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1. Introduction 

Functionally graded material (FGM) truncated 

conical shells have been widely used in various engineer-

ing fields such as aerospace, transportation, and machinery. 

Studying the dynamic characteristics of these components 

has important theoretical significance and engineering 

value. 

The stability problem of FGM components al-

ways attracts the attention of researchers [1-3], and many 

studies have been conducted on the vibration of function-

ally graded material truncated conical shells. Zhang et al.[4] 

analyzed the free vibration of FGM truncated conical 

shells under different boundary conditions using the gener-

alized differential quadrature method based on Love’s first 

approximation theory. The results showed that in addition 

to the material composition index, factors such as bounda-

ry conditions and geometric shape also have a significant 

impact on the fundamental frequency of FGM truncated 

conical shells. On the basis of classical thin shell theory, 

Sofiyev et al. [5-8] solved the dimensionless natural fre-

quencies of free supported FGM conical shells and sand-

wich FGM conical shells using a more accurate first-order 

shear deformation theory. The numerical results showed 

that as the aspect ratio and half cone angle increased, the 

influence of transverse shear deformation on the frequency 

parameters of truncated conical shells decreased. H 

Abolhassanpouri et al. [9] analyzed the nonlinear vibration 

characteristics of axially moving homogeneous truncated 

conical shells using the Galerkin method based on the Von 

Kármán nonlinear model. The results showed that as the 

axial velocity increased, the maximum amplitude of the 

truncated conical shell first increased and then decreased, 

and the change in cone angle had a significant impact on 

the system response. Nezhadi et al. [10] studied the free 

and forced vibrations of FGM conical shells under four 

kinds of pulse loads based on first-order shear deformation 

theory. The results showed that for different cone angles, 

the natural frequencies of FGM conical shells first de-

creased and then increased with the increase of circumfer-

ential wave numbers, and the dynamic response of metal 

materials under step pulse load was the highest. V Mahesh 

[11] studied the effects of the auxetic core’s rib-length 

ratio, inclination angle on the damped structural response 

using direct iterative method. 

In practical engineering, due to the inadequacy of 

material preparation technology, some pores often appear 

in FGM during its production process. Rahmani et al. [12] 

analyzed the vibration characteristics of FGM sandwich 

truncated conical shells with two types of pore distribution 

under uniform, linear and nonlinear temperature distribu-

tions based on the improved higher-order sandwich shell 

theory. The results showed that in the lower power law 

index, the dimensional normalized fundamental frequency 

increased with the rise of the pore’s volume fraction, and 

when the power law index increased to a certain value, the 

fundamental frequency decreased, and vice versa. Refer-

ences [13-20] studied the dynamic response and stability 

characteristics of FGM plates and shells containing pores 

under different conditions, and found that the influence of 

pores on various mechanical properties of the structure 

cannot be ignored. 

At present, research on pore-containing compo-

nents mainly focuses on plates and shells on elastic foun-

dations, but there still are some research on components in 

axial motion. Hong M et al. [21] developed a reliable 

mathematical model to study dynamic and wave propaga-

tion characteristics in FGM axial bars at high frequencies. 

Shen et al.[22] investigated vibration and stability behav-

iors of functionally graded nanoplates with axial motion 

using Hamilton’s principle and the Galerkin method. The 

results demonstrated that complex frequencies of the func-

tionally graded nanoplate with axial motion decrease with 

an increase of axial velocity in the subcritical region. Yan 

T. et al. [23] analyzed the transverse vibration of a FGM 

traveling beam using Hamilton’s principle and the direct 

multiscale method, and obtained the stability boundaries of 

subharmonic resonance and combination resonance. This 

study will focus on the vibration characteristics of axially 

moving porous FGM truncated conical shells. It is assumed 

that the FGM truncated cone shell concerned here is com-

posed of two materials: metal and ceramic, and its pore 

volume cannot be ignored. The corresponding volume 

components is computed based on the mass components of 

metal and ceramic materials, and an improved mixing law 

model is used to calculate the FGM physical properties 
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parameters of uniform and non-uniform pore distribution. 

The effects of porosity, axial motion, and half cone angle 

on the free vibration and dynamic response of FGM trun-

cated conical shells are explored to further understand the 

vibration characteristics of FGM truncated conical shells 

and provide a theoretical basis for promoting the applica-

tion of FGM shells in related engineering. 

2. Basic equations and solving methods 

2.1. A FGM conical shell model 

As shown in Fig. 1, the FGM truncated conical 

shell with pores is subjected to lateral dynamic loads 

q(s, θ, t) and moves axially at a uniform velocity V. L and 

h are the length and the thickness of it respectively. γ 

stands for the semi-vertex angle of the cone. R1 and R2 are 

the average radii of the small and large ends of the trun-

cated shell. S1 and S2 represent the distance from vertex O 

to the small and large ends. A right-handed orthogonal 

curve coordinate system (s, θ, z) is used, where s is the 

coordinate of the generatrix direction with the cone top as 

the origin, θ is the coordinate in the circumferential direc-

tion, and z is the coordinate in the thickness direction 

( 2 2h / z h /−   ). The internal pores of the truncated 

shell are assumed small and uniformly or non-uniformly 

distributed along the thickness direction, as shown in Fig. 2. 

Fig. 2, a shows uniformly distributed pores, and Fig. 2, b 

shows non-uniformly distributed. There are various types 

of non-uniform distribution of pores, and the type studied 

in this article is the common case where there are many 

pores in the middle and few pores at the top and bottom 

along the thickness direction of the shell [24]. 

 

Fig. 1 FGM truncated conical shell with pores 

 

a b 

Fig. 2 Distribution of pores along the thickness direction of 

the shell: a – uniformly distributed pores, 

b – non-uniformly distributed pores: 

Wc and Wm respectively represent the mass frac-

tion of ceramic and metal materials in the shell, and 

 1c mW W+ = . (1) 

The volume fraction of the two component mate-

rials and pores should meet: 

 1* * *

c mV V + + = . (2) 

Here Vc
*, Vm

* and * represent  the volume fractions of 

ceramics, metals, and pores in the entire truncated shell, 

respectively. 

According to Eqs. (1) and (2), the volume fraction 

of ceramic Vc
* and metal materials Vm

* can be calculated as 

follows: 
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where c and m are the densities of ceramic and metal, 

respectively. 

The influence of internal pores on the mechanical 

properties of materials is very complex, and in addition to 

the distribution mode and position of pores, its size and 

shape also have an effect. This article focuses on micro 

pores, so the distribution pattern of pores and the total 

volume of pores are the main discussion objects. Two 

modes of pores’ distribution are assumed along the thick-

ness direction of the truncated conical shell, which are 

uniform and non-uniform. The porosity along the thickness 

direction of these two kinds of distribution are given as 

[15]: 

 *)(  =z  (uniform), (4) 

 












−=

h

z
z

2
1)( *  (non-uniform). (5) 

Assuming that the volume fraction of ceramic 

materials Vc exhibits a power-law distribution along the 

thickness direction of the shell, then [15]: 

 ( ) ( )0 5 , 2 2
N*

c cV z V . z / h h / z h /= + −   , (6) 

where N is the volume composition index of the ceramic 

material (0 )N   . 

According to the improved mixed law model, the 

effective material properties such as elastic modulus, den-

sity, and Poisson's ratio of FGM truncated conical shells 

with pores can be calculated as: 

 ( )1eff c c m cP PV P V= + − − , (7) 

where Pc and Pm are the corresponding material properties 

of ceramics and metals, respectively. 

Substituting Eqs. (4) and (6) into Eq. (7), the ma-

terial properties of FGM truncated conical shells with uni-

formly distributed pores are obtained as: 

 
( ) ( ) ( )0 5 1 ,

2 2 .

N

* *

c m c m

z
P z P P V . P

h

h / z h /


 

= − + + − 

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 (8) 
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Substituting Eqs. (5) and (6) into Eq. (7), 

non-uniform pore distribution FGM truncated conical 

shells’ material properties are obtained as: 

 

( ) ( )
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(9) 

2.2. Governing equation and solution 

Based on the classic thin shell deformation theory, 

the displacement field at any point of FGM truncated thin 

shells with pores can be expressed as [25]: 

 ( )
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, 
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0

0 , (10) 

where u0 and v0 are the mid-plane displacements along the 

direction s and  of the truncated shell, respectively. 

The shells’ strain component is described as [25]: 
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where the mid plane strain  0 and curvature k are respec-

tively expressed as [25]: 
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According to the constitutive relationship between 

stress and strain, the internal forces {N} = [Ns, N, Ns]T, 

{M} = [Ms, M, Ms]T are given as: 

 

0A B

B D

    
=    
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N ε

M k
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where the elements Aij, Bij, Dij of the stiffness matrices A, B, 

and D are defined as: 

 ( ) ( )
2 2

2
, , 1, , 

h /

ij ij ij ijh /
A B D Q z z dz

−
=   (i, j=1, 2, 6). (15) 

The Qij(1, 2, 6) above is the conversion elastic constant of 

the shell, and defined as: 
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The first equation of Eq. (14) can be transformed 

into 
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The constants ( )1, 2, 6*

ijA  and ( )1, 2, 6*

ijB  are 

shown in Appendix A. 
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The constants ( )1, 2, 6*

ijC and ( )1, 2, 6*

ijD  are shown in Appendix B. 

Based on the Hamiltonian variational principle, the dynamic equilibrium equation of porous FGM truncated con-

ical shells in axial motion can be derived as [15, 22]: 
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(19)

 



 126 

where I0 is the mass coefficient along the thickness direc-

tion, and defined as 
2

0 2

h /

h /
I ( z )dz

−
=  . 

The stress function F is introduced, and the rela-

tionship between F and the internal force in the shell is 

given as: 

 

2 2
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1 1
, ,
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s
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 

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, (20) 

here Ns and N are the tensile (compressive) forces in the 

direction of s and  respectively, and Ns is the shear force. 

The deformation compatibility equation for trun-

cated conical shells can be written as: 
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2 2 2
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To convert variable coefficient differential Eqs. 

(20) and (21) into constant coefficient differential equa-

tions, the following variable substitutions are introduced: 

 2

1 1e , ex xs S F F= = . (22) 

Substituting Eqs. (17), (18), (20), and (22) into 

Eqs. (19) and (21), the dynamic control equation for axial-

ly moving porous FGM truncated conical shells under 

lateral dynamic loads q(s, , t) can be derived as:
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Parameters gijk(i, j, k = 1, 2, 3…) are shown in Appendix C. 

In the present case, the small and large ends of the 

shell are assumed to be simply supported. The boundary 

conditions are stated as: 

 0sv w M= = = , at 1 2S S ,S= . (25) 

So, the solution of Eqs. (23) and (24) is sought in the fol-

lowing form as [25]:  

 ( ) ( ) ( ) ( )
1 1

1 1

1 1ex

m n
m n

x, ,t w t sin m x sin n 
 

=w , (26) 

where )(
11

tw nm  is the undetermined function, m1 = m/x0, 

x0 = ln(S2/S1), m is the half wave number along the genera-

trix direction and n is the full wave number along the cir-

cumference direction.  

Substituting Eq. (26) into Eq. (24) and using the 

harmonic balance method to obtain F1(x, , t). 
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The coefficient Ki is defined as:  
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where the parameters aij (i, j = 1, 2...) are shown in Appen-

dix D [26]. 
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Substituting Eqs. (26) and (27) into the dynamic 

equilibrium Eq. (23), multiplying ( ) ( )1 1

xe sin m x sin n  

with both sides of Eq. (23) and conducting Galerkin inte-

gration in the shell domain, the second order linear ordi-

nary differential equation about 
1 1

( )m nw t  is obtained as 

follows. 

 

( ) ( )

( ) ( )

1 1 1 1

1 1 1 1

2

2

+

m n m n
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d w t dw t

dtdt

w t q t .

+ +
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1 1
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M C
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Where: 

( ) ( )
0

1 1

2

1 10 0

x sin( ) x

m nq t q x, ,t e sin( m x )sin( n )d dx
 

  =   , 

and 
1 1m nM , 

1 1m nC , 
1 1m nK  are the generalized mass, 

damping coefficient, and stiffness coefficient of the shell, 

respectively.  

When q(x, , t) = 0, Eq. (29) is the damped free 

vibration equation of an axially moving truncated conical 

shell containing porous functionally graded materials. 

Giving and ( ) 1 1

1 1

m n t

m nw t ae


= substituting it into Eq. (29). 

Since a is not zero, to have a non-zero solution to the 

equation, there must be 

 ( )
1 1 1 1

2 0m n m ndet  + + =
1 1 1 1 1 1m n m n m nM C K . (30) 

From the above equation, the free vibration fre-

quency 
1 1m n of (m, n) mode can be obtained. 

When solving forced vibration problems, the lat-

eral dynamic load can be expressed as 

q(x, , t) = q0f1(x, )f2(t), where q0 is the load concentra-

tion, f1(x, ) is the distribution function, f2(t) is the time 

variation function, and the time variation function of sud-

den load application is described as: 

 ( )2

0,  0

1,  0

t
f t

t

=
= 


. (31) 

When f2(t) is an arbitrary function, the dynamic 

response can be directly solved using the Duhamel’s inte-

gral. 

3. Example comparison and parameter analysis 

3.1. Example Comparison 

The dimensionless natural frequencies of isotropic 

truncated conical shells in axial motion under the condition 

of simple support on both sides are calculated in this pre-

sent study, and the results are compared with the reference 

[9], taking modes m = 1 and n = 6. The results are shown 

in Fig 3. The computation data of the homogeneous trun-

cated conical shells involving are material Young’s modu-

lus E = 201.04 GPa, density  = 8.166 kg/cm3, semi-vertex 

angle  = /6, thickness h = 0.004 m, diameter to thickness 

ratio R2/h = 100, length L = 0.25S2. The dimensionless 

natural frequency is defined as ( )2

2 1f R / E  = − . 

As shown in the Fig. 3, a good agreement is ob-

tained with a maximum relative error of 2.84%.  

 

Fig. 3 The variation of the natural frequency f of an axial 

moving isotropic truncated conical shell versus ve-

locity V 

3.2. Parameter analysis 

The effects of factors such as material composi-

tion index, axial motion velocity, ceramic material mass 

fraction, porosity, pore type, and geometric parameters of 

truncated conical shells on the free vibration and dynamic 

response of axially moving porous FGM truncated conical 

shells are analyzed in this subsection. The FGM truncated 

cone shell materials are metal SUS304 and ceramic Si3N4, 

with physical properties parameters of Em = 201.4 GPa, 

m = 8.166 g/cm3, m = 0.3262; Ec = 348.43 GPa, 

c = 2.37 g/cm3, c = 0.24. 

3.2.1. Free vibration 

Dimensionless natural frequency f defined above, 

taking modes m = 1 and n = 6. FGM truncated shell thick-

ness h = 0.004 m. 

In following tables, U stands for uniformly dis-

tributed, and UN stands for non-uniformly distributed.  

Table 1 shows that regardless of whether the 

pores are uniformly or non-uniformly distributed, the fun-

damental frequency of FGM truncated shells decreases 

both with the increase of motion velocity V and the in-

crease of material composition index N. For example, un-

der uniform pore distribution, when the porosity * and 

material composition index N are taken as 0.05 and 0.2 

respectively, the fundamental frequency decreases by 1.4% 

and 5.7% as the axial velocity increases from 0 m/s to 

50 m/s and then to 100 m/s. When the porosity 
*  and 

axial velocity V are taken as 0.05 and 50 m/s respectively, 

the vibration frequency decreases by 10.4%, 18.5%, and 

24.9% respectively as the material composition index N 

increases from 0.2 to 0.5, 1.0, and 2.0. This is because the 

larger the material composition index N, the smaller pro-

portion of ceramic materials. The elastic modulus of ce-

ramics is larger than that of metals, so an increase in N 

inevitably leads to a decrease in overall stiffness, thereby a 

reduction of the natural frequency of truncated conical 

shells. Table 2 indicates that regardless of whether the 

pores are uniformly distributed or non-uniformly distrib-

uted, the fundamental frequency of the truncated shell 

decreases with the increase of the half cone angle but rises 

with the increase of the ceramic quality component. For 

example, under uniform pore distribution, when the poros-
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ity * and ceramic quality component index N are taken as 

0.05 and 0.1, the fundamental frequency decreases by 

26.3%, 24.5%, and 22.2% respectively as the half cone 

angle gradually goes up from /6 to /5, /4 and /3. 

When the porosity * and half cone angle are taken as 0.05 

and /6, the fundamental frequency increases by 11.9% 

and 6.7% respectively as the ceramic quality component 

index N rises from 0.1 to 0.3 and then to 0.5. 

Table 1 

Dimensionless natural frequency f of FGM truncated conical shells under different axial motion velocities V and material 

composition indices N ( = /4, Wc = 0.5, R1/h = 100, L/R1 = 1) 

V, m/s * 
N = 0.2 N = 0.5 N = 1.0 N = 2.0 

U NU U NU U NU U NU 

0 0.05 0.3746 0.3727 0.3353 0.3352 0.3049 0.3059 0.2814 0.2831 

 0.1 0.3725 0.3685 0.3334 0.3329 0.3030 0.3049 0.2796 0.2829 

 0.2 0.3687 0.3602 0.3297 0.3282 0.2995 0.3027 0.2762 0.2825 

50 0.05 0.3693 0.3674 0.3295 0.3293 0.2985 0.2995 0.2744 0.2761 

 0.1 0.3673 0.3632 0.3275 0.3270 0.2966 0.2984 0.2725 0.2759 

 0.2 0.3634 0.3547 0.3237 0.3222 0.2929 0.2962 0.2691 0.2755 

100 0.05 0.3532 0.3511 0.3113 0.3111 0.2782 0.2793 0.2522 0.2541 

 0.1 0.3510 0.3468 0.3091 0.3086 0.2762 0.2782 0.2502 0.2539 

 0.2 0.3469 0.3378 0.3052 0.3036 0.2723 0.2758 0.2464 0.2535 

 

Table 2 

Dimensionless natural frequency f of FGM truncated conical shells under different ceramic material quality components 

and half cone angles (N = 1, R1/h = 100, L/R1 = 1, V = 50 m/s) 

Wc * 
 =/6  =/5  =/4  =/3 

U NU U NU U NU U NU 

0.1 0.05 0.3385 0.3418 0.2496 0.2520 0.1884 0.1902 0.1466 0.1480 

 0.1 0.3360 0.3424 0.2477 0.2525 0.1869 0.1906 0.1454 0.1483 

 0.2 0.3313 0.3440 0.2443 0.2536 0.1843 0.1915 0.1434 0.1490 

0.3 0.05 0.3788 0.3809 0.2797 0.2813 0.2115 0.2127 0.1650 0.1660 

 0.1 0.3762 0.3804 0.2778 0.2808 0.2101 0.2124 0.1639 0.1657 

 0.2 0.3714 0.3793 0.2742 0.2800 0.2074 0.2118 0.1618 0.1652 

0.5 0.05 0.4040 0.4053 0.2985 0.2995 0.2260 0.2267 0.1765 0.1771 

 0.1 0.4014 0.4039 0.2966 0.2984 0.2245 0.2259 0.1754 0.1765 

 0.2 0.3965 0.4010 0.2929 0.2962 0.2218 0.2242 0.1732 0.1751 

 
From the above two tables, it can be seen that the 

fundamental frequency of the truncated conical shell with 

uniformly distributed pores decreases with increasing po-

rosity. The fundamental frequency of truncated conical 

shells with non-uniform distribution of pores increases 

with the increase of porosity when the ceramic material 

quality component Wc = 0.1, while the opposite is true 

when the ceramic material quality component Wc is greater 

than 0.1. The reason is the increase in internal pores of the 

shell weakens the overall stiffness while also reducing the 

mass. If the effect of pores on the overall stiffness is more 

significant than that on the mass, then the fundamental 

frequency decreases, and vice versa. In addition, it is found 

that compared to uniformly distributed pore shells, the 

natural vibration frequency of non-uniformly distributed 

pore shells is more sensitive to changes in porosity. When 

V = 50 m/s and the material composition index is 0.2 and 

2.0, the fundamental frequency of uniformly distributed 

pore shells decreases by 1.60% and 1.93% with increasing 

porosity from 0.05 to 0.2, while the fundamental frequency 

of non-uniformly distributed pore shells decreases by 

3.46% and 0.22%. 

Table 3 shows the influence of geometric param-

eters (length to diameter ratio L/R1, diameter to thickness 

ratio R1 /h) of truncated conical shells on the normalized 

fundamental frequency of FGM truncated conical shells 

with uniformly or non-uniformly distributed pores. 

It can be seen from Table 3 that regardless of 

whether the pores are uniformly distributed or 

non-uniformly distributed, the increase either in the length 

to diameter ratio or in the diameter to thickness ratio both 

leads to a significant decrease in the fundamental frequen-

cy of the shell. For example, under uniform pore distribu-

tion, when the porosity *  and diameter to thickness ratio 

R1/h are taken as 0.05 and 100, the fundamental frequency 

of the shell decreases by 63.3% and 46.0% respectively as 

the length to diameter ratio increases from 0.25 to 0.5 and 

then to 1.0. When the porosity * and aspect ratio L/R1 are 

taken as 0.05 and 0.25, the fundamental frequency of the 

shell decreases by 37.1% and 44.4% respectively as the 

aspect ratio increases from 100 to 120 and then to 150. 

 

3.2.2. Dynamic response 

In this subsection, the dynamic response of the 

mid-plane circumference at s = (S1+S2)/2 is taken as the 

example, and the effects of factors such as pore type, po-

rosity, axial motion velocity, material composition index, 

ceramic material mass fraction, and geometric parameters 

on the dynamic response of axially moving porous FGM 

truncated conical shells are discussed. The uniformly dis-

tributed sudden load q = 0.1 kPa, and the thickness of the 

conical shell h  = 0.01 m. 

Fig. 4 shows the peak dynamic response of FGM 

truncated conical shells with either uniform or non-uniform 

pore distribution both increases with the porosity * rising. 

When  the  porosity *  is taken as 0.05, 0.1, and 0.2 in 
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Table 3 

Dimensionless natural frequency f of FGM truncated conical shells with uniform pore distribution under different aspect 

ratios ( = /4, N = 1, Wc = 0.5, V = 60 m/s) 

R1/h * 
L/R1=0.25 L/R1=0.5 L/R1=1.0 

U NU U NU U NU 

100 0.05 1.4922 1.4959 0.5473 0.5492 0.2956 0.2966 

 0.1 1.4840 1.4909 0.5437 0.5472 0.2937 0.2955 

 0.2 1.4690 1.4808 0.5369 0.5433 0.2900 0.2933 

120 0.05 0.9383 0.9406 0.3386 0.3398 0.1782 0.1789 

 0.1 0.9331 0.9375 0.3362 0.3385 0.1769 0.1782 

 0.2 0.9235 0.9310 0.3318 0.3359 0.1745 0.1767 

150 0.05 0.5217 0.5231 0.1763 0.1771 0.0815 0.0820 

 0.1 0.5187 0.5213 0.1748 0.1763 0.0805 0.0814 

 0.2 0.5130 0.5175 0.1721 0.1747 0.0788 0.0804 

 

sequence, the peak dynamic deflection of shells with uni-

formly distributed pores is 4.2%, 10.1%, and 19.1% higher 

than those with non-uniform distribution, respectively. It 

can be seen that compared with non-uniform pore distri-

bution shells, the peak dynamic deflection of shells with 

uniform pores varies more significantly with porosity. Fig. 

5 shows that axial velocity has a significant impact on the 

dynamic deflection of FGM truncated conical shells, and 

the greater the velocity, the more significant reduction ef-

fect on their stiffness. Under uniform and non-uniform pore 

distribution, when the axial velocity V increases from 

10m/s to 20 m/s, the peak dynamic deflection increases by 

16.9% and 28.9%, respectively. When the speed changes 

from 20 m/s to 30 m/s, the peak dynamic deflection in-

creases by 96.2% and 93.7%, respectively. 

 

a b 

Fig. 4 Effect of porosity on the dynamic response of axially moving porous FGM truncated conical shells ( = /3, N = 1, 

V = 15 m/s, Wc = 0.5, R1/h = 100, L/R1 = 2): a – uniform pores, b – non-uniform pores 

 

a b 

Fig. 5 Effect of axial velocity on the dynamic response of axially moving porous FGM truncated conical shells ( = /3, 

N = 1, Wc = 0.5, a* = 0.1, R1/h = 100, L/R1 = 2): a – uniform pores, b – non-uniform pores 
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a b 

Fig. 6 Effect of material composition index on the dynamic response of axially moving porous FGM truncated conical 

shells ( = /3, V = 15 m/s, Wc = 0.5, a* = 0.1, R1/h = 100, L/R1 = 2): a – uniform pores, b – non-uniform pores 

 

a b 

Fig. 7 Effect of the mass fraction of the ceramic material on the dynamic response of axially moving porous FGM trun-

cated conical shells ( = /3, N = 1, V = 15 m/s, a* = 0.1, R1/h = 100, L/R1 =2): a – uniform pores, b – non-uniform 

pores 

 

a b 

Fig. 8 Effect of half cone angle on the dynamic response of axially moving porous FGM truncated conical shells (N = 1, 

V = 15 m/s, Wc = 0.5, a* = 0.1, R1/h = 100, L/R1 = 2): a – uniform pores, b – non-uniform pores 
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a b 

Fig. 9 Effect of diameter thickness ratio on the dynamic response of axially moving porous FGM truncated conical shells 

( = /3, N = 1, V = 15 m/s, Wc = 0.5, a* = 0.1, L/R1 = 2): a – uniform pores, b – non-uniform pores 

 

a b 

Fig. 10 Effect of aspect ratio on the dynamic response of axially moving porous FGM truncated conical shells ( = /3，

N = 1，V = 15 m/s，Wc = 0.5，a* = 0.1，R1/h =100): a – uniform pores, b – non-uniform pores 

From Figs. 6 and 7, it can be seen that the peak 

dynamic deflection of shells rises with the increase of ma-

terial composition index and goes down with the increase 

of ceramic material mass composition. 

Fig. 8 shows that the half cone angle has a signif-

icant impact on the dynamic deflection of shells containing 

either uniformly distributed or non-uniformly distributed 

pores. When the pores are uniformly distributed, the peak 

dynamic deflection of the shell decreases by 83.2% as the 

half cone angle increases from /6 to /3. 

Fig. 9 shows that an increase in the diameter to 

thickness ratio causes the truncated shell to become rela-

tively thinner, thereby reducing the overall stiffness of the 

shell. When the diameter to thickness ratio R1/h increases 

from 100 to 110, and then to 120, the dynamic deflection 

amplitude of the shell with uniformly distributed pores 

increases by 52.4% and 48.3%, successively. 

From Fig. 10, it is found that when the length to 

diameter ratio L/R1 rises from 2 to 2.5 and 3, the dynamic 

deflection amplitude of the shell with uniformly distributed 

pores increases by 119.5% and 92.0% successively. This 

indicates that an increase in the length to diameter ratio 

leads to a relatively longer length of the truncated shell, 

resulting in a significant decrease in its effective stiffness. 

4. Conclusions 

Based on an improved mixed law model and clas-

sical thin shell theory, this article establishes the vibration 

equation of axially moving FGM truncated conical shells 

with uniform or non-uniform pores, and the Galerkin inte-

gration method is used to calculate their natural frequency 

and dynamic response under simply supported boundary 

conditions at both ends. The effects of axial motion veloc-

ity, ceramic material mass fraction, porosity, pore type, 

geometric parameters, and other factors on the vibration 

frequency and dynamic response of shells are specifically 

discussed, and from the results following conclusions can 

be drawn. 

1. The increase in axial motion speed reduces the 

effective stiffness of the shell, resulting in a decrease in the 

natural frequency and an increase in dynamic response. 

2. The influence of pores on the natural frequency 

of shells is constrained by various factors, and the effects 
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of porosity size and pore distribution type can neither be 

ignored. The increase in porosity increases the dynamic 

response of the shell, and under the same conditions, the 

dynamic response of the shell with uniformly distributed 

pores is greater than that with non-uniformly distributed 

pores. 

3. The vibration frequency of the shell continu-

ously increases with the rise of the ceramic material quality 

component, and gradually decreases with the increase of 

the material component index. And for shell’s dynamic 

response, these two factors both have the opposite effect. 

4. The vibration frequency of the shell goes down 

significantly with the increase in either half cone angle, 

diameter to thickness ratio, or length to diameter ratio, and 

results in a rise of dynamic response. Therefore, appropri-

ately reducing the half cone angle, increasing the thickness 

of the shell, or shortening the length of the generatrix can 

effectively improve the overall stiffness of the conical 

shell. 
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Appendix B 
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Appendix C 

gijk(1,2,…,8) are parameters and are given below: 
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Appendix D 

aij(1,2,…,4) are parameters and are given below: 
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W. Xiao, S. Liu, X. Huang, X. Wu, X. Yuan 

VIBRATION ANALYSIS OF POROUS  

FUNCTIONALLY GRADED MATERIAL  

TRUNCATED CONICAL SHELLS IN AXIAL MOTION 

S u m m a r y 

In this study, a vibration equation for axially 

moving truncated conical thin shells made of functionally 

gradient materials with uniformly and non-uniformly dis-

tributed pores has been established based on classical thin 

shell theory. The free vibration and dynamic response so-

lutions are obtained using the Galerkin method. The effects 

of axial velocity, half cone angle, ceramic material mass 

composition, material component index, and internal po-

rosity on the free vibration and dynamic response of men-

tioned shells were analyzed and discussed. The results 

show that the increase of axial velocity, half cone angle, 

and material composition index all decrease the natural 

frequency of the truncated conical shell but amplify its 

dynamic response, and the rise of the mass fraction of the 

ceramic material increases the natural frequency of the 

truncated conical shell but reduces the dynamic response. 

The results also demonstrate that compared with 

non-uniformly distributed pores, the effects of uniformly 

distributed pores on the shells’ dynamic responses are 

more evident under axial motion. 

Keywords: functionally graded material, truncated conical 

shell, pore, axial motion, vibration. 
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