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1. Introduction 

The marine stern shaft-bearing systems are the im-

portant part of the power transmission for the ships as it de-

livers torque to propel the ship’s motion [1]. The most sig-

nificant vibration form is the transverse vibration [2], which 

becomes further complicated due to the effect of main en-

gine, propeller and the lubrication bearings [3]. It is unde-

sired that the vibration of the shaft will be enhanced and the 

wear of the bearing may be enlarged [4, 5]. Therefore, the 

vibration reduction of the marine shaft-bearing systems is 

significant for the improvement of service life and transfer 

efficiency [6, 7]. 

The first familiar control method for the vibration 

suppression is passive control method [8]. It is widely ap-

plied as the main control principle is to modify structural 

parameters or add vibration absorption to the system [9]. 

While, the reduction of stiffness and variation of damping 

will be caused, which leads to the applicable frequency 

ranges is limited [10]. The controlled behaviors between 

low and high frequency are much discrepant due to the var-

iable damping [11]. Another usual approach of the vibration 

reduction is semi-active control [12]. It is a parametric con-

trol process that relies on structural response and external 

excitation of the system [7]. The actuator that provides the 

control force only needs a small amount of energy to enable 

it to achieve the optimal value based on the reciprocal rela-

tive motion of the system [13]. But it poses a relative diffi-

culty in the design of semi-active systems and can only re-

alize the control force related to speed. The third commonly 

strategy to reduce undesirable vibration generated by the 

system is active control [14]. It is designed with an appro-

priate force or moment actuator to resist the vibration in its 

direction [15]. The active control can be used for a wider 

frequency range than passive control in many engineering 

applications [16]. However, some of the active strategies 

may induced chattering effect or instability to the system. 

As the high control efficiency of the active control, 

the researches regarding to the marine shaft-bearing system 

have been widely investigated. H. Zheng et al. [17] studied 

the active control for longitudinal vibration of the propeller 

shaft through dynamic interpolation method with control 

force applied to the thrust bearing. X. Xie et al. [18] de-

signed an adaptive control algorithm with active stern sup-

port for the vibration reduction that from the propeller shaft 

to the hull structures. N. Duan et al. [19] analyzed the active 

control on the power source with a control target of acceler-

ation for attenuation of the transvers vibration transmission. 

Although a large number of studies have been carried out, 

there still exists problem to be solved.  

As the vibration control has inevitable influence on 

the transmission reliability of the propulsion system, the 

choice of the control strategy should be more efficiency and 

accuracy [20]. The reasonable structural design of the con-

trolled system and the simplification of the dynamical 

model had significant influence on the vibration reduction 

[21]. The accurate definition and the adjustability of the 

control parameters are important parts [22]. There will be 

differences between the controlled model and the actual sys-

tem, and it is hard to realize expected controlled behavior. 

Given this, the active vibration control of the ma-

rine stern shaft-bearing systems is investigated on the basis 

of LQR strategy. The controlled behaviors and robustness 

analysis are calculated and then compared to that of the pas-

sive control. The effect of damping absorber is explored 

through results discussion with different damping coeffi-

cient. The setting time, overshoot rate and reduction rate 

have also been analyzed with different control weighting 

matrix. Therefore, the vibration reduction of the marine 

stern shaft-bearing systems can be achieved with the pro-

posed LQR strategy. 

 

Fig. 1 Schematic of the marine stern shaft-bearing system and the control system
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2. Methodology 

2.1. Dynamical model of the system 

The schematic of Fig. 1 represents the marine stern 

shaft-bearing system with the controlled system is installed 

closed to the tail shaft. The designed controller consists of 

an adjustable damping vibration absorber and an electro-

magnetic force actuator. The force Fc generated by the actu-

ator is a combination of changeable damping force and elec-

tromagnetic force. The shock absorber is simplified as 

dampers and is placed between the clearance of the shaft and 

the bearing. Here, zr is the disturbance input on the stern 

bearing. 

Considering the generated force from the actuator 

of the controlled system, the motion equation of the marine 

stern shaft-bearing systems can be given on the basis of 

Newton’s second law: 
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where ms, cs, and ks are the mass, equivalent damping and 

stiffness (dampers and springs of the controller) of the 

sprung shaft, respectively. And the mu, cu, and ku represent 

the mass, inherent damping and stiffness of the bearing. The 

Fc is the force of the actuator. The displacement, velocity 

and acceleration of the sprung shaft are zs, żs and z̈s respec-

tively. And that of the corresponding unsprung bearing are 

defined as zu, żu and z̈u. 

After converting the acceleration of the shaft and 

the bearing, the motion equation can be rewritten as: 
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2.2. State space representation 

The state space equation of the dynamic system 

can be expressed as: 

,

,

= +

= +

x Ax Bu

y Cx Du  (3)
 

where x, u and y are the vectors of state variables, inputs and 

outputs, respectively. Combining the dynamical model in 

Eq. (2) and the state space equation in Eq. (3), the values of 

x, u and y can be defined for the elimination of quadratic 

high order terms: 
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where zs – zu is the suspension travel and zu – zr is the sole-

plate deflection, żr is the velocity of the disturbance input.  

The A, B, C and D are the matrixes of systems, in-

puts, outputs and feedforward, respectively. According to 

the structural parameters of the system, the values are de-

fined as: 
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2.3. State feedback control 

The full-state feedback controller has optimal so-

lution for desired pole position in closed-loop system due to 

the state variables is known for feedback. The state space 

matrix x can feed every variable back to the control inputs 

u through the gain of feedback vector K, which is adjustable 

for desired pole value. The system inputs can be rewritten 

as: 

,= −u Kx  (6) 

where K is the gain of feedback vector. 

The state feedback control for closed-loop system 

can be obtained by introducing above equation into Eq. (3): 
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For controllable system, the controllability matrix 

should be full rank and is equal to the number of state vari-

ables of the system: 

( )

2 1 ,

.

n

Rank n

− =  

=

Co B AB A B A B

Co  (8)
 

where, Co is the controllability matrix, n is the numbers of 

state variables. The LQR controller is implemented to the 

system with the matrices are determined to be controllable. 
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2.4. Linear Quadratic Regulator 

The LQR control is a popular kind of state feed-

back control as the control parameters will be weighted on 

the basis of individual desired outcomes. The primary func-

tion is to minimize the cost function J through the calcula-

tion of optimal gain K according to the weighted sum of var-

ious states. The cost function can be given as: 

( )
0

1
2

2

t T T TJ min x x u u x u dt= + + Q R N , (9) 

where, x and u are state variables vector and control input 

vector. The error weighting matrix Q is diagonal positive 

definite form and the control weighting matrix R is a posi-

tive constant. The desired performance will be obtained un-

til suitable results regarding the performance index J 

reached by values adjusting of the matrices.  

Assuming that the Riccati equation can obtain a 

positive definite symmetric matrix, then the LQR problem 

has a solution with negative feedback gain: 

( )1 TR−= +K B P N , (10) 

where P satisfies the Riccati equation: 

1 0T T−+ + − =A PA Q PBR B P . (11) 

Based on Eq. (6), the feedback regulator and solu-

tion to the performance index can be given by: 

cF = −Ku . (12) 

3. Design of active controller 

3.1. Active control systems 

The abovementioned theoretical models and con-

trol methods will be applied into the active LQR control sys-

tem through Matlab/Simulink with the definition of control 

parameters. The block diagrams in Fig. 2 displays the struc-

tures of both the active and passive control systems. Both 

the two systems consist of the models of the control system 

and the functions of subsystems. The models include the dy-

namical model, state feedback and state-space model. 
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Fig. 2 Structure of the control system: a – structure of the controller, b – state-space model, c – calculation subsystem 

It should be pointed out that the discrepancy of the 

active and passive control system is the electromagnetic ac-

tuator. The actuator is only used for active systems and does 

not take into account in the passive systems. It will generate 

force to stabilize the system as the state variables are feed-

backed to control input u through gain K. The disturbance 

input is followed by a first order filter with transfer function 

to convert potential sharp step perturbations into smooth 

edge. The filter is followed by a derivative block for the ve-

locity form of the disturbance input. 

In order to implement the behavior of the state var-

iables in Eq. (4), a state-space block U shown in Fig. 2, b is 

arranged to model the open-loop plant for the analysis of the 

acceleration of the shaft and the bearing. This state-space 

model is a subsystem in both the active and passive control 

systems, respectively. Similarly, a subsystem B displayed in 

Fig. 2, c is applied to calculate the suspension travel and 

soleplate deflection. The results for both the active and pas-

sive system are calculated. 

The results of state variables calculated by the Sim-

ulink model will be inputted into the workspace through the 

workspace block. These workspace blocks will write signal 

data into the module of MATLAB. The simulation time is 

defined as 10 sec with an initial value of 0 is selected. 

3.2. Definition of control parameters 

For the calculation of above-mentioned LQR and 

passive control system, the control parameters of the calcu-

lation are selected to follow the structures of the shaft ex-

perimental platform, which are listed in Table 1 [23]. 

 

 

 

 

b 
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Table 1 

The model parameters for numerical simulations 

Parameters  Values 

Shaft mass ms 1280 kg 

Bearing mass mu 260 kg 

Shaft stiffness ks 1.7×105 N/m 

Bearing stiffness ku 4.6×105 N/m 

Shaft damping cs 2.68×103 N·s/m 

Bearing damping cu 4.62×103 N·s/m 

After attempts to verify non-zero elements in the 

error weighting matrix Q and the control weighting matrix 

R, the final definition is: 

9

7

1 76 10

1 16 10
, 0 01

1

1

.

.
R .

 
 

 = =
 
 
  

Q . (13) 

With the definition of Q and R, the matrix P asso-

ciated with gain K can be obtained through Riccati equation 

in Eq. (11). The gain vector K can be determined by: 

 
5 4 5 32 83 10  3 64 10  1 45 10  1 47 10. . . . =    −  K .(14) 

3.3. Disturbance of excitation 

The disturbance of excitation on the supporting 

bearing is caused by various hull deformation, which usu-

ally induced by different forces on the ship structure. This 

disturbance input applied in the control system is obtained 

through experiments of a shaft platform as shown in Fig. 3, 

a. The shaft platform is composed of main engine, shaft sys-

tem, support bearings and propeller.  

 

a 

 

b 

Fig. 3 Diagram of shaft experimental platform (a) and the 

disturbance data obtained by experiment (b) 

During the experimental process, the shaft is in a 

horizontal state and only acted upon by gravity. The torque 

of the main engine and rotation speed are defined as 184.8 

Nm and 100 rpm. The torsional detection instrument (B&K 

2523) is installed to test the torque and the rotational speed 

sensor (B&K MM0024) is placed for the velocity. The tri-

axial accelerometer sensor (B&K 4535-B-001) is applied 

for data acquisition of the supporting bearing. The data from 

10 seconds of stable operation are selected as the disturb-

ance input to the controlled system. The results in Fig. 3, b 

displays the transverse response of the bearing with disturb-

ance input. The higher frequency vibration characteristics 

that may induced by the effect of resistance or damping can 

be ignored. It can be found that the amplitude of the re-

sponse is close to 0.0166 m.  

4. Results and analysis 

The controlled behavior of the active and passive 

control system will be compared. The behavior specifically 

includes time response of suspension travel zs – zu, soleplate 

deflection zu – zr, sprung shaft z̈s and unsprung bearing z̈u. 

Moreover, the robustness analysis is analyzed with a dis-

turbance of pulse width modulation. The influence of the 

shock absorber damping on the behavior is evaluated and 

investigated. 

4.1. Controlled behavior 

The results in Fig. 4 shows the controlled behavior 

of both the active and passive system. Fig. 4, a indicates the 

effect of active system in regards to suspension travel zs – zr, 

comparing to passive system. The largest displacement is 

about 0.01 m for the active control, while that of the passive 

control is close to 0.03 m. It shows an overshoot of about 

0.02 m in contrast to the passive control system. Similarly, 

the it can be seen from Fig. 4, b that the soleplate deflection 

zu – zr of the active system is basically smaller than that of 

the passive system in general, except for a certain larger 

value. It can be seen from Fig. 4, c that the acceleration of 

the sprung shaft z̈s with the actuator implemented is superior 

to that of the passive system. The maximal value of the ac-

celeration in the active system is about -3.53 m/s2 and it is 

about -3.69 m/s2 in the passive system. Similarly, the accel-

eration of the unsprung bearing z̈u in Fig. 4, d also shows 

noticeable advantages of the active control over the passive 

control. 

The results indicate that the control goal for the 

marine stern shaft-bearing systems is achieved within a rea-

sonable time interval. The vibration amplitude can be re-

duced and the irregular movements can be prevented with 

both active and passive control. And the amplitude is found 

to be more optimized as the LQR active controller is ap-

plied, comparing to that of the passive system.  

Fig. 5, a show the displacement comparison of 

sprung shaft, unsprung bearing and track disturbance in the 

active system with LQR control implemented. The ampli-

tude of the shaft and bearing is 0.0126 m and 0.0148 m, 

which is a reduction rate of 24.1% and 10.8% relative to the 

track disturbance, respectively. Similarly, the comparison of 

the passive system in Fig. 5, b shows that the maximal value 

of the shaft is much larger than the track disturbance, while 

that of the bearing is slightly smaller than the disturbance. 

The reductions rates are about -100% (0.0332 m) and 22.9%  
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Fig. 4 The controlled behavior with active and passive sys-

tem: a – suspension travel zs – zu, b – soleplate deflec-

tion zu – zr, c – sprung shaft z̈s, d – unsprung bearing 

z̈u  

(0.0128 m), which indicates the shortage of passive system. 

It can be found that the active system with LQR control is 

able to reduce the displacement for both sprung shaft and 

unsprung bearing, comparing to the passive system. Signif-

icant improvement is demonstrated in providing more suit-

able transmission for the shaft. 

b

a
 

a 

b

a

 

b 

Fig. 5 Comparison of the sprung shaft, unsprung bearing 

and track disturbance: a – active system; b – passive 

system 
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Fig. 6 Comparison of generated force and the disturbance 

The advantage of active system is the electromag-

netic actuator, which resists undesired vibration of the sys-

tem. The response in Fig. 6 displays the generated force Fc 

from the actuator and the disturbance input. It can be seen 

that the response of the actuator is stable and gives an ac-

ceptable response to the disturbance in its original form. The 

motion of the generated force is in the opposite direction of 

the disturbance, which can judge the effectiveness of the ac-

tuator in active system. 

4.2. Robustness of controlled system 

The robustness is the ability to reach the control 

objective in spite of variations in model parameters and dis-

turbance inputs. The changes may be more serious and per-

haps unimaginable in actual operation for the insurance of 

constant stability margin. To study the robustness of the pro-

posal, a disturbance input with a pulse width modulation and 

attributed to square wave pulses at 6s intervals is applied. 

The pulse width is 50% of the period with a phase delay of 

0.1 s. The amplitude is defined as 0.01 m and the motion  
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Fig. 7 The controlled behavior with active and passive sys-

tem: a – suspension travel zs – zu, b – soleplate deflec-

tion zu – zr, c – sprung shaft z̈s, d – unsprung bearing 

z̈u 

period is set as 3.0 s. 

The displacement of the suspension travel and 

soleplate deflection, and the acceleration of the sprung shaft 

and unsprung bearing are shown in Fig. 7. The system ex-

periences oscillations in the period of initial time and then 

stabilizes gradually to zero in the rest of time. The controlled  

b

a
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b
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b 

Fig. 8 Comparison of the sprung shaft, unsprung bearing 

and track disturbance: a, active system; b, passive 

system 
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Fig. 9 Comparison of generated force and the disturbance 

amplitudes of the active system are found to be optimized, 

as predicted in Fig. 4. The overshoot with the application of 

the LQR control is noticed to be about 20% less than that of 

the passive system, especially for the displacement of sus-

pension travel in Fig. 7, a and the acceleration of bearing in 

Fig. 7, d. It can be found that the settling time of the active 

system is significantly shortened, comparing to that of the 

passive system. The settling time is about 0.8 s with the im-

plement of the LQR control, while it is much hard for the 

passive system to stabilize over the period of 3 s. It indicates 

a faster response of the active system to reach stable with 

more considerable quality. 

It can be found in Fig. 8, a that the overshoot rate 

of the sprung shaft and the unsprung bearing is about 10.1% 

and 18.2%, respectively. Both the shaft and the bearing of 

the active system reach steady state in close to the same time 

frame. The settling time of the shaft has considerably re-

duced to 0.81s and that of the bearing is about 0.71s. How-

ever, Fig. 8, b indicates that the overshoot rate of the passive 

system improved noticeably, which is about 92.9% and 

26.2% for the shaft and bearing. 

The force Fc generated by the actuator of the active 
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system is shown in Fig. 9. It can be noted that the direction 

of motion is opposite to that of the disturbance input. The 

direction of the pulse variation is also opposite to the over-

shoot direction of the active system in Fig. 8, a to ensure the 

stability of the motion. And the value of the generated force 

trends to be zero as the system is controlled without fluctu-

ations. 

4.3. Influence of the damping 

To investigate the influence of adjustable damping 

shock absorber on the controlled performance, the response 

of sprung shaft zs, unsprung bearing zu and actuator force Fc 

are selected for the comparison. The damping coefficient of 

the shock absorber is defined as cs  0.1, cs and cs  10 re-

spectively. 
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Fig. 10 Results comparison with various damping: a – 

sprung shaft, b – unsprung bearing, c – actuator 

force 

The result in Fig. 10 shows the comparison of con-

trolled behavior with different values of active control 

damping. It can be seen from Fig. 10, a that the overshoot of 

the shaft is enlarged with the increase of damping. The over-

shoot rate for the shaft displacement is 9.9%, 10.1% and 

15.5% with the damping ranges from cs  0.1 to cs  10. 

Similarly, the overshoot rate of the bearing is increased by 

18.3%, 18.2% and 29.9%, respectively. It indicates that a 

better controlled behavior of system can be achieved with 

smaller damping. On the contrary, Fig. 10, c displays the 

actuator force decreases with increasing damping. The spe-

cific values are 1417.8 N, 1305.4 N and 1048.6 N with 

damping is cs  0.1, cs and cs  10 respectively. This is be-

cause of the electromagnetic actuator is applied to resistance 

the undesired vibration of the system. It needs the largest 

value for the force to control the displacement of both the 

shaft and the bearing to be the smallest. The damping can be 

adjusted to suitable value ranges through the actuator force 

for better control behavior. 

The analysis produces similar results and demon-

strate very slight change in the controlled performance with 

variable damping. Moreover, it shows that the active system 

with LQR control strategy has good robustness and can 

adapt to variations of model parameters. 

5. Discussion 

As the controlled behavior and robustness analysis 

of the LQR control have been studied. It should be pointed 

out that the control weighting matrix R has significant influ-

ence on the controlled property. To search the suitable value 

ranges, the controlled behavior with different matrix R are 

compared. The comparison includes the performance of set-

ting time, overshoot rate and reduction rate. The specific 

data is listed in the following Table 2. 

Table 2 

Results comparison of various control weighting matrix R 

Parameter Values Reduction 

rate (%) 

Overshoot 

rate (%) 

Settling 

time (s) 

R0.1 
Shaft 28.9 5.3 0.86 

Bearing 8.1 28.1 0.79 

R 
Shaft  23.8 10.1 1.23 

Bearing 10.9 18.2 1.16 

R10 
Shaft 5.3 32.6 2.40 

Bearing 8.5 16.8 2.31 

 

The reduction rate of the shaft changes from 28.9% 

to 23.8% and then significantly to 5.3% with increasing con-

trol weighting matrix. While, the reduction rate of the bear-

ing increases slightly from 8.1% to 10.9% and then de-

creases to 8.5%. It demonstrates that the reduction rate of 

the shaft is more sensitive to the control weighting matrix, 

especially with larger values of the matrix. While, it is inter-

esting to find that the overshoot rate of the shaft changes 

gradually from 5.3% to 10.1% and then to 32.6% with the 

increase of the control weighting matrix. On the contrary, 

the overshoot rate of the bearing is found to decreases rap-

idly from 28.1% to 18.2% and then to 16.8%. It gives a 

choice to define the value of matrix quantitatively according 

to the control target. It can be noticed that the settling time 

for both shaft and bearing are enlarged with increased ma-

trix. The settling time for the shaft changes from 0.86 s to 

1.23s and then hastily to 2.40 s, and that of the bearing is 

0.79 s, 1.23 s and 2.31 s, respectively. It means that the set-

tling time will be more satisfied with smaller control 

weighting matrix. 

As can be seen, the controlled behavior usually re-

mains the performance in spite of changes in the control pa-

rameters. The results show that the LQR method performs 
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better as the control parameters are exactly accurate. There-

fore, it is important to adjust the control parameter based on 

the response to obtain better performance. 

6. Conclusions 

In this paper, an active LQR control for vibration 

reduction of the marine stern shaft-bearing system is pro-

posed. The displacement of suspension travel and soleplate 

deflection, as well as the velocity of shaft and bearing is in-

vestigated. The robustness is analyzed with a pulse disturb-

ance to study the maintenance of stability margins. The ef-

fect of damping absorber is explored through results discus-

sion with different damping coefficient. The control 

weighting matrix is proved to be significant for setting time, 

overshoot rate and reduction rate. Three detailed conclu-

sions can be given: 

First, the active control with LQR strategy is appli-

cable for the vibration reduction of the marine stern shaft-

bearing systems and is more superior to the passive control. 

Secondly, the controlled behavior includes reduction rate, 

overshoot rate and setting time will be more superior with 

the definition of optimal control parameters. Finally, the 

controlled behavior of the marine stern shaft-bearing system 

will be more satisfied with smaller damping and control 

weighting matrix, especially for the shaft. 

In future work, more control strategies will be pro-

posed and compared for the vibration reduction of the ma-

rine stern shaft-bearing systems. 
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Q. Huang, Q. Hu, H. Liu 

ACTIVE CONTROL FOR TRANSVERSE VIBRATION 

OF THE MARINE STERN SHAFT-BEARING SYSTEM 

WITH LQR STRATEGY 

S u m m a r y 

The vibration control is essential to suppress am-

plitude and improve efficiency for the marine stern shaft-

bearing systems. An active controller for transverse vibra-

tion is proposed by a combination of damping absorber and 

electromagnetic actuator with LQR strategy. The controller 

is designed with control methods, the parameters are defined 

based on the system and the disturbance input is obtained 

from experiments. The displacement of suspension travel 

and soleplate deflection, as well as the velocity of shaft and 

bearing is investigated. The robustness is analyzed with a 

pulse disturbance to study the maintenance of stability mar-

gins. The results demonstrated that the controlled behavior 

of the LQR strategy is preferable to that of the passive con-

trol. Moreover, the effect of damping absorber is explored 

through results discussion with different damping coeffi-

cient. The control weighting matrix is proved to be signifi-

cant for setting time, overshoot rate and reduction rate of the 

controlled behavior. A smaller damping coefficient and con-

trol weighting matrix are demonstrated to be more satisfied 

for the control objectives. Therefore, the vibration reduction 

of the marine stern shaft-bearing systems can be achieved 

with the proposed LQR strategy.  

Keywords: active control, transverse vibration, marine 

shaft-bearing system, LQR strategy, robustness analysis. 
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