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1. Introduction 

In the analysis of hydrodynamic thrust bearings, 

the surfaces were often assumed as rigid because of the 

magnitude of the surface elastic deformation far lower than 

the bearing clearance owing to low hydrodynamic film 

pressures [1-4]. There have been also the researches on 

these bearings by considering the surface elastic defor-

mation in the condition of relatively heavy loads and low 

sliding speeds [5, 6]. In the big-size hydrodynamic thrust 

bearings such as in hydrogenerators and turbo machines, 

the surface clearance can be ultra low or even vanishing [7, 

8]. In the micro thrust bearings, the surface separations are 

intrinsically ultra low [9, 10]. It was found that when the 

surface separation is smaller than one hundred times of the 

thickness of the physically adsorbed layer on the bearing 

surface, the effect of the physically adsorbed layer in the 

bearing should be considered [11]. In a hydrodynamic 

thrust bearing, when the surface separation is ultra low, 

there will be the pure adsorbed layer area in the outlet zone, 

while in the remaining areas the sandwich flows occur 

consisting of both the adsorbed layer flow and the inter-

mediate continuum fluid flow. By using the multiscale 

analysis, Wang and Zhang [12] studied the performance of 

the hydrodynamic wedge-platform thrust bearing working 

in this condition by assuming rigid surfaces. They showed 

that when the surface clearance in the outlet zone of this 

bearing is below 5nm, the hydrodynamic pressures can be 

increased by 2 orders by the effect of the adsorbed layer 

for the strong fluid-bearing surface interaction, compared 

to the classical calculations; The dimensional pressures in 

this bearing can be more than 100 MPa, so large as to 

cause the surface elastic deformation significantly greater 

than the surface clearance. 

In the hydrodynamic thrust bearing with the ultra 

low clearance on the 1nm scale, it is conjectured that the 

resulting surface elastic deformation should often be com-

parable to or even greater than the surface separation, and 

the effect of the surface elastic deformation should often be 

pronounced. This now becomes a new research task. The 

present paper aims to study the effect of the surface elastic 

deformation in the hydrodynamic wedge-platform thrust 

bearing with ultra low clearance by using the multiscale 

approach. Interesting results have been obtained concern-

ing the significant effects of the surface elastic deformation 

on both the film pressure distribution and the surface sepa-

ration profile in this bearing, which strongly depends on 

the fluid-bearing surface interaction. 

2. Studied bearing with surface elastic deformation 

By considering both the surfaces as rigid, Wang 

and Zhang [12] studied the hydrodynamic wedge-platform 

thrust bearing with ultra low clearance where there are 

only the physically adsorbed layers (with the continuum 

fluid film vanishing) in the outlet zone, close to the outlet 

zone also only exist the physically adsorbed layers, and in 

the remaining area of the inlet zone occurs the sandwich 

film consisting of both the adsorbed layers and the inter-

mediate continuum fluid. When both the surfaces are con-

sidered as elastic, this kind of lubrication mode may also 

exist except the reduced area of the pure adsorbed layer 

owing to the surface elastic deformation, as shown by Fig. 

1, a. However, owing to the surface elastic deformation, 

the surface separations may be increased so that the sand-

wich film will occur in the whole hydrodynamic area of 

the bearing, as shown by Fig. 1, b; This is another lubrica-

tion mode in the studied bearing. The present study ad-

dresses both of these two lubrication modes. 

In Figs. 1, a and b, htot is the surface separation, 

htot,o is the surface separation on the exit of the bearing, h is 

 

a 

 

b 

Fig. 1 The two lubrication modes in the hydrodynamic 

wedge-platform thrust bearing with ultra low clear-

ance and surface elastic deformation: a - htot,o < 2 hbf, 

b - htot,o > 2 hbf 
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the continuum fluid film thickness, hbf is the thickness of 

the adsorbed layer, l1 and l2 are respectively the widths of 

the outlet and inlet zones, and the coordinates are also 

shown. 

3. Analysis 

As done by Wang and Zhang [12], the present 

study uses the non-continuum nanoscale flow equation to 

describe the pure adsorbed layer flow and the multiscale 

flow equations to describe the flow of the sandwich film. 

By this way, the solution is sufficiently fast to satisfy the 

engineering sizes of the bearing. 

The present analysis is based on the following 

assumptions: 

a. two bearing surfaces are identical; 

b. the side leakage is neglected; 

c. the bearing surfaces are perfectly smooth; 

d. no interfacial slippage occurs on any interface; 

e. the condition is isothermal and steady-state. 

3.1. Governing equations 

Some mathematical equations are fundamental 

and may be repeated in this section. When the intermediate 

continuum fluid film is present between two adsorbed lay-

ers as shown by the sandwich film, the governing equation 

is [12]: 
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here: bf = hbf/h, p is the hydrodynamic pressure, x is the 

coordinate in the flow direction, u is the sliding speed and 

positive,  and  are respectively the bulk density and the 

bulk viscosity of the fluid, 1

eff

bf ,  and 1

eff

bf ,  are respec-

tively the average density and the effective viscosity of the 

physically adsorbed layer, D and x are respectively the 

fluid molecule diameter and the separation between the 

neighboring fluid molecules in the x coordinate direction in 

the adsorbed layer, q0 = j+1 / j (j is the separation be-

tween the (j + 1)th and jth fluid molecules across the ad-

sorbed layer thickness) and q0 is averagely constant, n is 

the equivalent number of the fluid molecules across the 

adsorbed layer thickness, n-2 is the separation between the 

neighboring fluid molecules across the adsorbed layer 

thickness just on the boundary between the adsorbed layer 

and the continuum fluid film, and the formulations for F1, 

F2 and ε were shown in [12].  
When the intermediate continuum fluid film is 

absent because of too small surface separations and there is 

thus only the physically adsorbed layer across the whole 

surface separation, the governing equation is [12]: 
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where: 26 eff

bf ,A u / S= , ( )2 212 eff eff

bf , bf ,B / S = . 2

eff

bf ,  and 

2

eff

bf ,  are respectively the average density and the effective 

viscosity of the adsorbed layer across the whole surface 

separation, and S is the parameter accounting for the 

non-continuum effect of the adsorbed layer. 

 

3.2. Numerical calculation 

Owing to the surface elastic deformation, the cur-

rent problem is highly non-linear, and the numerical ap-

proach is mandatory for finding the solution. In the present 

calculation, there are evenly distributed (N+1) discretized 

points in the whole lubricated area in the bearing, as shown 

in Figs. 1, a and b.  

3.2.1. Numerical analysis for the bearing 

By forward difference, the pressure on the Jth dis-

cretized point is: 
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for J = 1, 2…, N, 

where: aJ, bJ, cJ, dJ, AJ and BJ are the values of the corre-

sponding parameters on the Jth discretized point, pJ and pJ-1 

are respectively the pressures on the Jth and (J - 1)th discre-

tized points, and x = (l1+l2)/N. 

Considering the surface elastic deformation, the 

surface separation on the Jth discretized point is expressed 

as: 

 ( ) ( ) ( )
1 2 2

0

2 l l

tot ,J oo J J

v

h h f x p s ln x s ds
E

+

= + − − , (6) 

where: hoo is constant, Ev is the compound Young’s modu-

lus of elasticity of two bearing surfaces, and  
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here  is the wedge angle of the bearing. 

The thickness of the intermediate continuum fluid 

film on the Jth discretized point is: 

( ) ( ) ( )
1 2 2

0

2
2

l l
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h h f x p s ln x s ds h
E

+

= + − − − .(8) 

Based on the boundary condition p0 = 0, the pres-

sure on each discretized point was calculated step by step 

by using the following equation: 

 ( )0 1
1

J

J k k
k

p p p p −
=

= + − , (9) 

for J = 1, 2,…, N; where ( )1k kp p −−  is calculated from 

Eq. (5). 

The load per unit contact length carried by the 

bearing is: 
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4.  Numerical calculation 

4.1. Numerical integration 

In Eqs. (6) and (8), there is the following integra-

tion: 
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Because the pressure distribution p(s) can not be 

formulated by the explicit function, this integration can 

only be numerically calculated by interpolating p(s). Eq. 

(11) is thus approximately formulated as: 
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here, 1Kx − , Kx  and 1Kx +  are respectively the x coordi-

nates of the (K-1)th, Kth and (K+1)th discretized points. It is 

then found that: 
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4.2. Numerical solution procedure 

 Fig. 2 shows the numerical solution procedure 

used in the computer calculation. kn is the order number of 

the iteration calculation; p(0), htot
(0) and w(0) are respectively 

the hydrodynamic pressure, surface separation and bearing 

load calculated for rigid surfaces; htot,o,r is the surface sep-

aration on the exit of the bearing calculated for rigid sur-

faces , 
( )nk

  is the value of  in the kn
th iteration; 

( )nk
p  

is the hydrodynamic pressure in the kn
th iteration; 

( )nk

toth  

is the value of htot in the kn
th iteration;  is the relaxation 

factor; 
( )1

maxw  and 
( )1

mw  are respectively the calculated 

bearing loads for elastic surfaces when hoo = hoo,max and 

hoo = hoo,m. 
( 1)nk

mQ
+

 is the dimensionless mass flow rate per 

unit  contact length through  the bearing obtained in the 

 

Fig. 2 The numerical solution procedure 
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(kn+1)th iteration and it is satisfied that 
( 1) ( 1) ( 1)n n nk k k

m,min m m,maxQ Q Q
+ + +

  . Here, it is defined that  

Qm = qm / uahtot,o. Then, the pressures on all the discre-

tized points can be calculated from the equations shown 

above, by starting the calculation from the exit of the 

bearing. 
( +1) 0nk ,

N ,minp  and 
( +1) 0nk ,

N ,mp  are respectively the hy-

drodynamic pressures on the entrance of the bearing when 
( 1) ( 1)n nk k

m m,minQ Q
+ +

=  and 
( 1) ( 1) ( 1)

( )/2n n nk k k

m m,min m,maxQ Q Q
+ + +

= + ; The 

value of Qm will be obtained when the following conver-

gence criterion is satisfied: 
( 1) ( 1) ( 1) ( 1)

2 ( )/( ) 0 1%n n n nk k k k

m,max m,min m,max m,minQ Q Q Q .
+ + + +
− +  . 

4.3. Parameter formulation 

According to the Roelands fluid viscosi-

ty-pressure relation [13], the bulk viscosity of the fluid 

film on the 
thJ  discretized point is expressed as： 

 ( ) ( ) 19 67 1 5 1 9 1
z

J a a Jexp ln . . E p   −
 = + + − −
 

,(15) 

where z =  / [5.1E-9(lna+9.67)], a is the fluid bulk vis-

cosity at ambient pressure, and  is constant. 

At relatively low pressures, the dependence of the 

fluid bulk density on fluid pressure is nearly linear, and the 

bulk density of the fluid film on the Jth discretized point is 

expressed as： 

 ( )11J a Jp   −= +  , (16) 

where a the fluid bulk density at ambient pressure and  is 

constant. 

Define ( )1 1 1

eff

y bf , bf ,C H / =  and 

( )1 1 1

eff

q bf , bf ,C H / = , where Hbf,1 = hbf / hcr,bf,1, and hcr,bf,1 

is the critical thickness for characterizing the rheological 

properties of the adsorbed layer in the sandwich film area. 

Define Cy2(Hbf,2) = 2

eff

bf , /   and Cq2(Hbf,2) = 2

eff

bf , /  , 

where Hbf,2 = htot / hcr,bf,2, hcr,bf,2 is the critical thickness for 

characterizing the rheological properties of the adsorbed 

layer which exists across the whole surface separation, and 

hcr,bf,2 = 2hcr,bf,1. The equation formulations for Cq1(Hbf,1), 

Cq2(Hbf,2), Cy1(Hbf,1), Cy2(Hbf,2) and S have been shown in 

[12] and here are not repeated. 

The weak, medium and strong fluid-bearing sur-

face interactions were respectively considered. The opera-

tional parameter values for these interactions are the same 

with those shown in [12]. 

The other input operational parameter values are: 

D = 0.5 nm, N = 1000, n-2 / D = x / D = 0.15, 

l1 = l2 = 100 m,  = 1E-4 rad,  = 1.6E-8 m2/N, 

a = 0.03 Pas,  = 4E-10 Pa-1, Ev = 2.09E+11 Pa， = 0.2. 

5. Results 

5.1. Effect of the surface elastic deformation on hydrody-

namic pressure distribution 

Figs. 3, a-c compare the hydrodynamic pressure 

distributions in the bearing calculated from the present 

multiscale approach respectively for elastic and rigid sur-

faces when the fluid-bearing surface interactions are weak, 

medium and strong. It is shown that the surface elastic 

deformation greatly changes the film pressure profile in the 

bearing although the film pressures may be no more than 

2.4 MPa. This is especially significant for a strong flu-

id-bearing surface interaction. It indicates that the magni-

tude of the surface elastic deformation resulting from the 

low pressures is indeed comparable to the surface separa-

tion. The effect of the surface elastic deformation pro-

nouncedly reduces the maximum film pressure, remarkably 

increases the film pressures in the outlet zone, but reduces 

the film pressures in the inlet zone. It appears to flatten the 

film pressure profile in the bearing. 
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Fig. 3 Comparison of the film pressure distributions in the 

bearing calculated respectively for elastic and rigid 

surfaces for different fluid-bearing surface interac-

tions when u = 1E-5 m/s: a - for the weak interac-

tion, w = 192 N/m, b - for the medium interaction, 

w = 283 N/m, c - for the strong interaction, 

w = 622 N/m 
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5.2. Effect of the surface elastic deformation on the surface 

separation profile 

Figs. 4, a-c compare the surface separation pro-

files in the bearing calculated respectively for elastic and 

rigid surfaces when the fluid-bearing surface interactions 

are weak, medium and strong. It is shown that the surface 

elastic deformation normally has a strong influence on the 

surface separation profile in the present bearing especially 

for a strong fluid-bearing surface interaction. We can no-

tice the “end constriction” resulting from the surface elas-

tic deformation. The effect of the surface elastic defor-

mation is shown to increase the surface separations in the 
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Fig. 4 Comparison of the surface separation profiles in the 

bearing calculated respectively for elastic and rigid 

surfaces for different fluid-bearing surface interac-

tions when u = 1E-5 m/s: a - for the weak interac-

tion, w = 192 N/m, b - for the medium interaction, 

w = 283 N/m, c - for the strong interaction, 

w = 622 N/m 

outlet zone including on the exit of the bearing (i.e. the 

minimum surface separation). The surface separation 

profiles in Figs. 4, a-c correspond to the film pressure 

profiles in Figs. 3, a-c. Figs. 4, a-c directly show the 

magnitude of the surface elastic deformation in the pre-

sent bearing on the same scale with the surface clear-

ance. It can be derived that if the film pressures are 

higher for higher sliding speeds or/and bigger bearing 

widths, the magnitude of the surface elastic deformation 

would be larger than the surface clearance, and this 

should bring much more significant effects of the sur-

face elastic deformation in the bearing. 

6. Conclusions 

The present paper investigates the effect of the 

surface elastic deformation in the hydrodynamic 

wedge-platform thrust bearing with the ultra low clearance 

on the 1nm scale by the multiscale analysis. Because of the 

surface elastic deformation, the lubrication status in this 

bearing may be apparently different from that for rigid 

bearing surfaces; The surface elastic deformation on the 

same scale with or significantly larger than the bearing 

clearance may result in the occurrence of the sandwich 

film in the whole lubricated area of the bearing which con-

sists of both the adsorbed layers and the intermediate con-

tinuum fluid film. The surface elastic deformation expands 

the sandwich film area but reduces the pure adsorbed layer 

area with critically low surface separations. 

The non-continuum nanoscale flow equation was 

used to simulate the flow of the adsorbed layer occurring 

across the whole surface separation. The multiscale flow 

equations were used to simulate both the adsorbed layer 

flows and the intermediate continuum fluid flow in the 

sandwich film area. The coupling of these equations gives 

an ultra fast solution for the engineering size of the bea-

ring. Because of the highly non-linear problem resulting 

from the surface elastic deformation, the present solution 

can only be obtained by the numerical approach.  

The caluations have been made for varying opera-

tional paramter values. The conclusions are drawn as 

follows: 

a. The effect of the surface elastic deformaiton is 

normally very significant in the studied bearing; 

b. The magnitude of the surface elastic deforma-

tion even resulting from low pressures is comparable to or 

on the same scale with the surface clearance in this bea-

ring; 

c. It is possible that the magnitude of the surface 

elastic deformation is much larger than the surface clea-

rance in this bearing in the condition of higher sliding 

speeds or/and bigger bearing widths; In this case, the effect 

of the surface elastic deformation should be very strong; 

d. The surface elastic deformation greatly changes 

both the film pressure profile and the surface separation 

profile in the bearing. It appears to flatten the film pressure 

profile by remarkably reducing the maximum film pressu-

re. However, it increases both the film pressures and the 

surface separations in the outlet zone. 
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C. Wang, Y. Zhang 

MULTISCALE ELASTOHYDRODYNAMIC 

WEDGE-PLATFORM THRUST BEARING WITH  

ULTRA LOW CLEARANCE 

S u m m a r y 

The effect of the surface elastic deformation is 

investigated by the multiscale approach in the hydrody-

namic wedge-platform thrust bearing with the ultra low 

clearance on the 1nm scale, by incorporating both the 

non-continuum pure adsorbed layer flow and the mul-

tiscale “sandwich” film flow. The pure adsorbed layer flow 

in ultra small surface separations is described by the 

non-continuum nanoscale flow equation; The “sandwich” 

film flow is described by the multiscale flow equations 

respectively for the adsorbed layer flow and the intermedi-

ate continuum fluid flow. The numerical calculation results 

show that in the studied bearing, the effect of the surface 

elastic deformation is normally significant, it pronouncedly 

reduces the maximum film pressure, greatly changes both 

the film pressure profile and the surface separation profile, 

and considerably increases the minimum surface separa-

tion, which occurs on the exit of the bearing. The effect of 

the surface elastic deformation is shown to be obviously 

dependent on the fluid-bearing surface interaction. 

Keywords: adsorbed layer, elastic deformation, hydrody-

namics, multiscale, pressure, thrust bearing 
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