-

face interactions were respectively considered. For the 

weak interaction: hcr,bf = 7 nm  = 0.5 n = 3, q0 = 1.05. For 

the medium interaction: hcr,bf = 20 nm  = 1.0 n = 5, 

q0 = 1.1. For the strong interaction: hcr,bf = 40 nm  = 1.5 

n = 8, q0 = 1.2.
 
For these three interactions, the values of 

hbf are respectively 1.65 nm, 2.76 nm and 4.32 nm.  

For different fluid-bearing surface interactions, 

the viscosity and density parameter values for the adsorbed 

layer are respectively shown in Tables 1 and 2. 

Table 1 

Fluid viscosity data for different fluid-bearing surface  

interactions [16] 

Parameter 

Interaction 
a0 a1  a2 

Strong 1.8335 -1.4252 0.5917 

Medium 1.0822 -0.1758 0.0936 

Weak 0.9507 0.0492 1.6447E-4 

Table 2 

Fluid density data for different fluid-bearing surface  

interactions [16] 

Parameter 

Interaction 
m0 m1 m2  m3 

Strong 1.43 -1.723 2.641 -1.347 

Medium 1.30 -1.065 1.336 -0.571 

Weak 1.116 -0.328 0.253 -0.041 

5. Results 

5.1. Comparison of the surface separations and hydrody-

namic pressures calculated respectively for elastic 

surfaces and rigid surfaces 

Fig. 4 compares the surface separations calculated 

respectively for elastic surfaces and rigid surfaces based on 

the present multiscale model when 500 N/mw = , 

1 5E 3 m/su .= − , and the fluid-bearing surface interaction 

is respectively weak, medium and strong. They are also 

compared with those calculated from conventional hydro-

dynamic lubrication theory [17]. It is shown that the effect 

of the bearing surface elastic deformation reduces both the 

minimum and maximum surface separations, which re-

spectively occur on the exit and entrance of the bearing. 

Owing to the surface elastic deformations, the surface sep-

aration profile of the bearing is significantly different from 

that assumed by the classical theory, which is based on 

rigid surfaces. 

 

Fig. 4 Comparison between surface separations calculated 

respectively for elastic surfaces and rigid surfaces 

based on the present multiscale model and calculat-

ed from conventional hydrodynamic lubrication 

theory when 500 N/mw =  and 1 5 3 m/su . E= −  

Figs. 5, a-c show that for given load and sliding 

speed, owing to the effect of the bearing surface elastic 

deformations, the maximum pressure in the bearing is in-

creased and its location is moved closer to the exit of the 

bearing. These effects are more significant for a stronger 

fluid-bearing surface interaction. 

Fig. 6 shows that when both the minimum surface 

separation htot,min and the sliding speed u are fixed, owing 

to the effect of the surface elastic deformations, the surface 

separation profile more significantly deviates from the 

classical result when the fluid-bearing surface interaction is 

stronger. 

Fig. 7 shows that for given htot,min and u, owing to 

the effect of the surface elastic deformations, most of the 

hydrodynamic pressures including the maximum pressure 

in the bearing are significantly reduced especially for a 

strong fluid-bearing surface interaction. However, for a 

weak fluid-bearing surface interaction, this effect is weak. 
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a) For the weak interaction 

 
b) For the medium interaction 

 
c) For the strong interaction 

Fig. 5 Comparison of the hydrodynamic pressure distribu- 

tions calculated respectively for elastic surface and 

rigid surface based on the present multiscale model 

when w = 500 N/m and u = 1.5E-3 m/s 

5.2. Comparison of the load (W) versus minimum sur-

face separation (htot,min) curves respectively for elas-

tic and rigid surfaces 

Fig. 8 plots the dimensionless load W versus 

minimum surface separation htot,min curves respectively for 

elastic and rigid surfaces obtained from the present mul-

tiscale model for different fluid-bearing surface interac-

tions when  u = 1.5E-3 m/s.  The slopes of these curves  

 

Fig. 6 Comparison of the surface separation profiles for 

different fluid-bearing surface interactions calculat-

ed for elastic surfaces based on the present mul-

tiscale model when htot,min = 20 nm and u = 1.5E-3 

m/s 

 

Fig. 7 Comparison of the hydrodynamic pressure profiles 

calculated respectively for elastic surface and rigid 

surface based on the present multiscale model when 

htot,min = 20 nm and u = 1.5E-3 m/s 

 

Fig. 8 The load W versus minimum surface separation 

htot,min curves respectively for elastic and rigid sur-

faces obtained from the present multiscale model 

when u = 1.5E-3 m/s 
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show the stiffness of the lubricating film in the bearing. 

It is shown that owing to the effect of the surface elastic 

deformation, the lubricating film stiffness is reduced 

especially for a strong fluid-bearing surface interaction 

and a low value of htot,min. For a given load, the surface 

elastic deformation results in a smaller value of htot,min; 

Or for a given htot,min, it results in a smaller load of the 

bearing. For the present bearing, the surface elastic de-

formation effect obviously strongly depends on the flu-

id-bearing surface interaction. 

5.3. Operating characteristics of the present bearing owing 

to the effect of the surface elastic deformation 

Fig. 9 shows that the effect of the surface elastic 

deformation reduces the variation slope of the load of the 

present bearing with the sliding speed especially for a 

strong fluid-bearing surface interaction. For a high sliding 

speed, it may result in a much reduced load of the bearing 

compared to the calculation result for rigid surfaces. 

Fig. 10 shows that for a given load, the increase 

of the sliding speed raises the whole surface separation 

whenever the bearing surfaces are elastic or rigid, how-

ever the effect of the surface elastic deformation reduces 

the  rate  of  the  increase  of the minimum surface  

 

Fig. 9 Dependences of the load of the present bearing on 

the sliding speed respectively for elastic and rigid 

surfaces for different fluid-bearing surface interac-

tions when htot,min = 20 nm 

 

Fig. 10 Influences of the increase of the sliding speed on 

the surface separation in the present bearing for the 

strong fluid-bearing surface interaction respective-

ly for elastic and rigid surfaces when w = 500 N/m  

 

Fig. 11 Influences of the sliding speed on the hydrody-

namic pressure in the present bearing for the strong 

fluid-bearing surface interaction respectively for 

elastic and rigid surfaces when htot,min = 20 nm 

separation (at X=0) with the sliding speed compared to the 

result for rigid surfaces. 

Fig. 11 shows that for a given htot, min, when the 

effect of the surface elastic deformation is considered, the 

hydrodynamic pressure in the present bearing is more 

slowly increased with the increase of the sliding speed, 

compared to the result for rigid surfaces. When the sliding 

speed is low enough, the effect of the surface elastic de-

formation is negligible even for a strong fluid-bearing sur-

face interaction; when the sliding speed is sufficiently 

high, it greatly reduces the hydrodynamic pressure for a 

strong fluid-bearing surface interaction. 

6. Conclusions 

The present study analytically investigates the ef-

fect of the surface elastic deformation in the hydrodynamic 

inclined fixed pad thrust slider bearing with low clearances 

where both the adsorbed layer flow and the intermediate 

continuum fluid flow are involved. It was found that the 

effect of the surface elastic deformation strongly depends 

on the fluid-bearing surface interaction. For a strong flu-

id-bearing surface interaction, this effect can be very sig-

nificant, it can greatly reduce the hydrodynamic pressure 

and carried load of the bearing for a given minimum sur-

face separation compared to the results for rigid surfaces, 

and it can also much reduce the increase proportionality of 

the load of the bearing with the sliding speed compared to 

that for rigid surfaces. However, when the fluid-bearing 

surface interaction is weak, the effect of the surface elastic 

deformation is much weaker and it is often negligible for 

relatively high surface separations because of low hydro-

dynamic pressures. 

The effect of the surface elastic deformation re-

duces the lubricating film stiffness. It is particularly sig-

nificant for a strong fluid-bearing surface interaction and a 

low minimum surface separation. For a given load, it re-

sults in a reduced minimum surface separation compared 

to that for rigid surfaces. Or for a given minimum surface 

separation, it results in the load-carrying capacity of the 

bearing smaller than that for rigid surfaces. When the hy-

drodynamic pressures in the bearing are sufficiently low in 

the condition of low sliding speeds, the effect of the sur-

face elastic deformation is negligible even for a strong 
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fluid-bearing surface interaction. The study indicates the 

important influence of the surface elastic deformation on 

the operating characteristics of the present bearing, and 

suggests the necessity of the incorporation of the effect of 

the surface elastic deformation in studying the multiscale 

hydrodynamic thrust slider bearing in the condition of suf-

ficiently high sliding speeds owing to the generated high 

pressures. 
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J. Zhu, Y. Zhang 

EFFECT OF SURFACE ELASTIC DEFORMATION IN 

HYDRODYNAMIC INCLINED FIXED PAD THRUST 

BEARING WITH LOW CLEARANCE 

S u m m a r y 

The paper analytically studies the effect of sur-

face elastic deformation in hydrodynamic inclined fixed 

pad thrust slider bearing with low clearances by the 

multiscale approach considering the physically adsorbed 

layer on the bearing surface. The numerical calculation 

results show that the bearing surface elastic deformation 

has significant influences on both the hydrodynamic 

pressure and the surface clearance in the bearing espe-

cially for a strong fluid-bearing surface interaction. For 

given load, sliding speed and bearing geometrical sizes, 

the surface elastic deformation considerably reduces the 

minimum bearing clearance, which exists on the exit of 

the bearing. It also significantly reduces the hydrody-

namic film stiffness and the load-carrying capacity of 

the bearing especially for a strong fluid-bearing surface 

interaction and low bearing clearances. The increasing 

proportionality of the carried load of the bearing with 

the sliding speed is also significantly reduced by the 

surface elastic deformation particularly for a strong flu-

id-bearing surface interaction.  

Keywords: adsorbed layer, elastic deformation, hydrody-

namics, load, pressure, thrust bearing. 
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