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1. Introduction

The principle stress model (PSM) is an approxi-
mate analytical method widely used in engineering for cal-
culating stress distribution and deformation loads. It plays
an important role in the analysis and parameter optimization
of material processing techniques such as forging, rolling,
drawing, extrusion, and stamping [1-3]. Finite Element
Method (FEM), the numerical simulation method, can ob-
tain more accurate and detailed information about plastic
deformation behavior and force-energy parameters, making
it widely applied in the field of material processing [4-6].
However, compared to the PSM, FEM has disadvantages
such as slow solving speed, long computational time, and
difficulty in convergence [7-8], making it challenging to
achieve rapid solution of mechanical parameters and online
applications [9-10]. The sheet drawing is a fundamental
stamping process in which a flat blank is formed into vari-
ous hollow components using a deep drawing die. It is
widely used in the manufacturing of various sheet metal
components. The stresses and loads during the deep drawing
process not only determine the number of forming cycles
but also directly affect wrinkling and tearing defects in the
drawn parts [11]. Therefore, the stress analysis of sheet
metal drawing deformation is not only the core chapter of
the application of the principal stress method in elastic or
plastic mechanics textbooks [12-13] but also the key and
difficult knowledge in the molding process [14-15], design
of the dies [16-17] and other relevant professional works.

The deformation of sheet drawing process is sim-
plified to solve plane stress problem conventionally based
on the assumption of neglecting blank holder and friction
[12]. In order to improve the prediction accuracy, the blank
holder and friction is considered and the PSM was estab-
lished to predict stress in deformation zones [13]. However,
the normal stress on the free boundary is set as the function
related to the friction in the references, which is not meet
with the description of the value is zero in plastic mechanics

theory. In order to improve the solution efficiency and accu-
racy, a new PSM model was proposed and established to ob-
tain the stress distribution and deformation load in sheet
drawing, and then the calculated results were compared with
those of FEM to validate the reliability of the model.

2. PSM in Sheet Drawing Deformation

Straight-wall cylindrical drawing is one of the im-
portant stamping processes, and the gap between the upper
and bottom dies is slightly larger than thickness of the sheet.
The workpiece and product is circular sheet with DO diam-
eter and cylindrical components with D1 outer diameter, re-
spectively (Fig. 1). The blank holder is often used to avoid
the wrinkling in the flange deformation zone caused by the
thickening instability freely (Fig. 1, a). During the sheet
drawing process, the flange part of sheet on the upper die
surface is the main deformation zone I, and the bottom and
side walls of sheet formed initially are the force transmis-
sion zone II [18]. The six unknown stress components and
three displacement components need to be simultaneous
solved to analyze the sheet drawing process by PSM. How-
ever, it is difficult to obtain an analytical solution under rig-
orously satisfying with these equations and given boundary
conditions [12-13]. In order to meet the accuracy require-
ments when analyzing complex three-dimensional engineer-
ing problems, it is often necessary to simplify them to a
plane or axisymmetric model as a means of achieving stress
or load solution [19].

The thickness of sheet in the flange zone often
keeps constant and the strain in the thickness direction is
zero during the sheet drawing processes. According to the
plastic mechanics theory, the solution of deformation prob-
lem can be simplified to plane strain analysis. Considering
the friction between the blank holder and bottom die, an
equilibrium differential equation along the radial direction
> F.=0 can be established as follows as

(o, +da,)(r+dr)d0~t+209drsin(d70j~t—crrrd0~t+21~rdH-dr =0, 1)

where the o, is radial stress, 7 is radius, ¢ is thickness of sheet,

oy 1s circumferential stress and 7 is friction.

The Eq. (1) after simplify derivation of is written
as follow:
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The circumferential o, and radial stress of element
the stress state (Fig. 1) is assumed as compressive and ten-
sile stress, respectively. Therefore, compared with radial
stress the circumferential stress is needed to add a negative
sign before incorporating into the yield criterion according
to the rule [20]. Subsequently, the simplified condition of
von Mises yield criterion is written as

Gr_(_ae):ﬂas =0, 10y :ﬂﬁs, 3)

where, £ is the stress state coefficient and the value equals
to = 2/\3 for plane strain problem.

The friction force exhibits a relationship with the
blank holder force, friction coefficient and contact area, and
then the shear stress of friction is described as

fQ
7r(b2 —az) .

T =

(4)

And then, substituting the Egs. (3) and (4) into the
Eq. (2), the equilibrium differential equation is written as

21Q
7z(b2 —az)t .

do, _ po,
- r

()

Integrating both sides of the Eq. (5), and then the
equation is obtained as follows as

21Q

—ﬁ(bz—az)t r+C.

o, =—pfo,Inr—

(6)

On the free surface of the workpiece, both the nor-
mal and shear stress is zero [21], and consequently, the re-
dial stress conditions at the outer free boundary of the flange

b

Fig. 1 Deformation of sheet drawing: a — sheet drawing process, b — stress state

deformation zone is described as follows

()

O-l'lr:b =0.

Using the stress boundary condition, the » equals to
b, the radial stress o, on the free surface equals to zero. Sub-
stituting the boundary condition Eq. (7) into Eq. (6), and
then the integration constant is obtained as is written as fol-
lows

21Q

7 (b? —a? tb.
(b*-27)

C=pfo,Inb+ ©)

Substituting the integration constant C into the
Eq. (6), and then the radial stress distribution o, in the flange
deformation zone is described as follows as

o, = fo, In(gj—i-
r

The value of radial stress is greater than zero ac-
cording to the Eq. (9), and it has the same direction as that
of'assumption so that it is tensile stress actually. Substituting
the radial stress equation into the Eq. (3), and then the dis-
tribution of circumferential stress oy is written as

B r 2fQ
o, = po, {1+In(bﬂ+—ﬁ(b2 —az)t

The circumferential stress is greater than zero,
which is contrary with the assumed direction, and it is com-
pressive stress actually according to the solution rule of
PSM [20]. The actual distributions of main stress compo-
nents in the deformation zone can be described by these Egs.
(9) and (10) added the negative sign. For the plane strain
problem, the stress o. in the thickness direction with zero
strain equals to half of the sum value of the circumferential

21Q
7r(b2 —az)t

(b—r). 9)

(b-r).

(10)
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and radial stress

ol

It is shown in the Eq. (11) that the value of stress
in thickness direction changes gradually along the radius of
the flange in the deformation zone, and it is compressive and
tensile close to the edge of flange and the fillet of bottom
die, respectively. Furthermore, the radial stress has the max-
imum value on the corner of the fillet of bottom die accord-
ing to the Eq. (9), and the value with radius » = a is described
as follows as

Grlr:a = flo, In(9)+

a

(11)

_2fQ ) (12)
z(b+ a)t
Ignoring the influence of sheet bending on the
stress in the fillet zone of bottom die, the radial stress with
the r equals to a can be equivalent to the unidirectional ten-
sile stress in the transmission region between upper and bot-
tom dies. Subsequently, the deformation load during sheet

drawing processes can be obtained according to the force
balance and Eq. (12)

F=ﬂd-t-{ﬁasln(9}t
a

where d is the inner diameter of the bottom die (mm); # is

ﬂ} | 13)

z(b+a)t

the thickness of the sheet (mm); oy is the yield strength
(MPa); b is the outer radius of the flange (mm); a is the inner
radius of the flange (mm); fis the friction coefficient, and Q
is the force of the blank holder (N).

3. Results and Discussion

3.1. FEM model

To verify the reliability of the PSM in this study,
the FEM software DEFORM is used to analyze the stress
distribution and deformation load in sheet drawing pro-
cesses. The initial thickness and diameter of sheet is 2 mm
and 100 mm, respectively. The diameter of upper die is 40
mm, and the gap between dies is 2.5 mm. The fillet of upper
and bottom die is 4 mm. The speed of upper die is set to 0.1
mm/s within the displacement of 10 mm, and both the blank
holder and bottom die is fixed. The material used to analysis
is 1100 aluminum alloy and the stress-strain curve [22] is
shown in (Fig. 2, b). The quadrilateral mesh is used, and the
size in thickness and radial direction is divided into 4 layers
and 130 layer elements to ensure solution accuracy. Total
number of elements and nodes is 520 and 655, respectively
(Fig. 2, a). The friction coefficient is set to 0.05 and the dies
are set to rigid materials.

3.2. FEM analysis

It can be seen from the Fig.3 that the sheet thick-
ness variation can be divided into five zones during drawing
processes. The thickness has an increased trendy in the
flange deformation zone I, but the value keeps a stable value
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Fig. 2 FEM and material model: a — material model, b — true stress-strain curve

because of the limit of blank holder. Therefore, the engineer-
ing problem of drawing processes simplified to the plane
strain is reasonable. The thickness decreases about 15% se-
riously in the deformation zone II closed to the fillet of bot-
tom die. The bending effect weakens gradually leads to the
slight thickness increment of the sheet just entered the force
transmission zone III. However, the thickness continuous
decreases obviously because of the unidirectional drawing
deformation along the axial direction. The most severe
thickness reduction occurs in the fillet zone IV of upper die
leads to the crack defect, and the maximum reduction rate is

over to 50%. In the bottom zone V of upper die the sheet
thickness reduces slightly under the effect of radial tensile
stress and friction, and the reduction rate is about 14%.

The radial stress at the outer surface of flange
equals to zero approximately (Fig. 4, a) consistent with the
plastic mechanics theory of free boundary condition. Both
three directional tensile stress state and maximum thinning
easily result in the crack occurred in the fillet of upper die.
In the flange deformation zone, o, and oy is tensile and com-
pressive stresses, respectively, and more noticeable thicken-
ing occurred closer the outer of the flange. The o in the
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flange deformation zone is compressive stress and the value
becomes tension, and the calculated stress state is in good
agreement with the PSM. Resulting from the bending in the
fillet of bottom die, the stress state is compressive inside of
sheet, but the o, and o; are greater than zero with oy less than
zero outside of sheet. In the force transmission zone, both
the o and oy are approximately equals to zero and the o. ex-
hibits tensile stress, indicates a unidirectional tensile stress
state. In the deformation zone of the bottom of upper die,
the radial and circumferential stress is tensile and the o
equals to zero. The equivalent stress gradually increases
from the end of the flange to the fillet of bottom die due to
the working hardening, and the maximum value equals to
about 112 MPa (Fig. 4, d).

3.3. Comparative analysis

A comparison of calculated stress and load by PSM

and FEM in drawing is shown in Fig.5. The parameters used
to solution as follows: the blank holder force Q is 52.5 kN;
the inner diameter a of the flange deformation zone is 26.5
mm; the outer diameter b is 49.5 mm and the friction coef-
ficient is 0.05. The working hardening effect leads to a grad-
ual increment of equivalent force along the CD path (Fig. 5,
a) from point C to point D, and the value of point C is about
62 MPa with higher twice than that of point D approximately.
According to the Mises criterion and subsequent yield the-
ory, the equivalent force as the yield strength input into
equation (10) and (11) to obtain the distribution of different
stress components (Fig. 5, b). Along the CD path from the
point C to point D both the radial stress o, and circumferen-
tial stress g predicted by PSM is in a good agreement with
the calculated value by FEM, and the relative error is less
than 5%. Moreover, the radial stress continuously increases,
and the absolute value of circumferential stress initially in-
creases and then decreases. Because the influence of



bending on the stress is not considering the calculated thick-
ness stress o close to the fillet of bottom die by PSM has a
higher relative error compared with that of FEM. However,
there is a good agreement in the other zones and the relative
error is also less than 5%. The radial stress of the point D on
the free surface equals to zero, which meets with the me-
chanics theory of free boundary. Therefore, it is slightly in-
accurate to set the boundary stress value as the relationship
function with friction of blank holder in the reference [13].
The radial stress o, of point C is substituted into the
Eq. (13) and the deformation load of the sheet drawing force
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is obtained to 15.7 kN by the PSM. Compared with the cal-
culated value of 15.2 kN by FEM the relative error is about
3.5%, and the proposed PSM is reliable. In a word, the pro-
posed PSM demonstrates a significant accuracy and relia-
bility to solve the stress in the flange deformation zone and
the deformation load during sheet drawing processes. Com-
pared with the FEM, it is certain difficult for the PSM to
obtain the detailed information of stress distribution, but the
mathematic model has a significant fast computational
speed and higher solution efficiency, and it is beneficial for
the engineering application of PSM.
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4. Conclusions

1. A novel PSM were proposed and established to
predict successfully the stress in radial, circumferential and
thickness direction during the sheet drawing with blank
holder, and the upper and bottom die, products size and
sheet thickness have important influence on the stress and
load. Compared with the conventional mathematical models,
the radial stress on the free surface used to zero by PSM,
which meets with the mechanics theory of free boundary.

2. The thickening instability in deformation can be
avoided with the blank holder, and the thickness in the
flange keeps about stable value. According to the PSM
method, three-dimensional sheet drawing processes simpli-
fied to be solution of the plane strain problem is completely
reliable.

3. The calculated stress distribution and defor-
mation load by PSM has a good agreement with those of
FEM, and the most relative error is less than 5%. The pro-
posed PSM demonstrates a significant accuracy and relia-
bility to solve the stress in the flange deformation zone and
the deformation load during sheet drawing processes. Com-
pared with the FEM, the PSM has not more detailed calcu-
lated results of plastic deformation but a significant fast
computational speed and higher solution efficiency, and it is
beneficial for the online engineering application.

Acknowledgement

The authors gratefully acknowledge financial sup-
port from the Natural Science Foundation of Hebei Province

(E2024501012), Hebei Higher Education Teaching Reform
Research Project (2025GJJIGO017).

Conflict of Interest
The authors declare that they have no conflict of interest.
References

1. Xu, N; Sun, Ch.; Qian, L.; Ni, K.; Cai, W. 2021. Solu-
tion Model of Principal Stress Method for Torsion-ex-
trusion Forming Load of Magnesium Alloy Plate 57(04):
73-82. (in Chinese).
https://doi.org/10.3901/JME.2021.04.073.

Chen, Y. L.; Hao, Y.; Wu, Y, Zhang, K.; Zhang, G. M.
2017. The load capacity model and experimental tests of
a New Yielding Steel Prop, Mathematical Problems in
Engineering 2017(12): 1-11.
https://doi.org/10.1155/2017/1372815.

Huang, L.; Yang, H.; Zhan, M.; Liu, Y. L. 2008. Anal-
ysis of splitting spinning force by the principal stress
method, Journal of Materials Processing Technology
201(1-3): 267-272.
https://doi.org/10.1016/j.jmatprotec.2007.11.181.
Trzepiecinski, T.; dell'Isola, F.; Lemu, H. G. 2021.
Multiphysics Modeling and Numerical Simulation in
Computer-Aided Manufacturing Processes, Metals
11(1): 175-198.

https://doi.org/10.3390/met11010175.

Liu, X. 2010. Progress and application of plastic finite
element method in metals rolling process, Acta



101

Metallurgica Sinica 46(09): 1025-1033. Available at:
https://www.ams.org.cn/EN/10.3724/SP.J.1037.2010.00
194.

6. Hama, T.; Hirano, K.; Matsuura, R. 2022. Cylindrical
cup drawing of a commercially pure titanium sheet: ex-
periment and crystal plasticity finite-element simulation,
International Journal of Material Forming 15(1): 1-23.
https://doi.org/10.1007/s12289-022-01655-x.

7. Zhang, T.; Xiong, L.; Tian, Y.; Wang, B. X.; Wang, Z.
D. 2017. ANovel 1.5D FEM of temperature field model
for an online application on plate uniform cooling con-
trol, IS1J International 57(4): 770-773.
https://doi.org/10.2355/isijinternational ISIJINT-2016-
477.

8. Mei, R. B.; Li, C. S.; Liu, X. H. 2012. An NR-BFGS
method for fast rigid-plastic FEM in strip rolling. Finite
Elements in Analysis and Design. 61(6): 44-49.
https://doi.org/10.1016/j.finel.2012.06.006.

9. Wang, K.; Mei, R. 2022. On the Research and Applica-
tion of “Artificial Intelligence Plus Finite Element”
Models in the Field of Rolling, Materials Reports 36(13):
137-148. (in Chinese)
https://doi.org/10.11896/cldb.20110127.

10. Zuo, S.; Lin, Z.; Liu, J. Z.; Garcia-Donoro, D.; Zhang,
D. Y.; Zhang, X. W. 2020. A fast parallel solution tech-
nique for large periodic structures based on FEM-DDM,
IEEE Antennas and Wireless Propagation Letters
199(10): 1704-1708.
https://doi.org/10.1109/LAWP.2020.3014349.

11. Liu, J. 2016. Stamping Mold Design and Manufacturing,
Beijing: Higher Education Press. 336p.

12. Wang, Z.; Yuan, S.; Hu, L.; Wang Z.; He, Z. 2007.
Fundamentals of Elasticity and Plastic Mechanics (2nd
Edition), Harbin: Harbin Institute of Technology Press.
230p.

13. PENG, D.; ZHANG, X. 2014. Principles of Metal Plas-
tic Processing (2nd Edition), Changsha: Zhongnan Uni-
versity Press. 270p.

14. WANG, Z.; ZHANG, Y.; LIU, A. 2019. Principles of
Material Forming, Beijing: Beijing Institute of Technol-
ogy Press. 366p.

15.XIA, J.; ZHANG, Q. 2018. Material Forming Process
(2nd Edition), Beijing: China Machine Press. 403p.

16. WEI, Ch.; XU, H. 2017. Stamping Technology and
Mold Design, Beijing: Beijing Institute of Technology
Press. 329p.

17.L1, Q. 2019. Stamping Forming Technology and Mold
Design, Beijing: China Science Publishing. 284p.

18. BAIL, X. 2021. Stamping Mold Design, Beijing: Higher
Education Press. 218p.

19. MEL R. 2024. Plastic in Metal forming, Beijing: China
Machine Press. 224p.

(CMOoM

20.MEIL R.; BAO, L.; QI, X.; ZHANG, X.; WANG, X.
2018. Study on classroom teaching of the “principal
stress method”, Journal of Machine Design 35(S2): 130-
133. (in Chinese).

21.Wang, P. 2013. Mechanics of Metal Plastic Forming
(3rd Edition), Beijing: Metallurgical Industry Press,
175p.

22. Scientific Forming Technologies Corporation. 2011.
DEFORMTM Integrated 2D-3D Version 10.2 and DE-
FORMTM v11.0 (Beta) User’s Manual [M]. Ohio: Sci-
entific Forming Technologies Corporation: 329-331.

L. Bao, T. Chen, R. Mei, G. Li, C. Li, X. Liu

A NOVEL PRINCIPLE STRESS MODEL TO PREDICT
THE STRESS AND LOAD IN SHEET DRAWING

Summary

The solution of stress and load of metal sheet deep
drawing serves as a primary basis for guiding production,
verifying strength of dies, and optimizing technology pa-
rameters. Based on the differential equations, boundary con-
ditions, theory simplification and solution equations, an
principle stress model (PSM) to predict the stress distribu-
tion and deformation load in drawing processes with a blank
holder were proposed, and then the results were compared
with the predicted value by finite element method (FEM)
under the same conditions. Due to the thickness of the flange
in deformation zone remains basically unchanged under the
action of blank holder, it is reasonable to simplify the solu-
tion of deformation to plane strain problem. The PSM and
FEM predict that the radial tensile stress and circumferential
compressive stress in the flange zones remain basically con-
sistent trends, and the relative error of most of predicted re-
sults is less than 5%. The influence of the die fillet bending
on the stress state of inner and outer sides is not consider,
leads to the calculated stress and load by PSM slightly
higher than those of FEM. The solution of stress and load
solution by PSM is reliable and convenient, and the FEM
predicts more detailed and accurate results but need con-
sume much larger calculating time. This research is of great
significance for improving the solution efficient and engi-
neering applications of plastic mechanics in sheet deep
drawing deformation.

Keywords: PSM, FEM, sheet drawing, stress distribution,
drawing force.
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