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1. Introduction 

Accurate identification of structural dynamic loads 

is critical for structural design optimization, health monitor-

ing, and fault diagnosis. Direct measurement of dynamic 

loads is often impractical, the primary approach is to deduce 

the excitation based on structural dynamic responses [1]. 

Despite significant advancements, challenges persist in ad-

dressing ill-posedness, noise interference, and multi-source 

uncertainties in dynamic load identification [2-3]. 

Traditional dynamic load identification methods 

can be broadly classified into time-domain and frequency-

domain approaches. Frequency-domain methods simplify 

the convolution integral but struggle with non-stationary 

loads and resonance effects. Qin Y et al. [4] developed an 

innovative dynamic load localization method combining 

symbolic computation in the complex frequency response 

function (FRF) domain with genetic algorithm optimization, 

effectively eliminating amplitude and phase variables. In 

contrast, Time-domain methods reconstruct loads based on 

convolution relationships, making them more suitable for 

transient and impact loads. Kulkarni et al. [5] proposed an 

algorithm for accurate impact force identification in space-

craft structures using time-domain spectral finite element 

modeling, requiring fewer measured responses than conven-

tional methods. Yue K [6] developed a Bayesian approach 

for the simultaneous online estimation of vehicle loads, po-

sitions, and bridge structural parameters using only strain 

measurements. Pourzeynali S [7] derived an explicit form of 

the Newmark-β method which can identify the moving 

loads and structural damage simultaneously. Cheng Y et al. 

[8] derived the Newmark-β method in modal space and 

combined it with the state-space method (SSM) to establish 

a load identification model, significantly reducing the di-

mensionality of the transfer matrix.  

To address ill-posedness, various regularization 

strategies have been proposed. Yu X et al. [9] developed a 

maximumly weighted iteration method to enhance the sta-

bility of solving inverse dynamic problems. Carevic A et al. 

[10] used the Tikhonov regularization with different algo-

rithms for choosing the regularization parameter that pro-

vides optimal balance, a solution neither overregularized 

nor underregularized. Wang L et al. [11] employed a set-

theoretical wavelet transform with layered noise reduction 

to improve robustness in multi-source uncertain systems. 

The Least Squares QR Decomposition (LSQR) method has 

become an important tool for solving ill-posed inverse prob-

lems due to its advantages in handling large sparse systems. 

Martin H [12] proposed a hybrid regularization algorithm, 

which first transforms the system into a small bidiagonal 

system based on the Lanczos process, and then uses trun-

cated singular value decomposition (TSVD) to stabilize the 

iterative process, which has strong stability. Baglama J [13] 

proposed the augmented LSQR iterative algorithm, which 

enhances the Krylov subspace by harmonizing the Ritz vec-

tor, enabling rapid convergence of the iteration. Asgari Z et 

al. [14] proposed a restart LSQR algorithm, which is suita-

ble for solving large-scale ill posed problems and reduces 

the storage space of matrices during the iteration process. 

With the advancement of artificial intelligence, the 

integration of data-driven approaches and physical mecha-

nisms has emerged as a new research focus. Subrata Saha 

[15] proposed a method for calculating the dynamic loads 

on a vibrating pipework in a process plant based on the The-

ory of Inverse Problems and physics-informed neural net-

works (PINN). Cui W et al. [16] (2023) introduced Convo-

lutional Neural Networks (CNN) for reconstruction of un-

known load intervals, using data-driven identification meth-

ods to solve the problem of ill conditioned matrices and pa-

rameter uncertainty in physical models. 

Despite substantial progress, challenges remain in 

addressing algorithmic ill-posedness and improving identi-

fication accuracy. This paper focuses on the Newmark-β 

time-domain algorithm for dynamic load identification in 

continuous systems. After analyzing its stability, we pro-

pose suitable parameter selection ranges. To mitigate the al-

gorithm's ill-posedness, we introduce an improved hybrid 

LSQR algorithm. At each iteration step, the computed re-

sponse from the hybrid LSQR algorithm is compared with 

the measured response, and the algorithm is dynamically ad-

justed based on their discrepancy. Simulation case demon-

strate that this method exhibits enhanced stability and com-

putational accuracy. Furthermore, we propose an aug-

mented hybrid LSQR algorithm, which incorporates prior 

knowledge of the load to further improve convergence 

speed and identification precision. Finally, using a simply 

supported beam as an example, the reliability and accuracy 

of the hybrid LSQR correction algorithm in identifying pe-

riodic loads are verified through simulation and experimen-

tation. 

2. Dynamic Load Identification Algorithm Based on 

Explicit Newmark-β Method 

One multi-degree-freedom system is shown in 

Fig. 1, where mi, ki, and ci represent mass, stiffness, and  
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Fig. 1 Multi-degree-freedom spring damping system 

damping respectively. Fi(t) is the external load. If the actual 

structure is a continuum system, modal truncation can be 

used to reduce the system order. Assuming the modal trun-

cation order is r, the dynamic equations of a continuous sys-

tem can be transformed into a finite number of independent 

equations in modal space. After normalizing the modal mass, 

we obtain [17]: 

 ( ) ( ) ( ) ( )t t t t+ + =q Cq Kq f , (1) 

where, q(t) = {q1(t), q2(t), …, qr(t)}
T
 is the modal coordinate 

vector; q̇(t) is velocity vector and q̈(t) is acceleration vector; 

f(t) is modal force; and 
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Among them, 1, 2, …, r are the natural fre-

quency of the system, and 1, 2, …, r are the modal damp-

ing coefficients of the system. 

We assume that the structural responses vary line-

arly in the time interval [ti  ti+1] with the time step Δt. There-

fore, the modal responses of multi-degree-freedom system 

can be obtained by implicit Newmark-β method [17]: 
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in which, 
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Among them, β and γ are parameters of Newmark-

β method.  

According to the modal superposition method, the 

corresponding relationship between displacement in physi-

cal space and modal space, as well as the calculation for-

mula for modal force, can be obtained. Therefore, the rela-

tionship between displacement and modal force in modal 

space (Eq. (3)) can be transformed into physical space, 

thereby establishing the convolution relationship between 

the response and the load in physical space [17]. 

 =Y HF , (7) 

where 

1

2 1

1 1

0 0

0

z z−

 
 
 =
 
 
 

H

H H
H

H H H









, 

( )

( )

( )

( )

( )

( )

1

1

1

m

m

m

t

t

t

t

t

t

 
 
 
 
 

=  
 
 
 
 
 

y

y

y

Y

y

y

y











( )

( )

( )

1

2

i

i

n i

F t

F t

F t

 
 
 =
 
 
  

F


. 

Y (Y   m
) is the output response, F (F   n

) is 

the load vector (Fn(ti) represents the n-th concentrated load 

1
m

2
m

1
k

2
k

3
k

1
c 2

c 3
c


2
( )F t ( )

n
F t

n
k

n
c

1n
k

+

1n
c

+

1
( )F t

n
m

 



 109 

at time ti), and H (H   mn
) is the transfer matrix; z repre-

sents the number of time instants. 

To ensure Eq. (7) has a solution, the number of re-

sponses m should be greater than or equal to the modal order 

r, and the modal order r should be greater than or equal to 

the number of load identifications n. That is m  r  n. From 

Eq. (7), the load can be calculated as: 

 +=F H Y . (8) 

For continuous systems, infinite continuous sys-

tems can be transformed into finite degree of freedom sys-

tems through modal truncation. This reduction process en-

sures computational accuracy by retaining the dominant 

mode. Thus, the dynamic load identification method of 

multi degree of freedom systems can be used to complete 

the dynamic load identification of continuous systems. 

3. Improved Hybrid LSQR Regularization Strategy for 

Dynamic Load Identification 

However, the load identification problem (Eq. (8)) 

is an ill-posed inverse problem, which requires regulariza-

tion strategies to enhance solution accuracy. The Least 

Squares QR (LSQR) algorithm is a commonly used regular-

ization method. It solves linear systems and least squares 

problems through Lanczos bidiagonalization, making it par-

ticularly suitable for large-scale ill-posed problems. 

The identification of dynamic loads requires con-

sideration of the solution to the following least squares prob-

lem: 
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Through the Lanczos diagonalization process 

based on the Krylov subspace projection method, the or-

thogonal bases of the subspaces k (H
T
H, H

T
Y) and 

k (HH
T
, Y) can be calculated respectively.  

Let F0 be the initial approximate solution of 

Eq. (9), then the residuals r0 = Y − HF0. After k steps of 

Lanczos diagonalization iteration, the bidiagonalization de-

composition of matrix H was achieved: 
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The Lanczos diagonalization iteration process of 

the LSQR algorithm can be represented by a matrix as fol-

lows: 
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According to Eq. (8) and Eq. (10). the solution of 

LSQR algorithm is expressed as: 
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+=F V B U Y . (12) 

The LSQR algorithm exhibits semi-convergence 

[18]. To address this issue, Tikhonov regularization is incor-

porated into the least-squares problem within its subspace, 

resulting in a hybrid LSQR algorithm.  

The solution vector Fk lies in the column space of 

Vk. In the LSQR algorithm, the solution is approximated as 

Fk = Vkqk, which corresponds to the residual rk = Y − HFk. 

Define tk+1 = 1e1 − Bkqk, we can get: 
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The minimum residual rk is equivalent to solving 

qk to minimize tk+1. That is: 

 1 1 1 1

T

k k k k k kmin t e q q+ += − = −B U Y B . (14) 

Tikhonov regularization is incorporated into the 

least-squares problem, we get: 

  2

1

T

k k k kmin q q+ − +U Y B , (15) 

where  is the regularization parameter obtained through the 

L-curve criterion [19], The idea of this method is to select a 

series of different  values, compute the corresponding val-

ues of lgY−HF and lgF for each λ respectively. Plot a 

graph with lgY−HF as the abscissa and lgF as the ordi-

nate, whose curve shape resembles the letter "L". At the cor-

ner of the L-curve, the point with the maximum curvature 

can be found, and the λ value corresponding to this point is 

the most suitable regularization parameter. The Tikhonov 

regularization solution in the subspace is: 
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The load identified by the hybrid LSQR algorithm 

is: 
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1

2
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The hybrid LSQR algorithm solves the smaller-

scale regularization problem on the low-dimensional sub-

space generated by the original LSQR algorithm, thereby 

achieving the goal of performing refined regularization for 

large-scale sparse problems. To enhance the accuracy and 

stability of the hybrid LSQR algorithm, this paper proposes 

an improved version. The computed load obtained through 
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the hybrid LSQR algorithm is adjusted based on the devia-

tion between the calculated response and the measured re-

sponse. The solution of the improved hybrid LSQR algo-

rithm is expressed as: 

 ( )1 ,

M R R

k k k k k k k

R R T

k k k k

q q

q
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= + = + =
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where,  is the correction coefficient, Fk is the deviation 

between the hybrid LSQR solution and the actual load at the 

k-th step, and R

k = −Y Y HF , R

kHF is the calculated re-

sponse. the deviation between the measured response and 

the calculated response is: 
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The objective function is defined as the difference 

between the measured response and the calculated response: 
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Let the partial derivative of ( )   with respect to

 be zero, resulting in: 
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By substituting Eq. (21) into Eq. (18), the k-th iter-

ative regularization solution of the improved hybrid LSQR 

algorithm can be obtained. The flowchart of load identifica-

tion using the improved hybrid LSQR algorithm is shown in 

Fig. 2. 

4. Augmented Hybrid LSQR Regularization Strategy 

for Dynamic Load Identification 

The improved hybrid LSQR algorithm is derived 

by integrating the LSQR method with Tikhonov regulariza-

tion. The solution produced by the LSQR algorithm resides 

within the Krylov subspace. However, the standard Krylov 

subspace does not incorporate prior knowledge about the 

load. To address this limitation in applications where such 

information is available, an Augmented Hybrid LSQR Al-

gorithm is proposed. 

If it is known that the load signal F contains a sub-

space wp, the solution can be obtained by solving the follow-

ing least squares problem: 
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The LSQR algorithm Lanczos diagonalization iter-

ation process becomes: 
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Fig. 2 Flowchart of load identification using improved hy-

brid LSQR algorithm 

where, 1 0m p T

k k k,
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( ) ( )1p k k k krange w range += +H U G U F . 
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Fk   pp
, and the expression for Gk, Fk are as follows: 
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k k p k k pw w+= =G U H F U H . (24) 

Iterate k steps to obtain an approximate solution 

Fk = [Vk, wp]qk for the augmented hybrid LSQR algorithm, 

where qk is the solution to the following least squares prob-

lem: 
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 . Using 

Tikhonov regularization to solve the least squares problem 

of Eq. (15), we obtain: 
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1

T

k k k kmin q q+− +B U Y . (26) 

The Tikhonov regularization in the subspace is re-

solved as follows: 
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According to the improved hybrid LSQR algo-

rithm, the identified load is modified. and the augmented 

hybrid LSQR algorithm solution can be obtained: 
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where ( )
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= +B B B I B , 
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( )1 1

2
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Using the augmented hybrid LSQR algorithm to 

perform iterative calculations, dynamic loads with known 

prior information can be effectively identified. Figure 3 pre-

sents the corresponding flowchart for this load identification 

process. 

 

Fig. 3 Flowchart of load identification using augmented hy-

brid LSQR algorithm 

5. Simulation Example 

Using finite element software to establish a simply 

supported beam model with length l = 1 m, width 

a = 0.05 m, and height h = 0.01 m. With elastic modulus 

E = 210 GPa, density  = 7800 kg/m3, and Poisson's ratio 

 = 0.3. The finite element model of the simply supported 

beam is shown in Fig. 4. 

 

Fig. 4 Finite element model of simply supported beam 

5.1. Evaluation of dynamic load identification 

This study employs the Signal-to-Noise Ratio 

(SNR) and the Peak Relative Error Method (PREM) to eval-

uate the discrepancy between the actual load ( )X i and the 

identified load ( )Y i . 

1. Signal-to-Noise Ratio (SNR) 
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where, n is the number of sampling points. SNR quantifies 

the global discrepancy between the identified and actual 

loads. A higher and lower SNR indicates a smaller and 

larger identification error, respectively. 

2. Peak relative error method (PREM) 

 ( )
( ) ( )

( )
PREM 100

maxY i max X i
X ,Y %

max X i

−
=  . (28) 

PREM denotes the relative error between the peak 

value of the identified load and the peak value of the actual 

load. 

5.2. Improved hybrid LSQR algorithm for multi-point  

sinusoidal excitation load identification 

This example involves multi-point excitation, 

where multiple sinusoidal loads F1 = 20sin(80t) and 

F2 = 10sin(60t+) are applied. The excitation points are at 

nodes 4 and 9, specifically, sinusoidal excitations are ap-

plied at x1 = 0.3 m and x2 = 0.8 m, respectively. Transient 

response analysis is performed using Patran, with external 

load signals and response signals from nodes 2–8 collected. 

The sampling rate is set to 2000 Hz, and a 1-second duration 

is selected for load identification analysis. For a simply sup-

ported beam with zero initial conditions, the modal trunca-

tion order is set to 5. The multi-source signal is shown in 

Fig. 5. 

Gaussian white noise interference with intensities 

of 10% and 20% is added to the acceleration response signal, 

respectively. The identification results of the multi-point si-

nusoidal loads are presented in Figs. 6 and 7. 

According to Table 1 and Table 2, as the noise in-

creases, the PREM values of the two algorithms gradually 

increases, and the SNR values gradually decreases, indicat-

ing that noise has a significant interference on load identifi-

cation. Comparing the identification of two sinusoidal loads 

using different algorithms, the load 2 has a larger identifica-

tion error than the load 1. With the increase of noise, the 

identification accuracy of LSQR algorithm suddenly de-

creases, especially for the load 2 with 20% noise interfer-

ence, whose PREM is as high as 112.738%. LSQR algo-

rithm has poor noise resistance and low accuracy for multi-

point sinusoidal load identification. Compared to the LSQR 

algorithm, the proposed improved hybrid LSQR algorithm 

exhibits enhanced robustness to noise, with lower PREM 

and higher SNR. 

5.3. Simulation example of superposition load identifica-

tion using augmented hybrid LSQR algorithm 

The simulation model is consistent with the above 

example, as illustrated in Fig. 1. A superposition of a sinus-

oidal load and a linear load F = 20sin(60t)−10t is applied 

at node 4 (i.e., x = 0.3 m) for 0.5 seconds to conduct load 

identification and analysis. The modal truncation order is set 

to 3, and the applied load signal is presented in Fig. 8. 

Assuming that the load contains linearly varying 

forces:  

wp = span{w1, w2}, w1 = (1, 1, …, 1)
T
, w2 = (1, 2, …, n)

T
.  

To account for the influence of noise interference, 

10% and 20% Gaussian white noise are added to the accel-

eration response, respectively. The corresponding load iden-

tification results are shown in Fig. 9 and Fig.10. 
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Fig. 5 Multi-point sinusoidal load excitation signal 

 

a 

 

b 

Fig. 6 Identification results of multi-point sinusoidal load 

with 10% noise interference: a – load 1, b – load 2 

Table 1 

Identification results of multi-point sinusoidal load  

(Load 1) 

Algorithm Noise PRE (%) SNR 

LSQR Algorithm 

10% 

20.477 17.343 

Improved Hybrid 

LSQR Algorithm 
7.222 21.135 

LSQR Algorithm 

20% 

41.624 11.507 

Improved Hybrid 

LSQR Algorithm 
18.179 16.461 

 

a 

 

b 

Fig. 7 Identification results of multi-point sinusoidal load 

with 20% noise interference: a – load 1, b – load 2 

Table 2 

Identification results of multi-point sinusoidal load  

(Load 2) 

Algorithm Noise PRE (%) SNR 

LSQR Algorithm 

10% 

65.871 9.153 

Improved Hybrid 

LSQR Algorithm 
18.512 12.667 

LSQR Algorithm 

20% 

112.738 3.421 

Improved Hybrid 

LSQR Algorithm 
38.265 8.436 

 

 
Fig. 8 Superposition excitation signal of sinusoidal load and 

linear load 
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Fig. 9 Identification results of superposition load with 10% 

noise 

 

Fig. 10 Identification results of superposition load with 20% 

noise 

As can be seen from Figs. 9-10, with different 

noise levels, the LSQR algorithm can only identify sinusoi-

dal load but fails to identify linear load, resulting in signifi-

cant errors in the identification results. In contrast, the aug-

mented hybrid LSQR algorithm, based on known prior in-

formation, can effectively identify the superimposed load 

composed of sinusoidal and linear load. 

 

Table 3 

Identification results of multi-point sinusoidal load 

Algorithm Noise PRE (%) SNR 

LSQR Algorithm 

10% 

12.288 14.370 

Augmented Hybrid 

LSQR Algorithm 
3.844 23.025 

LSQR Algorithm 

20% 

9.808 13.936 

Augmented Hybrid 

LSQR Algorithm 
8.561 19.634 

 

As can be seen from Table 3, with different noise 

levels, the LSQR algorithm exhibits large errors in identify-

ing the composite load consisting of a sinusoidal load and a 

linear load. In contrast, the augmented hybrid LSQR algo-

rithm achieves favorable identification results, with all SNR 

exceeding 19, indicating that this algorithm maintains good 

stability during the iteration process. 

6. Experimental Verification of Periodic Load Identifi-

cation Using Improved Hybrid LSQR Algorithm 

Fig. 11 illustrates a low-carbon steel beam under a 

configuration with one fixed end and one simply supported 

end. The beam's nominal dimensions are a length of 0.7 m, 

a width of 0.04 m, and a thickness of 0.008 m. 

 

Fig. 11 Diagram of the simply supported beam in the dy-

namic response test 

Perform load identification calculations using the 

acceleration response signal as input, and compare the iden-

tified load with the measured excitation load. The accelera-

tion response at each measurement point under periodic ex-

citation is collected, providing both the response data and 

the excitation data for load identification. Data was acquired 

using an NI-PXIe-1075 system and processed with the NI 

SignalExpress analysis software. When multiple excitations 

are applied, periodic loads are exerted using shakers. 

The sampling rate is set to 2048 Hz, and accelera-

tion responses are collected at six measurement points. The 

two periodic loads applied and the positions where they are 

applied are as follows: 

( )
10

1 1
0

0 21 m,  23 2 40 10
k

x . F sin k t
=

= = +   ， 

( )2 20 56 m,  160x . F sin t= = . 

For load identification, a 1-second stationary seg-

ment of the excitation signal is intercepted as the analysis 

data. The identification results for the periodic loads under 

multiple excitations are presented in Fig. 12 and Fig. 13. 

The performance of the multi-periodic load identi-

fication is presented in Table 4. 

As shown in Figs. 12 and 13, significant errors are 

observed during the initial identification phase (within the 

first 0.03 seconds). After this period, the favorable Peak 
 

 

Fig. 12 Identification results of F1 
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Fig. 13 Identification results of F2 

Relative Error (PREM) and Signal-to-Noise Ratio (SNR) 

values, presented in Table 4, indicate effective load identi-

fication. The large initial error is primarily attributed to ne-

glecting the influence of prior excitation on the current re-

sponse when analyzing the data segment. 

Table 4 

Identification Results of Multi-periodic Load  

Multi-source periodic exci-

tation loads 
PRE, % SNR 

F1 7.037 17.045 

F2 3.132 24.510 

7. Conclusions 

This paper employs the explicit Newmark-β 

method for load identification in continuous systems. Ad-

dressing the ill-posed nature inherent in load identification, 

an improved hybrid LSQR regularization strategy is pro-

posed. For load identification problems with prior condi-

tions, an augmented hybrid LSQR regularization strategy is 

further developed. The stability and accuracy of these two 

methods are validated through simulation examples. The 

main contributions of this work are as follows: 

Based on the LSQR regularization algorithm, an 

improved hybrid LSQR algorithm is proposed. This ap-

proach incorporates an adaptive correction mechanism, 

where the computed response is iteratively compared with 

the measured response. Numerical simulations confirm that 

the proposed improved hybrid LSQR algorithm exhibits su-

perior stability and accuracy compared to the conventional 

LSQR algorithm. 

In cases where prior information is accessible, an 

augmented hybrid LSQR algorithm is proposed. the aug-

mented hybrid LSQR algorithm expands the Krylov sub-

space with prior information and combines improved hybrid 

LSQR regularization strategies to ensure stable iteration, en-

abling it to better handle dynamic load identification prob-

lems with prior information. 

Using a simply supported beam as a representative 

structure of a continuous system, simulation examples in-

volving different load types and noise levels demonstrate 

that the improved hybrid LSQR algorithm yields relatively 

favorable identification results. Additionally, a superposi-

tion load identification simulation shows that the augmented 

hybrid LSQR algorithm further improves the accuracy of 

load identification when prior knowledge of the load is 

available. Finally, the reliability and accuracy of the hybrid 

LSQR correction algorithm in identifying periodic loads are 

verified through experimentation. 
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H. Li, J. Jiang, M S. Mohamed 

RESEARCH ON DYNAMIC LOAD IDENTIFICATION 

BASED ON THE NEWMARK- METHOD AND 

NOVEL ITERATIVE REGULARIZATION STRATEGY 

S u m m a r y 

This work focuses on the dynamic load identifica-

tion motivated by Newmark-β Method and regularization 

strategy.  Given the ill-posed nature of load identification, 

an improved hybrid LSQR regularization strategy is pro-

posed, which incorporates an adaptive correction mecha-

nism by iteratively comparing the computed response with 

the measured response. For load identification problems 

with prior conditions, an augmented hybrid LSQR regulari-

zation strategy is further developed, which expands the 

Krylov subspace with prior information and combines the 

improved hybrid LSQR regularization strategies to ensure 

stable iteration. Simulation examples using a simply sup-

ported beam as a representative structure of continuous sys-

tems, involving different load types and noise levels, vali-

date the stability and accuracy of the two methods. The re-

sults show that the improved hybrid LSQR algorithm exhib-

its superior stability and accuracy compared to the conven-

tional LSQR algorithm and yields relatively favorable iden-

tification results. Moreover, the superposition load identifi-

cation simulation indicates that the augmented hybrid LSQR 

algorithm further improves the accuracy of load identifica-

tion when prior knowledge of the load is available. 

Keywords: dynamic load identification, explicit Newmark-

β method, regularization strategy, improved hybrid LSQR 

algorithm, augmented hybrid LSQR algorithm. 
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