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1. Introduction 

The concept of C-gear, a type of parallel shaft 

transmission gear with circular arc teeth, was first proposed 

by the German scholar Bottcher in 1913 [1]. Since its idea-

tion, several studies have investigated the machining meth-

ods for the C-gear. Ishibashi et al. [2] and Inoue et al. [3]pro-

posed gear grinding and burnishing methods to improve the 

machining accuracy of C-gear. Koga et al. proposed a hy-

poid format tilt that can cut the concave and convex tooth 

surfaces of the gear teeth simultaneously for machining the 

C-gear [4]. Peng et al. used a circular broach to machine the 

C-gear, which satisfied the single-tooth division require-

ment for machining gears with the hypoid format tilt and 

improved the gear processing efficiency [5]. Tseng et al. 

[6]used rotary cutter heads with a double-sided milling tool 

to construct the C-gear. Andrei et al. established the mathe-

matical model for the concave and convex tooth surfaces of 

the C-gear by employing the single-edge method using a ro-

tary cutter head, and performed the cutting tests [7]. MA et 

al.[8, 9] used double-blade rotary cutters with a knife angle 

to construct a C-gear, and realized the computer numerical 

control (CNC) machining of the completely modified tooth 

surface of the gear. Tseng et al. [10, 11] and Dai et al. [12] 

successively proposed and studied the hobbing machining 

method for the C-gear, and realized continuous cutting of 

the gear teeth. Song et al.[13] used parallel linkage for mill-

ing and obtained a C-gear with an involute tooth profile in 

all the cross sections. Uzun et al. [14] used a wire electrical 

discharge machining (EDM) manufactured involute mouth-

profile end mill cutter to realize the CNC milling of a C-

gear. Zhang et al. [15] constructed a 6-axis CNC tool model 

to simulate the C-gear machining process on the VERICUT 

software based on its generation principle. 

Based on the abovementioned studies, the circular 

arc tooth line cylindrical gear machining methods can be 

summarized into the following four categories: 1. rotary cut-

ter milling, 2. gear hob hobbing, 3. translative device mill-

ing, 4. cutter milling with cutter angle. Among these, the 

most commonly employed is the rotary cutter milling 

method. Its processing principle is consistent with the C-

gear generation principle, but it requires a special processing 

machine, different processing modules, different tool radii, 

and various types of profile structures. Due to the increased 

complexity of the cutter and machining tools, this method is 

not suitable for the development of a new type of C-gear, in 

terms of both cost and preparation time. 

In this study, a 5-axis CNC tool is used to construct 

a C-gear with an improved structure, while solving the pro-

totype manufacturing problem. The C-gear mathematical 

model was deduced and the three-dimensional (3D) model-

ling method with high precision based on its development 

principle was studied. The C-gear processing technique us-

ing the 5-axis CNC machining center was established, the 

tool path was designed, and the process was simulated using 

the MASTERCAM and VERICUT software. The machin-

ing method studied in this paper is less efficient than the ro-

tary cutter milling method, but vastly economical and less 

time consuming. It provides an effective way to construct an 

improved C-gear for practical application. 

2. C-gear generation principle 

The tooth line of the C-gear analysed in this study 

is a spatial circular arc (Fig. 1). The middle section tooth 

profile is an involute and the other cross sections are uni-

formly changing hyperbolic enveloping lines[5, 6].The cir-

cular arc tooth line cylindrical gear has the following ad-

vantages: 
1. which is not sensitive to the installation coaxi-

aity error, and exhibits low noise and stable performance 

compared to the straight-toothed gears;  

2. there is no axial force, and does not cause addi-

tional load on the bearing compared to the helical gears;  

3. which has a higher contact ratio compared to the 

herringbone toothed gears, but a better processing efficiency 

and a simpler assembly process due to the absence of the 

tool withdrawal groove. 

In order to establish the tooth surface equation of  
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Fig. 1 Schematic representation of the examined C-gear 

the C-gear, firstly setup the coordinate system (Fig. 2) ac-

cording to its generation principle: Ot − xt, yt, zt is the fixed 

coordinate system of the rotary cutter head; Og − xg, yg, zg 

and Od − xd, yd, zd are the moving and dynamic coordinate 

systems of the gear blank, respectively; Rg is the pitch circle 

radius of the gear blank,  is the gear blank rotation angle, 

Rt is the nominal radius of the cutter head,  is the rotation 

angle of the cutter head, and B is the tooth width. 

 

Fig. 2 C-gear coordinate system based on its generation 

principle 

The rotary cutter head for processing the C-gear is 

installed on the spindle of the machine tool, which rotates 

around zt. The double-edge milling cutter fixed on the rotary 

cutter head rotates with it simultaneously. It can cut two 

conical faces on the workpiece after one rotation: the outer 

cutting edge cuts a positive cone (to realize the concave ma-

chining of the gear) and the inner cutting edge cuts a nega-

tive cone (to realize the convex machining of the gear). Dur-

ing the milling process, the workpiece rotates around the zg 

axis while moving in the horizontal direction, inducing a 

gear generation movement between itself and the double-

edge milling cutter. The milling tool simultaneously pro-

cesses both concave and convex tooth surfaces. After pro-

cessing a tooth, the next tooth is divided and the process 

continues until the complete gear is constructed. 

3. C-gear tooth surface equation 

3.1. Double-edge milling cutter revolution surface equation 

In the Ot − xt, yt, zt coordinates, the double-edge 

milling cutter revolution surface equation can be defined as 

[16–19]:  
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where ∓ and  represent the inner and outer cutting edges, 

respectively, α is the cutter angle, m is the modulus, and u is 

the distance between a point on the cutter surface and the 

pitch point along the generatrix direction. In the Ot − xt, yt, 

zt coordinates, the double-edge milling cutter revolution sur-

face equation can be rewritten as: 
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with a unit normal vector defined as [16-19]: 
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3.2. Double-edge milling cutter contact line equation 

Let us assume the velocity of the workpiece and 

the tool to be vt and vg, respectively, at the engagement point, 

with the relative speed being vtg. According to the engage-

ment principle, the following engagement conditions should 

be met between the gear workpiece and the machining tool 

[16-19]: 

 0t tg t t t g =  =  −  =n v n v n v . (5) 
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Since ntvt = 0, Eq. (5) can be rewritten as  0t g t g =  =  =n v e v , (6) 
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Then, the engagement conditions are: 
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Therefore, the contact line equation between the 

tool and the gear workpiece becomes 
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3.3. C-gear tooth surface equation 

The expression for the contact line equation be-

comes the C-gear tooth surface equation in the Od − xd, yd, 

zd coordinates. The matrix for the transformation from (i) 

the Ot − xt, yt, zt to the Og − xg, yg, zg coordinates can be ex-

pressed as 
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and (ii) the Og − xg, yg, zg to the Od − xd, yd, zd coordinate 

system can be expressed as 
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Therefore, using Eqs. (12) and (13), the matrix for 

the transformation from the Ot − xt, yt, zt to the Od − xd, yd, zd 

coordinate system becomes  
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and the tooth surface equation can be obtained as 
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which can be expanded as  
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4. C-gear modeling method 

The steps for modelling the C-gear using 

MATLAB are shown in (Fig. 3). 

Imported Point Cloud 

Data Into UG

Calculated Point Cloud 

Data by Matlab

Input  Parameter of Gear 

Fit the Concave and 

Convex Tooth Surfaces

Got  Solid Tooth by Cut 

and Stitched the Surface

 Established Tooth 

Boundary Surface

Tooth Surface Equation

Array the  Solid Tooth

Set up the Tooth Entity

Boolean Operation

Generate a Complete 

Gear Model
 

Fig. 3 Step-wise C-gear modelling method 

The tooth surface parameters (ψ, θ) were uniformly 

dispersed, and the high-precision point cloud data of the 

tooth surface was calculated using Eq. (16). The point cloud 

data was subsequently imported into UG, and the "pass 

point" command was used to fit the high-precision concave  

   

a b 

 

c 

Fig. 4 Simplified process of high precision gear modelling: 

a – high-precision tooth point cloud data, b – fitting 

of the concave and convex tooth surfaces, c – com-

pleted gear model 

and convex tooth surfaces. The high-precision gear model 

was then obtained by stitching and arraying (Fig. 4). 

5. CNC machining technique 

The workpiece material used for constructing the 

C-gear was No. 45 steel. The specific CNC machining pro-

cess is shown in Fig. 5. The 45 steel gear blank with a thick-

ness of 72 mm was first cut out using a sawing machine and 

roughed to the remaining 1 mm processing allowance on an 

ordinary lathe. Then the plane cutter of a 3-axis vertical 

CNC milling machine was used to reduce the height of the 

gear blank to 70 mm through double-sided milling (pro-

cessing 1 mm per side). The round cake was also milled to 

correspond to the size of the outer circle. After machining 

the end face and the shape, the milling machine was used to 

construct the positioning hole of the gear. Subsequently, a 

5-axis CNC machining center was used to complete the ma-

chining of the gear wheel. 

Obtain Gear Blank

Gear Blank Rough 

Turning

Gear Blank Finish-

Milling

Gear Blank 

Positioning Hole 

Milling

Teeth Rough 

Milling

Convex Finish 

Milling

Concave Finish 

Milling

Transition Surface 

Finish Milling
 

Fig. 5 CNC machining process for the C-gear 

6. C-gear CNC machining process simulation 

A driven gear with 62 teeth, a modulus of 5 mm, a 

tooth width of 40 mm, a pressure angle of 22.5,̊ a cutter ra-

dius of 300 mm, and a tool radius of 325 mm was studied. 

The simulation of the gear machining process was investi-

gated using MASTERCAM. 

6.1. Machining simulations 

The C-gear processing flow using a 5-axis CNC 

machining center included setting the generated gear blank 

and milling its end faces and the outer diameter, machining 

of the gear blank positioning hole, rough machining of the 

teeth grooves and constructing their convex, concave, and 
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transition surfaces, gear machining simulation, and generat-

ing the CNC machining program. The 5-axis CNC machin-

ing center is shown in Fig. 6, the initial installation relation-

ship between the tool and the workpiece is also shown in 

Fig. 6, and the overall tool path and processing results are 

shown in Fig. 7. 

 

Fig. 6. 5-axis vertical CNC machining center 

   

a b 

Fig. 7 Overall cutting tool path and processing results:           

a – overall cutting tool path, b – processing results 

The specific steps for the tool path design and ma-

chining simulation using MASTERCAM are as follows: 

Step 1. Setting up the generated gear blank: To 

ensure that the gear outer diameter and tooth width are 320 

mm and 70 mm, respectively, the diameter and height of the 

generated gear blank were set to 322 mm and 72 mm, re-

spectively, as the machining allowance of the outer profile 

and the end face was 2 mm. 

Step 2. Milling of the gear blank end face: The 

two ends of the gear blank were finely machined using the 

plane milling cutter of a 5-axis vertical CNC milling ma-

chine. The height of the gear blank was milled to be 70 mm 

(double-sided milling with 1 mm being processed on each 

side). The tool path for the end face milling and contour ma-

chining are shown in Fig. 8. The upper and lower end faces 

were milled clockwise using a 80 milling cutter under the 

following conditions: milling feed speed = 600, spindle 

speed = 1300, tool path = "plane milling", and machining 

volume = 1 mm (for each end face). The contour machining 

was implemented clockwise using a 12 milling cutter un-

der the following conditions: milling feed speed = 1500, 

spindle speed: 3500, tool path = "contour milling", and ma-

chining volume = 1 mm. Besides, tip correction is con-

ducted, and the machining depth is 70 mm, with a depth of 

2 mm each time. 

Step 3. Machining of gear blank positioning 

hole: The 5-axis vertical CNC milling machine was used for 

   

a b 

 

c 

Fig. 8 Design schemes for the milling tool path: a – upper-

end face, b – lower-end face, c – contour 

the machining of the gear positioning hole with a diameter 

of 180 mm. Firstly, rough milling (axial-layered milling in 

a clockwise direction) and holing were performed using a 

12 milling cutter under the following conditions: milling 

feed speed = 1500, spindle speed = 3500, tool path = "2D 

high-speed tool path - dynamic milling", and machining 

depth = 70 mm. A finish machining allowance of 0.2 mm 

was reserved. Then, the machining was completed by mill-

ing in a clockwise direction using the 12 milling cutter 

with tool path = "profile milling". The tool path of the gear 

blank positioning hole machining is shown in Fig. 9. In the 

Fig. 9, a expressed the rough milling tool path design 

schemes and Fig. 9, b expressed finish milling tool path de-

sign schemes for the gear blank positioning hole; and Fig. 9, 

c stood the actual rough milling and Fig. 9, d stood the finish 

milling tool paths for the gear blank positioning hole. At the 

same time, Fig. 9, c and Fig. 9, d further illustrate the start-

ing and ending points of the tool, the tool position represents 

the end point of the tool path. 

Step 4. Rough machining of a single gear tooth: 

Rough machining of a single gear tooth was completed us-

ing a 4 milling cutter on the 5-axis vertical CNC milling 

machine under the following conditions: milling feed speed 

= 600, spindle speed = 5000, tool path = "advanced rotation" 

(clockwise), and finish machining allowance = 0.1 mm. Fig. 

10 shows the tool path and machining results for the same. 

Step 5. Rough machining of the overall gear 

teeth: After designing the tool path for a single gear tooth, 

this paper employed the rotating tool path function of 

MASTERCAM to construct all the teeth. The number of ro-

tations was set to 62 to construct 62 equidistant gear teeth. 

The rest of the parameter values were the same as those 

mentioned in step 4. The tool path and rough machining re-

sults for the complete set of 62 gear teeth are shown in 

Fig. 11.  

Step 6. Finish machining of gear tooth surfaces: 

After the rough machining of the gear blank mentioned in 

upper-end 

lower-end 
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steps 4 and 5, the gear teeth were essentially shaped as 

shown in Fig. 10, c. However, the surfaces of the gear teeth 

still show traces of tool cutting due to the feed volume, sug-

gesting the requirement of finish machining of the concave, 

   

a b 

   

c d 

Fig. 9 Tool path of the gear blank positioning hole machin-

ing: a – rough milling, b – finish milling tool path 

design schemes for the gear blank positioning hole, 

c – rough milling, d – finish milling tool paths for 

the gear blank positioning hole 

   

a b 

Fig. 10 Roughing tool path for a single gear tooth, a – tool 

path design, b – actual tool path 

   

a b 

Fig. 11 Tool path and rough machining results for the com-

plete set: a – tool path design, b – processing 

convex, and transitional surfaces of the gears; tool paths 

were designed and implemented for this purpose (Figs. 12, 

13 and 14). Fig. 12, a – Fig. 12, c respectively show the tool 

paths for the finishing of the three components of the gear 

groove. Fig. 12, a represents the machining tool path of the 

concave, Fig. 12 represents the machining tool path of the 

convex, and Fig. 12, c represents the machining tool path of 

the transitional surfaces. Fig. 13, a – Fig. 13, c respectively 

shows the actual cutting path of the finishing tool for the 

three component surfaces of the gear groove, and also 

   

a b 

 

c 

Fig. 12 Tool path designs for the finish machining: a – con-

vex, b – concave, c – transitional gear tooth surfaces 

   

a b 

 

c 

Fig. 13 Actual tool paths for the finish machining: a – con-

vex, b – concave, c – transitional gear tooth surfaces 
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reflects the starting point and end point of the tool during 

the processing of the three component surfaces. Fig. 14, a – 

Fig. 14, c respectively shows the machining accuracy of the 

three components of the gear groove after finishing. Fig. 14, 

a represents the machining accuracy of concave, Fig. 14, b 

represents the machining accuracy of convex, and Fig. 14, c 

represents the machining accuracy of transitional surfaces. 

The finish machining of the gear teeth surfaces was carried 

out using a ball/round-nose milling cutter under the follow-

ing conditions: milling feed speed = 600, spindle speed = 

6000, and tool path = “intelligent synthesis”. The finish ma-

chining resulted in highly shiny convex, concave, and tran-

sitional gear teeth surfaces. 

   

a b 

 

c 

Fig. 14 Finish machining results: a – convex, b – concave, 

c – transitional gear tooth surfaces 

6.2. Machining accuracy verification 

As mentioned in the previous sections, the gear 

machining tool paths and simulation models were estab-

lished using the MASTERCAM and VERICUT software. 

This paper further conducted comparative analyses of over-

cuts and residuals between the machined model and the 

original 3D model. The tolerance of overcuts and residuals 

was set to 0.01 mm for the real gear, and the corresponding 

distributions were obtained (Fig. 15). From the simulation 

results, 772 overcuts and 5000 residuals were found, with a 

maximum tolerance of 0.01 mm. 

As this novel C-gear has a complex curved tooth 

surface, its machining accuracy has an important impact on 

the gear transmission performance. The surface overcut and 

residual tolerance values were set as shown in Fig. 16 and 

the actual overcuts and residuals on the machined gear tooth 

surfaces are shown in Fig. 17. 

From the distribution of overcuts and residuals on 

the actual machined curved gear tooth surface, 1,823 over-

cuts were founded, with a maximum overcut of 0.094 mm, 

and 3,177 residuals, with a maximum residue of 0.094 mm,  

   

a b 

Fig. 15 Tolerance of overcuts and residuals from the simu-

lation of gear machining: a – overcut, b – residual 

error distribution obtained 

   

a b 

Fig. 16 Surface overcut and residual tolerance value:               

a –overcut tolerance, b – residual tolerance 

   

a b 

Fig. 17 Overcuts and residuals on the machined gear tooth 

surfaces: a – overcut, b – residual distribution 

on the machining surface of the positioning holes. The max-

imum overcut volume was 0.02 mm on the tooth surface and 

0.03 mm on the tooth root, and the maximum residual vol-

ume on both the tooth surface and root was 0.03 mm. In a 

previous study that employed a single-flute face milling disk 

cutter and a 6-axis CNC gear milling machine to construct a 

C-gear, the overcuts and residuals of the curved surface 

were found to be as follows [15]:  

1. 0.1 mm and < 0.06 mm of material residuals on 

the tooth root and surface, respectively, of the convex face;  

2. 0.06 mm and 0.04 mm of overcuts on the tooth 

root and tooth surface, respectively, and 0.06 mm of mate-

rial residuals on the tooth surface of the concave face. Com-

prehensively comparing the maximum material residual and 

overcut results of [15], it can observe a vast improvement in 
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the error rates of our results. Moreover, as the actual ma-

chined tooth surface may exhibit a smaller machining error 

compared to the theoretical tooth surface, for the overcut 

and residual volumes, which included the error generated 

from the surface fitting during the 3D modelling of the 

gears. Therefore, this paper speculates a higher C-gear ma-

chining accuracy for the proposed method, with practically 

feasible tool paths and machining parameters. 

7. Experimental analysis 

The gear machining was completed using 

MASTERCAM according to the above-discussed machin-

ing steps and tool path simulations. After confirming the 

correct machining of each individual gear, the CNC code, 

which can be recognized by the machining center, was au-

tomatically generated using MASTERCAM and input into 

the TEMA DU650 5-axis CNC machining center (Fig. 18) 

to realize the construction of the novel high-speed, heavy-

duty C-gears (Fig. 19). 

 

Fig. 18 TEMA DU650 5-axis linkage CNC machining cen-

ter 

   

a b 

Fig. 19 Machining process and sample of new C gear:             

a – machining of gear teeth, b – finished C-gear 

Fig. 19, a – Fig. 19, b show the machining process 

and finished gear of the new type C gear using TEMA 

DU650 5-axis CNC machining center. It can be seen from 

Fig. 19, a – Fig. 19, b that the NC machining process of the 

new type C gear designed in this paper can realize the NC 

machining of the new type C gear. At the same time, it can 

be seen from Fig. 19, b that the tooth surface of the new type 

C gear machined by the NC machining process designed in 

this paper has higher precision. 

8. Conclusions 

The construction of a C-gear and its improved 

models using specialized machines and rotary-tool milling 

machining methods may result in different products due to 

the differences in the models, tool radii, and contour types 

of the machined objects. As a result, cutters and machining 

tools are of complexity, and it needs to design specialized 

machining machines. However, this type of machining in-

creases the economic and time costs of the designing and 

manufacturing processes, and is not suitable for the proto-

type manufacturing of C-gears at the experimental research 

stage. Therefore, in this study proposed the use of 5-axis 

CNC machining center and designed the machining process 

to construct various types of C-gears. The MASTERCAM 

and VERICUT software were used to establish the corre-

sponding C-gear machining tool path designs and simula-

tion models. Finally, the machining of C-gears was realized 

using a TEMA DU650 5-axis CNC machining center. 

For the gear machined by the proposed method, the 

maximum overcut volume was 0.02 mm on the tooth surface 

and 0.03 mm on the tooth root, and the maximum residual 

volume was 0.03 mm on both the tooth root and surface. 

These parameters were significantly better than those 

achieved. 

The overcut volume and residual volume in the 

simulation results included both machining errors and errors 

generated by surface fitting during the 3D modelling of the 

gears. Therefore, the actual machined tooth surface is spec-

ulated to have smaller machining errors compared to the the-

oretical values. This method can be used for the prototype 

manufacturing of C-gears and their improved models in the 

present experimental research stage. 
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COMPUTER NUMERICAL CONTROL MACHINING 

SIMULATIONS AND EXPERIMENTAL ANALYSIS 

OF A NOVEL C-GEAR 

S u m m a r y 

C-gear is a novel gear transmission system, with no 

existing special machining and cutting tools to realize its 

construction. In this study, we employed a 5-axis computer 

numerical control (CNC) machining center to construct a C-

gear, while solving the prototype manufacturing problem at 

the experimental research stage. We deduced the C-gear 

mathematical model and studied the three-dimensional (3D) 

modeling methods based on the analysis of its generation 

principle. The C-gear processing technique using the 5-axis 

CNC machining center and the tool path designs were es-

tablished using the VERICUT and MASTERCAM soft-

ware, and the C-gears were experimentally constructed. The 

maximum overcut and residual of the gear positioning hole 

surface were both found to be 0.094 mm. Moreover, the 

maximum overcut on the tooth surface and root were 0.02 

and 0.03 mm, respectively, and the maximum residual on 

both the tooth surface and root was 0.03 mm. The machining 

overcuts and residual amounts of the proposed method were 

better than those of reference [14]. The existing overcut and 

residual errors included the errors generated by surface fit-

ting during the 3D modeling of the gears. Therefore, the ma-

chining errors of the physically constructed tooth surface are 

expected to be smaller than the theoretical value, suggesting 

a high feasibility of the proposed method to realize the ma-

chining of C-gears. 
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