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1. Introduction

The rotation coupling in space lead to many diffi-
culties to dynamics modeling for multi-body system.
Firstly, the rotation coupling in space make kinematics rela-
tion with strong nonlinear character. Secondly, the triangle
expression of rotation makes the kinematics and dynamic
equation with long and complex expression, which is not
suit to the programming realization and difficulty to be
solved. The classical multi-body dynamics modeling meth-
ods base on topology relation and Newton mechanics, which
are convenient for the multibody system in planar, but for a
multibody system in space, the attitude transformation and
vector relation become abstract. So, the method which don’t
need space analysis seems more suit to complex system dy-
namics modeling, like the Lagrange or Hamilton methods.

The computational geometry mechanics method
which is represented by Lie group variational integrator of-
fers a new way to the multi-body dynamics modeling. With
the Lie group and Lie algebra theory, the relationship be-
tween rotation angle and attitude is established by the expo-
nential mapping. The dynamic equation is obtained by the
variation to attitude matrix, which avoid the complex trian-
gle transformation. With Legendre transformation, the
Hamilton equation use momentum as parameter, so the dif-
ferential calculation to it is also avoided. The dynamics
equation is simplified further.

In recent years, the main results of geometry me-
chanics exploration are as follows. Ding [1] explored the
implicit solution method for the multibody dynamics system
with Lie group theory, and the constraint violating problem
is avoided. Chen [2] explored the multi-symplectic Lie
group variational integrator of flexible multibody system,
the dynamics model of flexible body is built on SE(3).
Celledoni [3] explored the Lie group variational integrator
of multi-stage spherical pendulum in space, and the geome-
try dynamics modeling and motion planning method for
UAV is also researched. Muller [4] explored the Lie group
structure of time derivatives of equations of motion and the
compact equation which is easily to be parameterized is ob-
tained. Li [5] explored the friction contact problem, which
is expressed as a horizontal linearity problem and implant
into the Lie group variational integrator structure. Paz [6]
used the Lie algebra and multi linear operators to recursively
explore the sparsity characters in linearization problem.
Muller [7] obtained the kinematics and dynamics model of
parallel mechanism with Lie group method, and the invari-
ant frame of Lie group is used for modular modeling. Hong
[8] built the geometry dynamic model of multirotor aerial
vehicle with Lie group method, which include all masses,
inertias, rotor thrust forces and moments and external aero-
dynamic of the MAV body and rotors. Muller [9] proofed

the right-trivialized differential of the exponential and Cay-
ley map and their directional derivatives, and a generalized-
alpha scheme for rigid/ flexible multibody systems in terms
of the Cayley map with improved computational efficiency
is also derived out. Bai [10] built four types of Lagrange
equations and four types Hamilton equations of double pen-
dulum in space, and the computation characters in long time
simulation is compared. Tang [11] proposed a modified ex-
tended Lie-group differential algebraic equation method for
solving index-3 Hessenberg-DAEs which exhibits a com-
petitive performance in terms of high accuracy and the
preservation of algebraic constraints. Fang [12] verified the
half-implicit Lie integrator allows a more straightforward
formulation of DAEs and the Jacobians and leads to faster
convergence in friction and contact problem. Rousso [13]
built the kinematics and dynamics equation of space manip-
ulator on the Special Euclidean group SE(3), and the input-
output linearization of the system is performed on
the Lie algebra se(3). Holzinger [14] used Lie group time
integration methods to compute consistent updates for the
rotation vector or the Euler angles in each time step, the ac-
curacy is higher as compared to the direct time integration
of rotation parameters. You [15] explored the corotational
frame method on SE(2) and verified that the frame invari-
ance brought by SE(2) is valuable for improving computing
efficiency. Rong [16] built a Lie group SE(3) extension of
the generalized-alpha time integration method to solve the
equations of motion for thin-walled beams in space. Rousso
[17] developed a novel feedback linearization technique
with Lie group SE(3), and a PID controller involving a co-
ordinate-free pose error function on SE(3) and velocity error
on Lie algebra is also built. Flatlandsmo [18] deploys the
moving frame method for crane motion with Lie group the-
ory and the work of Elie Cartan.

For the multibody system in space, the system
which include three rotations along three axes is most rep-
resentative. This exploration begins with the Candan rota-
tion, and the mechanism which include three rotation cou-
pling is designed. The kinematics and dynamics model are
built by Lie group variational integrator, and the dynamics
model is simulated at last. This exploration offers a effective
exploration for the geometry method using in the multibody
dynamics modeling which include different structures rota-
tion matrix coupling.

2. Cardan rotation and mechanism realization

The Cardan rotation is expressed as in Fig. 1, the
inertial frame is OyX,Y,Z, , OyX,Y,Z, i obtained by rotate
O,%,Y,2Z, along the axisO,z, with &, on anticlockwise di-
rection, so O,z, O,z,are coincide together during rotation.



The second step is rotating O, x, y,z, along O,y, on the anti-
clockwise direction with 8, to obtain O,x,y,z,, Oy, and
O, Y, are coincide. The third step is rotating O,x, y,z, along
O,x, on the anticlockwise direction with the angle 8, O,x,
and O,x, are coincide. From the above rotation relation

process, the Cardon angle has the following characters when
it is used to describe the rotation in space. Firstly, the latter
rotation base on the new coordinate which is obtained by the
former rotation. Secondly, the rotations must obey the se-
guence as z, Y, X, the orthogonality relation is guaranteed
during the rotation. Thirdly, the centers of the rotations are
coinciding together. The schematic diagram of mechanism
of three axis rotation platform which obey the upper three
characters is as Fig. 2. The mechanism has four parts, part 0
is the base frame, part 1 can rotate long the vertical axis of
part O, part 2 can realize pitching rotation relative part 1, and
part 3 can realize yawn rotation relative to part 2. The cen-
ters of three rotations are coinciding at point B. So, the rota-
tion of part 3 can have three degrees of freedom rotation
along B in space.
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Fig. 2 The mechanism of Cardon rotation realization

The attitude expressions of each parts are as fol-
lows. Supposing that the rotation angles of yaw, pitch, roll

are 6,,6,,6, , rotation matrix are R, (6,),R,(6,),R (6;)
respectively. The corner marks of R represent the rotation

axis in its own body coordinate. The rotation of each body
is analyzed as follows. The horizontal rotating table have
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one degree of freedom which means R, = R, . The pitching

table is rotate along the y axis of the horizontal rotating ta-
ble, so the attitude matrix of pitching table is the combina-
tion of two rotating matrix, which means R, = R R, . Simi-
larly, the attitude of rolling table is the combination of the
former two rotation and its own rolling rotation, which
means R, = R,R R, . From the above analysis, under the
driven by three motors, the platform connects with the roll-
ing table realize the 3D rotation in space which can be ex-
pressed by the Cardan angles. The concrete expressions of
attitude matrixes R,R R, are as in Eq. (1). In the above

derivations, R,,R,,R, are the absolute rotation of rigid
bodies, and R,, R, R, represent the relative rotations.

cosg, -sing, 0
R,(6)=|sing, cos¢ 0],
0 0 1
[ cos®, 0 siné,
R(6)=| 0 1 o0 |
| —sind, 0 cosé,
(1 0 0
R.(6;)=|0 cos@, -sing, |. 1)
|0 sind, cosé,

3. Kinematics analysis

In actual engineering design, the structure of each
body in multibody system always asymmetry, because the
design idea and environment condition. So, the mass center
position vector doesn’t coincide with the rotation axis. Ac-
cording to Fig. 2, a structure design of 3D platform is as in
Fig. 3. The pitching driving motor is connecting with the
pitching axis by gear, which makes the structure more com-
pact. The inertia parameters of each part of the system can
be obtained directly from the model of the platform. The
main parts and their parameters of the system are as in
Fig. 4. Supposing that the distance between point A and
point B is |, ,as in Fig. 3, so the position vector of point B

relative to A is I, = le,,e, =[0;0;1] which means the posi-
tion is along the z axis. The pose vector of the mass center
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Fig. 3 The 3D rotate platform
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Fig. 5 The topology relation of the system

of table 1 (Horizontal rotating table) in its own body coor-
dinate is p1, the distance from B to C is I,, so the position

vector of C relative to B is I, = Le, in its own coordinate,

the position vector of table 2 (Pitching table) mass center is
P2, the position vector of the mass center of table 3 (Rolling
table) is ps. The concrete position of mass centres and their
position vectors are expressed in Fig. 4. The topology rela-
tion of the whole system can be expressed as in Fig. 5.

With the above attitude relation, the kinematic re-
lation of each body in space is derived as follows. The kin-
ematics analysis includes the pose and attitude of mass cen-
ters, the velocities and accelerations, which offers the basis
for the following dynamics modeling. According to the to-
pology relation in Fig. 5, the position vectors of three tables’
mass centers in the inertia coordinate is as in Eq. (2)

S=a, stsﬂ+wz2stsssﬂ!
+a,R R,S

y "z

) +a)§RZR

5,=a,R,S;(le; +R,p) ,

\R.R,R S, +a,R,R
+o0;R,R,S,S,(lLe, + R p)+ iR
+2w,0,R,S;R, R, S, p, + 20,

z70x 23ty T X

S, (R.I; +1,8;)+2,R, S, (1
,R,R

o,R,R S,R S p,.

y“x Nz

5=« y
X
y
From the above analysis, the kinematics relation

with the relative rotation matrix has a complex structure,
which bring difficulties in following dynamics modelling,

S,.S.p+ 2|2a)ya)Z R,S;R, S, +20
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s =R.p,
$; =R, (Iles + Ryl’z) =LR.e;+R,R p,,
s; =R, (Le;+R, (Le, +R,p, ) =

=1,R,e; +,R,R & +R,R R p;. )

The velocities relations are derived as follows. The
first-order derivatives of relative rotation matrixes R,R R,

satisfies the following characters, as in Eq. (3):
I:'Qz (81) =o,R, (61)8(63)’
I:-zy (92): o,R, (HZ)S(EZ)'
R, (6;)=w,R,(6,)S(e,).

®)

In Eq. (3), the concrete expressions of S (e, )are

as follows:
0 -10 0 01
S(e;)=[1 0 0[,S(e,)=| 0 0 O,
10 0 0] -1 00
[0 0 0]
S(e,)=|0 0 —1|.
010

) Take deri_vation to Eq. (2), the velocities of mass
centres are as in Eq. (4)

SIZRZA'
S'ZZIlRZe3 + RZRypzZ + RZRypZ,
$;=LR,e, +,R,R e, +1,R,R e, +

+RZRYRXQ+RZF'Q),RXQ+RZRVRX/%. (4)

Then substituting Eq. (3) into Eq. (4), the mass
centre velocities as in Eq. (5):

S1:(02 Rz SSH'

$,=ho,R,S;e;+o,R,S;R p, +®,RR S

y oy

2Py
$=ho,R,Se; +1L,0,R,S;Re +,R.R € +
RR

+a)ZRZS3RyRX,q+a)y : ySsz/%"'wazRnySM%- (5)

Take derivation to Eq. (5), the accelerations of
mass centres are as in Eq. (6):

S,S,p +®’R,S,S, (Ile3 + Rypz)-i- 20,0,R,S;R,S,p,,

& +R R I +1,R e )+o'R,S;S(L,R e, +he; +R R, p )+
o,R,S;R S,R p, +

2%y

(6)

the motion of the bodies is expressed by absolute attitudes
in space, the absolute mass centre positions are expressed as
in Eq. (7):

so0 some new expression methods should be considered. If
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s, =R,
s, =lRe;+R,p,

s; =L Re; +1,R,e, + Ryp,. (7

Supposing that the absolute angular velocities of
body 1, 2, 3 are w1, w2, w3 respectively. The velocities of
mass centres are as in Eq. (8):

$=RS(a)a,
$, =LRS(@)e; +R,S(@,)p,

$; =LRS(®)e; +,R,S(w,)e, +R;S(@;)p.  (8)

Similarly, the accelerations which expressed by
absolute rotation matrix are as in Eq. (9):

§=RS*(@)a+RS(a)m.

§, =,RS*(w)e; +LR;S (e ), +
+R,S%(@,)p, + RS (@,) o,

5 =I1R182(w1)e3+|1R18(a1)e3+
+,R,S% (@, )€, +1,R,S (@, )&, +

+R;S% (@) p + RS () . 9)

The relations of absolute and relative angular ve-
locities are derived in following. According to R1=R;, so
the absolute angular velocity of body 1 in space is

o, = 0,e, = w,e, . According to R, = R, Ry, the derivation of
itisasin Eqg. (10):
R,=R,R, +RR, =
=R,S(®,)R,+R,R S(m, )=
=R,R,R/S(@,)R, +R,R S(m,).

2oy

(10)

According toS(RTx): R'S(x)R, Eq. (10) can
be simplified as in Eq. (11):

R, =R,R,S(Rje;0, ) +R,R S (0, )=

=R,R,S(Rjes0, +€,0, ). (11)

So w, =w,Rje, +w,e, . Similarly, the absolute
=R,R,R,. Take deri-

7' Ny N

rotation matrix of the platform is R,
vation to it and the result is as in Eq. (12):

R,=R,R,R, +R,RR +R,RR, =
T
= RZRYRXS(a)Z(RyRX) e, +o,R,e, +a)xe1). (12)
So @, =, (R,R, )T e, +o,R,e, +a,e, Accord-

ing to the expressions of w,,®,,®,, the angular accelera-
tions of each body are as in Eq. (13):
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a, =Q,t;,
®,S,R!

_ T
a, =a,Re;—0,0,5 R e +ae,,

R,S,R

aazaZ(RyRX)Te3+a)ya)z( Sy X)Te3+

R,R,S

T
T
+a)xa)z( Ry x) e3+05yRx e,—

-0,0,S, R'e, +a,e,. (13)

4. Dynamics Modelling

There are three rigid bodies in the above platform
system. Each motion is the combination of the mass centre
movement and the rotation along the mass centre. For con-
venient, the base points of each body are coinciding with the
hinge joint of the body connects with the upper stage body.
In this platform, all of the bodies are rotating along the point
B in space. The motion of each body is divided into two
parts, the movement of the mass centre and the rotation
along the mass centre. The Lagrange function need to be
built firstly. Supposing that the masses of three bodies are
m1, My, M3 respectively, and the moment of inertia are J1, Ja,
Js. The Lagrange function of the system is as Eq. (14):

leéwTJaH%STMS—gETMs. (14)

The elements in Eq. (14) are written as matrix type as fol-
lows, which makes Lagrange function simple:

Ji 055 0Oy %)
J=10y; J, Oy @=|®,|,
O35 0gs  J5 @3
Ml Oy 03,5 €3 ' S,
M=l 0y mly; 05 [E=|ey| s=15s,
0.5 Ops  Mslys €3 S;

The dynamics model of the system is derived as
follows. Taking variation to the angular velocity and the re-
sults is as in Eq. (15):

5,L=D,L(R,0) 0. (15)

According to the kinematics relation in Eg. (8), Eq.
(15) can be written as Eq. (16):

D,L(R,@)=(Jw) so+(Ms) &5. (16)

; T
According to o, =w,e, , @, =w,Re;+wge, ,

.
@, = o, (Ry RX) e,+o,R'e, +w,e, the variation relation
of absolute and relative angular velocity is as Eq. (17):

Sw = Q,6a . 17)

INEq. (17), @ = [@,; ®,; @, ]is the absolute angular velocity
vector, and @ is the relative angular velocity vector. The

concrete expressions of middle parameters in Eq. (17) are as
follows:



€; O30 Oy ow,
Q= Rje, e, 0, | o, =|d0,|
ow,

(RyRX)T e, R'e, ¢

Take variation to $, and the result is as Eq. (18):
58,

3§=16%, |=—Q,0m .
58,

(18)

In Eqg. (18), the middle parameter Q, is as follows:

RS (ﬂ) 035 035
Q, =|LRS (63) st(pz) 03,5
LRS(e;) L,R,S(e,) R;S(m)

Substituting Eq. (17) into Eq. (18), and the result is as
Eg. (19):
0$=-0Q,Q,0m. . (19)
According to Hamilton theory the variation of an-
gular velocity to Lagrange function equal to the angular mo-
mentum of the system, as in Eq. (20):
II = DwL(R,a)). (20)
Substituting Eq. (17) and Eqg. (19) into Eq. (16), and the rel-

ative momentum which expressed by the relative angular
velocity is as in Eq. (21):

I :((Jw)T Q —(Ms)' Qle)T _

=Q' (Jo-Q," Ms). (21)
The absolute momentum of the system which ex-
pressed by the absolute angular velocities is as Eq. (22):
T
m=((J0) (M) Q) =Jo-Q,'Ms.  (22)
In space rotation, the inertia moment also includes
the coupling part which expressed by the angular velocity
and angular momentum, as Eq. (23):
ad,-D,L(R,®)=S(w)-D,L(R,®). (23)
If the joint rotation has a single freedom, the coupling part
satisfy the following character as in Eq. (24):
ad,-D,L(R,®)=0. (24)
So, in the 3D table, if the rotation of the rigid bod-
ies is expressed by relative angular velocity wc, Eq. (24) is
satisfied, if the absolute one as w, Eq. (23) is satisfied. Sub-

stitute Eq. (22) in to Eq. (23), the coupling part under the
absolute one is as Eq. (25):
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ad;,-D,L(R,®)=S(0)-(Jo-Q,"Ms). (25)
In Eq. (25), S(®) is the combination of skew matrixes
which is expressed as follows:

)

S()

S(e,
03><3
03><3

At last, the inertia moment which lead by the po-

tential energy is as follows. Take variation to R in Lagrange
function L, the process is expressed as Eq. (26):

SzL=DgL(R,®)-7. (26)

In Eq. (19), is a row vector, take transposition to it,
as in Eq. (27):

T, Ly -DrL(R,@) = (DgL(R,@)) . @7)

According to Eq. (14), the variation to L, the result is as Eq.
(28):

DiL(R,@)-n=(J0) 5.0+

+(M$) 5,8-gE"Mé,s. (28)
Solve 6@, 558, J; S respectively. Take variation to

rotation matrix and angular velocity, and the results are as
in Eqg. (29) and Eq. (30):

SR, =R,S(e;)7,,

SR, =n,R,S(e;)R, +7,R,R,S(e,),

SR, =7,R,S(e;)R,R, +7,R,R,S(e,)R, +
R,R,S(e,),

+1,R, Ry Ry (29)

0@ =Qu11; . (30)

The expressions of middle parameters of Q, and 7. are as
follows:

03><l 03><l O3><l
Q; =| 0y -o,S (ez) R; €; 0z )
o,(R,R,S(e)) e
0 ,(R,S(e)R, )T e, vV Tl *
-o,S(e,)R,e,

77C :[772; Uy; nx]
Take variation to the velocity of mass centre, as in Eq. (31):
S =-Q,7c _Q25Ra’=_(Q4 +Q2Q3)’7c . (31)

The expressions of middle parameters of Q, is as follows:



11
4 03><1 03><l

A2 22

Q, =|Q, s O |
31 32 33
4 7l 4

RS(e;)S(a)@r,

R S(e)(LS(e;)m +R,S(p)@, ),

RS (e)
(Ils(ea)a)1+|2RyS(el)a)2+RyRXS(Q)%),
=R,S(e,)S(p)@,,

= R,S(e,)(1,S(e))w, +R,S(p)m,),
=R;S(e,)S(p)@,.

Take variation to the displacement vector of mass
centre, and the result is as Eq. (32):

0rS = Qstc - (32)

The expressions of middle parameters of Q. is as
follows:

Qsiy O3y 0Oy
Qs =|Qsn Qs Oy |,
Qssi Qs Qs

Qs = R,S(&3) A,

Qs = R, S(e5)(le; + Rypz)

Qs = R, S(e5)(hes +1,Re, +R R,
Qe =R,S(€;) 2,

Q. =R S(ez)(lze )

Qsss = RiS (&) -

According to Eq. (30), Eg. (31) and Eq. (32), the inertia mo-
ment lead by gravity is as in Eq. (33):

T, Ly -DeL(R,0) =
=Q, Jo—(Q, +Q,Q,)" Ms—gQ,” ME. (33)

When the system is expressed by absolute rotation, the iner-
tia moment can be written as in Eq. (34):
T, Ly - DrL(R,@)=(MS) 58— gE"M&,s.  (34)

Take variation to the position vector of mass centre, and the
result is as Eq. (35):

OrS; m
OgS=|0gS, |=—Qn=-Q,(m, | (35)
OrS; n;

Take variation to velocity vector of mass centre, and the re-
sult is as Eq. (36):

5R S-l
5a8= 555, |=—-Qen - (36)
é‘R S-3

The middle parameter Qs is expressed as follows:

R1S(S(w1)ﬂ) U U
Q= |1R15(S(w1)es) st(s(wz)pz) U :
LRS(S(@)e;) LR,S(S(@,)e) RS(S(ey)m)

According to Eq. (35) and Eq. (36), the inertia moment un-
der the absolute rotation is as Eq. (37):

T. Ly -DrL(R@)=0Q," M E -Q; M5 . (37)

The dynamics equation of the system is as Eq. (38):

%D L(R.w)-ad’,-D,L(R.w)-
T, Ly - DaL(R,@) =0. (38)

If the system is working on planar, the dynamics
equation can be simplified as Eq. (39):

%D L(R,@)-T, Ly -DyL(R,®)=0. (39)

From Eg. (38) and Eq. (39), if the dynamics equa-
tion of the system is expressed as the Lagrange type, the dif-
ference derivation is needed to the concrete expression of
momentum, which will lead to the complexity of the system.
So according to the Legendre transformation, the momen-
tum can be used as a variable of the system, which can re-
duce the complexity of the system obviously. So according
to Eq. (16), Eq. (22) can be transformed to be a dynamics
equation with the Hamilton type, as in Eq. (40):

IT-ad, 17T, L, -DL(R,®)=0. (40)

According to Eq. (40), the dynamics equations
which express by absolute and relative parameters are as
Eq. (41) and Eq. (42) respectively:

1'7+(S(H)—Q6TMQ2)a;—gQ2TMTE =0,
7=(3+Q,'MQ,)w, (41)

(@190, +(Q, +Q,Q.)" MQQ e +
+0Q," ME =0,
I, =Q (J+Q, MQ, ) Q. (42)

According to Eq. (41) and Eq. (42), the Lagrange
dynamics equation which expressed by the angular velocity
is transformed to be the Hamilton dynamics equation, and
the momentum is used as the variables. For the difference
calculation is not needed in the Hamilton equation, the com-
plexity of the system is reduced, which is convenient to the
realization of programming.



For the multibody system in planar, the rotation
coupling relation can be expressed as absolute and relative
types which has same complexity. However, for the multi-
body system in space, this equal relation is not suit. Com-
paring Eqg. (41) and Eq. (42), the dynamics equation with
absolute parameter is more simple than relative one, but the
motion relation is destroyed in the absolute one. As in
Eqg. (41), the rotation matrix and angular velocities of each
body has the same structure, which is different with the ac-
tual motion. The absolute and relative type dynamics equa-
tions of multibody system with different rotation structures
in space are essentially different, which is the most obvious
characters distinguish with the system in planar. As sum-
mary, when the rotation axis of joint in multi-body system
has different rotation directions, the rotation matrix has dif-
ferent structures, so the absolute expression is not suit to use
in the dynamics modelling.

5. Numerical computation

The computation of dynamics equation of the
multi-body system is based on the combination of dynamics
equation and the kinematics equation. The equation is an or-
dinary differential equation, and the number of the variables
equal to the number of dimensions. Under the frame of Lie
group and Lie algebra expressions, the kinematics equation
has two expression types, the first is Lie group one which
using the attitude matrix as parameter, the second is the Lie
algebra one, which use the rotation angle as the parameter.
The angular velocity @ in Eq. (42) can be replaced by the

expression of 7. .The kinematic equation of the system can

be written as Eq. (44), and the concrete expressions of R
and S (w) are as follows:

R. =R.S (o). (43)

Here:

RZ 03><3 O3><3
Re =053 Ry 0z5 |,

03><3 03><3 RX

S (a)z ) 03><3 3x3
S (a’c ) =l 05 S a)y) 035
055 055 S (a)x )

The angular velocity in Eq. (44) can also be re-
placed by I7_ :

M =(Q,3Q, +(Q, +Q,Q:) MQ,Q,)
(@7 (3+Q,MQ,)Q) 17, - 9Q," ME,

Rc = RCS((QlT (‘] ‘FQZT MQZ)Ql)il Hc) (44)

In Eq. (44), the kinematic part is a matrix, which can be
changed as a vector type by Eq. (45):
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R.E, =

__s ((QJ (3+Q,'MQ,)Q) 17 ) RE,. (45)

In Eq. (45), E; =[e; e, e,]. All the parameters in rotation

matrix are needed to be computed, so the total dimension of
the dynamic equation is 30. The matrix’s elements are com-
puted directly, the structure conservation characters can
clearly be represented according to the conservation ele-
ments in rotation matrix. The dynamic equation which uses
rotation angle as parameter is as follows. In the kinematic
relation, ec is the first order derivation of éc, so the Kine-
matic equation can be obtained by ITc directly. The dynam-
ics equation is as in Eq. (46). For the parameters are éc and
ITc, so the dimension of the dynamic equation is 6, which is
much smaller than the former one.

I, ~(Q13Qu+(Q, + QQ:) MQ,Q, )8, +
+9Q,” ME =0,

7. -(Q" (3+Q,'MQ,)Q, )6, =0. (46)

6. Simulation

The structure parameters of the system are as fol-
lows. the parameters of the system can be obtained by the
measurement of the 3D model.

m, =0.87(kg), g =[-285 -1 -7.2] x10°(m),
l, =78.5x10°(m), J,, =6.55x10"* (kgxm®),

J,, =7.10x10* (kgxm?), J,, =11.3x10"* (kgxm?),
m, =0.66(kg), o, =[27 0.3 13] x107(m),

l, =81.5x107° (m), J,, =1.79x10™* (kgxm?),

J,, =4.45x10* (kgxm?), J,, = 4.6x10°* (kgxm? ),
m, =35(kg), g =[34 -0.48 55| x107(m),

J,, =1.46x107% (kgxm?), J,, =2.09x10° (kgxm? ),

J,, =3.29x10°% (kgxm?).

The initial rotation angles of the system are as
610 = 7 (rad), 620 = 60°, 630 = 60°, the initial angular veloci-
ties are w1o=x (rad/s), wao= 60 (°/s), wso=60 (°/s). Sup-
ping that there is no extra torque on the joint, the system can
move free by the action of gravity. The simulation time is
10 s, the simulation results are as in Fig. 6 to Fig. 9.

The time variation of angular momentum is as in
Fig. 6. According to the simulation results, the momentum
which rotate along the x axis is conserved at 0 during the
whole simulation. The variation of the other two momen-
tums occurs an aperiodic change character, because the
structure of the system is not symmetry in actual design pro-
cess. The variation of rotation matrix R; is as in Fig. 7. From
the simulation results, the elements Ris, Ro3, Rs1, Rs are all
keep 0 during the whole simulation, Rsz keeps 1, R1; and Ry
keeps the same regular, Ri2 and Rz have the different sign
symbol. according to the above results, the structure of R; is
conserved. Similarly, the variation of Ry and Ry are as in



Fig. 8 and Fig. 9, and the simulation results also indicates
the structure conservation of these two rotation matrixes.
The red curves in Fig. 6, Fig.7, Fig.8 and Fig. 9 are
the simulation results of dynamic equation which use rota-
tion angle as parameter. According to the simulation results,
the two dynamics equation have the same results at begin-
ning, and the simulation results occur obvious distinguish at
5 seconds. The simulation indicates that different geometry
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Fig. 9 The time variation of rotation matrix of Ry

dynamics equation has different structure conservation
character. Although the dimension of the geometry dynam-
ics equation which using rotation matrix as parameter is
much bigger, the structure of the system is much better con-
served than the geometry dynamic equation which use rota-
tion angular as parameter.

7. Conclusion

The 3D table with three different rotation coupling
is a widely used model in the domain of spacecraft experi-
ment, machine tool and robotics. It is also a typical model
which can bridge the space rotation theory and engineer de-
sign together. In this exploration, the dynamics model of
3D table with three different rotation coupling is built with
Lie group variational integrator method. The triangle trans-
formation is avoided in the modelling process and the ex-
pression of dynamics equation change simplifier because
the equation constitutes by matrix blocks. The simulation
results indicate that the dynamics don’t need special numer-
ical solution algorithms because the geometry structure is
conserved by the dynamics equation directly. It’s a new dy-
namic equation which is friendly to engineer programming
realization. This exploration also testify that two different
dynamic model of 3D table lead to obvious different simu-
lation under the same numerical algorithm. The most obvi-
ous character is that the simulation results occur obvious dif-
ference in 5 seconds, which is much smaller than 50 seconds
in planar system (see reference [19, 20]). It means the dif-
ferent direction rotation coupling have a big influence on the
structure conservation. This result testified that the geome-
try structure conservation character is influence both by the
dynamics equation and numerical algorithms, so the conser-
vation is not absolutely.
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L. Bai

LIE GROUP VARIATIONAL INTEGRATOR FOR
MULTI-BODY SYSTEM WITH ROTATION
COUPLING IN SPACE

Summary

In multi-body system dynamics modelling, the
body which rotate in space is complex and not easily to be
expressed by Newton method, because the space rotation is
realized by multi-joints rotation coupling with different di-
rection. In this exploration, the Lie group variational inte-
grator method is used to the dynamics modelling problem of


javascript:;
javascript:;
javascript:;
javascript:;
javascript:;
javascript:;
javascript:;
javascript:;
javascript:;
javascript:;
javascript:;
javascript:;
javascript:;
javascript:;
javascript:;
javascript:;
javascript:;
javascript:;
https://www.webofscience.com/wos/author/record/28557860
https://www.webofscience.com/wos/author/record/26331336
https://www.webofscience.com/wos/author/record/31536611
https://doi.org/10.1177/1687814019842406
https://www.webofscience.com/wos/author/record/43982263
https://www.webofscience.com/wos/author/record/38635382
https://www.webofscience.com/wos/author/record/41336752
https://www.webofscience.com/wos/author/record/6354910
https://www.webofscience.com/wos/author/record/6927543
https://www.webofscience.com/wos/author/record/16002758
https://doi.org/10.1080/00207160.2021.1966772
https://www.webofscience.com/wos/author/record/1780637
https://www.webofscience.com/wos/author/record/24063623
https://www.webofscience.com/wos/author/record/10814333
https://www.webofscience.com/wos/author/record/24577901
https://www.webofscience.com/wos/author/record/20904501
https://www.webofscience.com/wos/alldb/full-record/WOS:000817812800013
https://www.webofscience.com/wos/alldb/full-record/WOS:000817812800013
https://www.webofscience.com/wos/alldb/full-record/WOS:000817812800013
javascript:void(0)
javascript:void(0)
https://www.webofscience.com/wos/author/record/29344280
https://www.webofscience.com/wos/author/record/4787765
https://www.webofscience.com/wos/alldb/full-record/WOS:000995220100001
https://www.webofscience.com/wos/alldb/full-record/WOS:000995220100001
https://www.webofscience.com/wos/alldb/full-record/WOS:000995220100001
javascript:void(0)
https://www.webofscience.com/wos/author/record/1780637
https://www.webofscience.com/wos/alldb/full-record/WOS:000704207500004
https://www.webofscience.com/wos/alldb/full-record/WOS:000704207500004
https://www.webofscience.com/wos/alldb/full-record/WOS:000704207500004
https://www.webofscience.com/wos/author/record/8839811
https://www.webofscience.com/wos/author/record/487065
https://www.webofscience.com/wos/author/record/40937100
https://www.webofscience.com/wos/alldb/full-record/WOS:000722516700001
https://www.webofscience.com/wos/alldb/full-record/WOS:000722516700001
javascript:void(0)
https://www.webofscience.com/wos/author/record/1780637
https://www.webofscience.com/wos/alldb/full-record/WOS:000691540400005
https://www.webofscience.com/wos/alldb/full-record/WOS:000691540400005
https://www.webofscience.com/wos/alldb/full-record/WOS:000691540400005
https://www.webofscience.com/wos/alldb/full-record/WOS:000691540400005
javascript:void(0)
javascript:void(0)
https://www.webofscience.com/wos/author/record/14905187
https://www.webofscience.com/wos/author/record/8043701
https://www.webofscience.com/wos/author/record/28759661
https://doi.org/10.15632/jtam-pl/156163
https://www.webofscience.com/wos/author/record/16778449
https://www.webofscience.com/wos/author/record/11265095
https://www.webofscience.com/wos/alldb/full-record/WOS:000996688300001
https://www.webofscience.com/wos/alldb/full-record/WOS:000996688300001
https://www.webofscience.com/wos/alldb/full-record/WOS:000996688300001
javascript:void(0)
https://doi.org/10.3390/math11102360
https://www.webofscience.com/wos/alldb/general-summary?queryJson=%5B%7B%22rowField%22:%22AU%22,%22rowText%22:%22Fang,%20Luning%22%7D%5D&eventMode=oneClickSearch
https://www.webofscience.com/wos/alldb/full-record/PQDT:68665661
https://www.webofscience.com/wos/alldb/full-record/PQDT:68665661
https://www.webofscience.com/wos/alldb/full-record/PQDT:68665661
https://www.webofscience.com/wos/author/record/13805311
https://www.webofscience.com/wos/author/record/2451391
https://www.webofscience.com/wos/alldb/full-record/WOS:000865458703117
https://www.webofscience.com/wos/alldb/full-record/WOS:000865458703117
https://www.webofscience.com/wos/alldb/full-record/WOS:000865458703117
https://www.webofscience.com/wos/author/record/35088674
https://www.webofscience.com/wos/author/record/7856948
https://www.webofscience.com/wos/alldb/full-record/WOS:000616142300001
https://www.webofscience.com/wos/alldb/full-record/WOS:000616142300001
javascript:void(0)
https://www.webofscience.com/wos/author/record/18243789
https://www.webofscience.com/wos/author/record/25881413
https://www.webofscience.com/wos/author/record/24552178
javascript:void(0)
javascript:void(0)
https://doi.org/10.1115/1.4057044
https://www.webofscience.com/wos/author/record/15313192
https://www.webofscience.com/wos/author/record/17708835
https://www.webofscience.com/wos/author/record/15690199
https://www.webofscience.com/wos/alldb/full-record/WOS:000557901500002
https://www.webofscience.com/wos/alldb/full-record/WOS:000557901500002
https://www.webofscience.com/wos/alldb/full-record/WOS:000557901500002
javascript:void(0)
javascript:void(0)
https://doi.org/10.1016/j.cma.2020.113062
https://www.webofscience.com/wos/author/record/13805311
https://www.webofscience.com/wos/author/record/2451391
https://www.webofscience.com/wos/alldb/full-record/WOS:000989352800001
https://www.webofscience.com/wos/alldb/full-record/WOS:000989352800001
https://www.webofscience.com/wos/alldb/full-record/WOS:000989352800001
javascript:void(0)
https://doi.org/10.1016/j.actaastro.2023.04.022
https://www.webofscience.com/wos/author/record/22149548
https://www.webofscience.com/wos/author/record/28912610
https://www.webofscience.com/wos/author/record/22677689
https://www.webofscience.com/wos/author/record/22677689
https://www.webofscience.com/wos/alldb/full-record/WOS:000457178300006
https://www.webofscience.com/wos/alldb/full-record/WOS:000457178300006
https://www.webofscience.com/wos/alldb/full-record/WOS:000457178300006
https://doi.org/10.15632/jtam-pl/156163

multi-body system with three orthogonal direction joints
coupling. Firstly, a mechanism accords with Cardan rota-
tion regular is designed which can represent 3 different di-
rections coupling, the kinematics model is derived out by
matrix operation without triangle function. With inertia ma-
trix and mass matrix of the multi-body system according to
the topology structure, and the Lagrange function is built,
and the dynamics equation is derived out with Lie group
variational integrator method. With Legendre transfor-
mation, the Hamilton dynamics model is obtained. The dif-
ferential computation of the momentum part is avoided, the
scale of the dynamics model is greatly reduced. The Hamil-
ton dynamics model with two different kinematics part are
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compared in simulation. The simulation results indicate that
the different kinematic expression can lead to different
structure conservation characters under same numerical
computation method. This exploration offers a benefit at-
tempt of using geometry method to dynamics modelling
problem of tree structure multi-body system with differ-
ent structure rotation matrixes coupling.

Keywords: rotation table, geometry dynamics, multi-body,
numerical computation.
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