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1. Introduction

Uncertainty is an inherent property of nature, and
this characteristic extends deeply into the field of structural
design. It is specifically reflected in core design parameters
such as structural geometric dimensions and loads acting on

structures, all of which exhibit significant uncertain features.

Existing studies have confirmed that incorporating the un-
certainty of design parameters into structural topology opti-
misation (TO) can not only adjust the structure's force trans-
mission paths but also generate diversified, optimised struc-
tural forms with distinct shapes [1-4]. As a key branch in the
field of structural optimisation design, reliability-based TO
(RBTO) serves as a core technical solution for addressing
structural optimisation challenges under the prerequisite of
"uncertain design parameters". By integrating TO methods
with reliability analysis techniques to conduct structural op-
timisation design, this technology quantitatively incorpo-
rates the influence of various uncertainty factors. Conse-
quently, the finally formed optimised structure not only has
higher adaptability to the practical application needs of en-
gineering but also can achieve an optimal balance between
structural safety performance and economic costs [5-7]. For
this reason, RBTO has become a key research direction
within the scope of structural optimisation design and has
gained extensive attention and high recognition from the ac-
ademic community.

Regarding the RBTO of continuum structures ac-
counting for uncertainties in design parameters, relevant
scholars have conducted extensive research from various
perspectives. Zhan and Bai [8] put forward a non-probabil-
istic RBTO method that addresses uncertainties associated
with distributed loading. To substantiate the validity of the
presented approach, several numerical examples that in-
volve uncertain loading fields and cover both 2D and 3D
structures are provided. To strike an ideal balance among re-
liability, robustness, cost, and structural safety, Yang et al.
[9] pioneeringly proposed a unified robust RBTO method-
ology for continuum structures with loading uncertainty. Hu
et al. [10] proposed an innovative decoupled framework for
RBTO that incorporated the local radial point interpolation
method and accounted for stress and displacement con-
straints, achieving optimal material distribution while satis-

fying strength and stiffness constraints. Li et al. [11] put for-
ward a level set RBTO method that accounts for multi-
source interval uncertainties and sensitivity mapping, and
this approach has been successfully utilised in the TO of the
rocket skid structure. Zhan et al. [12] offered a geometri-
cally nonlinear non-probabilistic RBTO method specifically
designed to address non-probabilistic load parameters as
well as geometric field uncertainties. Zhan et al. [13] pro-
posed a fatigue RBTO framework for compliant mecha-
nisms that incorporates material uncertainties; in contrast to
the outcomes of deterministic TO, the compliant mecha-
nisms derived from the proposed framework demonstrate
superior fatigue reliability. It has been demonstrated in pub-
lished literature that RBTO problems for continuum struc-
tures can be efficiently resolved using TO techniques such
as the variable density method, level set method (LSM), and
evolutionary structural optimisation method.

The proportional TO (PTO) algorithm, which be-
longs to the category of variable density methods [14], is a
novel heuristic algorithm presented by Biyikli and To [15].
The fundamental concept of this approach is to allocate ma-
terial based on the proportion of each element’s stress or
compliance values relative to the total stress or total compli-
ance values of all structural elements. Owing to its ad-
vantages of dispensing with the requirement to acquire sen-
sitivity information, conceptual simplicity, and ease of im-
plementation, it is gradually attracting increasing attention
from scholars in the relevant academic field. Fu et al. [16]
put forward a strategy for addressing the TO problem of
trusses exhibiting low-level nodal location uncertainty by
means of the PTO approach. Test cases involving multiple
types of trusses were utilised to validate the method’s excel-
lent efficiency. Cui et al. [17] offered a multi-material PTO
method built upon a revised density interpolation strategy
employing the S-shaped logistic function, and have accord-
ingly obtained topological structures featuring distinct
boundaries. Nguyen et al. [18] have extended the PTO algo-
rithm to enable its application in two-scale concurrent TO,
where both the structural configuration and the material's
cellular microstructure are incorporated into the design pro-
cess. Vo et al. [19] put forward an iso-geometric PTO ap-
proach (termed IGA-PTO), and by leveraging this approach,
successfully obtained topological structures with smooth,



well-defined boundaries. The IGA-PTO approach was sub-
sequently applied to solving multi-material TO problems
[20]. Kumkam and Sleesongsom [21] proposed an efficient
method for RBTO that addresses uncertainty and utilises
PTO to obtain structures with optimal reliability. Rao et al.
[22] developed a novel PTO approach integrating level set
function (LSF) and evolutionary strategy for addressing the
2D and 3D TO problems, and subsequently employed this
approach in designing microstructures for porous materials
with superior mechanical properties, thereby yielding mi-
crostructural topologies characterised by well-defined inter-
faces and smooth boundaries [23]. It is not difficult to find
from the aforementioned published literature that scholars
have taken the PTO method as a core framework to carry
out solution work for various structural TO problems, cov-
ering the direct application and improved expansion of this
method. However, research reports on solving structural
RBTO problems using PTO-type methods remain relatively
rare. Although some works [21,24] have achieved the solu-
tion goal of structural RBTO problems via the PTO method,
the resulting topological structures exhibit grey areas or ser-
rated boundaries, a drawback that necessitates extensive
post-processing prior to practical engineering implementa-
tion.

In this paper, we propose a reliability-based PTO
(RPTO) method to address continuum structural TO prob-
lems. Specifically, a probabilistic framework is adopted to
characterise uncertainties in design variables, and a corre-
sponding RBTO model for continuum structures is set up to
minimise structural compliance under dual constraints of
probabilistic reliability and material volume. To ensure
smooth boundaries of optimised structures, the RPTO
method incorporates an LSF. The effectiveness of the pro-
posed RPTO method is verified through several typical test
cases involving 2D and 3D TO problems.

2. Proportional Topology Optimisation Algorithm
Integrating the LSF

In the deterministic TO phase of implementing the
RPTO method, referring to the published paper [22], the
PTO algorithm integrating the level set function (PTO-LS)
is used here. PTO-LS method has the advantages of not re-
quiring sensitivity calculations and the optimised structure
having smooth boundaries. This method includes the fol-
lowing main contents:

2.1. Compliance minimisation problem

Referring to the literature [22, 25], the mathemati-
cal model for the minimisation of structural compliance sub-
ject to material volume constraint employed here can be
stated as:

min: C=U"KU
KU=F
N R 1
St 4y PV, =V, =0 >
m=1
0<p, <1 (m=1,2,.,N)

where C denotes compliance; U is the displacement vector;
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F indicates the external load; K represents the global stiff-
ness matrix; p,, is the pseudo density (i.e., design variable);
N is the total quantity of elements; v,, denotes elemental vol-
ume; Vyindicates the material volume fraction.
The Young’s modulus E(p,,) can be acquired via the

following formula:

E(p,)=K,+(K,-K,)-ph.  p,€[0,1], (@)
where K, and K denote the Young’s moduli assigned to the
void and solid elements, respectively, and p denotes a pen-
alty coefficient.

2.2. Compliance proportion calculation and filtering

In this optimisation framework, after computing
the compliance value for each element via finite element
analysis (FEA) is completed, the compliance proportion
value of each element can be calculated by:

3)

where, besides the nomenclature provided for Eq. (1), Ci
and C} indicate the compliance value and compliance pro-
portion value of element m, respectively.

After obtaining the compliance proportion value
associated with each element inside the structure, the com-
pliance proportion filtering technique [22] is used here to
reduce local fine structures to better adapt to engineering
applications. The mathematical representation of this filter-
ing scheme is given below:

Ny
2. B,,Cf
C,‘Zf' =/

“

in which C7 denotes the compliance proportion value corre-
sponding to element j within the filter radius 7, before filter-
ing, C stands for the compliance proportion value relative
to element m in the structure following the implementation
of the filtering scheme, Ny represents the overall count of
elements inside the radius 7y, and S, indicates the weighting
factor, which can be obtained through the following equa-
tion:

—D(m,j
=D))<,

&)

>

s
0 , forD(m,j)=r,
in which D(m, j) stands for the distance separating the cen-
tres of elements m and j.

2.3. Nodal compliance proportion

To facilitate obtaining smooth and distinct bounda-
ries, the design scheme of the LSF founded on the nodal
compliance proportion was used in this paper [22]. Here,



the nodal compliance proportion C}? is defined as the av-
erage value of the compliance proportion values of all ele-
ments sharing node k& in common, which can be expressed
as:

Né’
S e ®)
N e e=1
in which N, represents the overall count of elements linked
to the shared node. Concerning bi-linear four-node quadri-
lateral elements, N, commonly takes three values: 1, 2, and
4. To elaborate, a node is identified as a corner node (at the
structure’s corners), a boundary node (on the structure’s
edges), or an inner node (inside the structure) when N, is 1,
2, or 4, respectively [26]. And C¥ indicates the element’s
compliance proportion value calculated using Eq. (4).
For the purpose of enhancing the algorithm's con-
vergence performance, an additional averaging step is ap-
plied to each node’s compliance proportion value:

CNCP(n)

k

+ CNCP(IFI)

k

2

C,?/CP(")

(7

B

in which 7 represents the iteration step. The terms CyF®
and C)P-D refer to the compliance proportion value that
corresponds to node £ at iteration n and iteration n-1, respec-
tively.

2.4. Description of LSM

Leveraging the LSM's intrinsic capabilities in gen-
erating smooth, well-defined iso-contours and iso-surfaces,
this study integrates it into the proposed optimisation frame-
work. In the LSM, the LSF y is employed to characterise
the topological configuration. A mathematical formulation
describing the domain's boundaries and additional related
parts can be formulated:

w(y.1)>0, VyeQ\I'
w(y.t)=0, Vyel , (®)
w(y.1)<0, VyeD\(QuUT)

where y e R? or R® denotes a point within the structure
D e R? or R, 2 indicates the solid domain with I as its
boundary, and ¢ stands for the pseudo-temporal variable em-
ployed to characterise the update iterations during the LSF's
evolutionary progression.

To prepare the structure for FEA, the LSF is trans-
formed into a physical representation. This transformation
is accomplished via an appropriately defined mapping func-
tion M(y), which assigns the LSF values to the design pro-
totype's outer surface as below:

1,
0,

ify>0

. 9
if <0 ©

M(l//)={

For computational efficiency in FEA, the ersatz
material model [27] is utilised. This model allows for a fixed
mesh established at the optimisation outset, requiring no up-
dates later. In this implementation, the LSF-based ersatz ma-
terial is represented by a density variable p,, calculated via
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the Heaviside mapping M(y):

) J.D,,, M(y)dQ

[ da (10)

m >

where D), defines the element domain. In actual computa-
tion, p,, is determined by the subsequent expression:

P (In

AS
A’
in which 4; corresponds to the solid area (2D) or solid vol-
ume (3D), and 4,, refers to the element area (2D) or element

volume (3D). Once element density p, is computed,
Young’s modulus E(p.) is derivable via Eq. (2).

2.5. Update strategy

Level-set value computation requires predefined
goal material volume in the present iteration. The method-
ology incorporates the evolutionary strategy [22, 28], imple-
mented as follows:

2V

sgd

min{Vam, yir (1 +er)}, for V.,
y = ,(12)

max{Vam, V("_])(l—er)},for Vow <V

where er stands for an evolution rate, which is used to reg-
ulate the volume of material added or subtracted during each
optimisation iteration, until the allowable material volume
Vam is achieved. V™ denotes the goal volume for the present
iteration, and Vs indicates the starting guessed design vol-
ume (for example, 1 representing the complete material
state). The algorithm maintains a constant material volume
and only alters the structural layout once V., is attained.

In this approach, an ordinary differential equation
[26] serves as the theoretical foundation for deriving the
LSF update strategy. When integrating this strategy with the
optimality criterion (OC) equation (which is built on the
Karush-Kuhn-Tucker (KKT) condition), nodal compliance
proportion (CYP™) in Eq. (7) is used to control the update
of LSF:

dy NCP(n) _
I C, 0. (13)

Need to add that Eq. (13) is constructed based on
any point in the structure; this scheme can be used to analyse
all mesh nodes. Following the incorporation of the nodal
compliance proportion, the LSF evolution becomes applica-
ble to structural optimisation. For the OC method, it can be
readily demonstrated that the OC applicable to elements is
equivalent to that for nodes [26]. Consequently, node-based
OC can be replaced with the element-based one. The node-
based OC in this case is given as follows:

CY —4=0. (14)

Replacing CYP® with CYCP® — 1 in Eq. (13) yields the fol-
lowing equation:



dv
dt

0.

_ ( CNCP(n)

k - 1)

Herein, to address the material volume constraint,
the Lagrange multiplier A is computed employing a bisec-
tion algorithm. Theoretically, the LSF update reaches con-
vergence once all nodal compliance proportion values equal
A. This equilibrium point, signified by the OC term
(CYCPO 7y equalling 0, constitutes a KKT point. Conse-
quently, the LSF evolution in this scheme can also be math-
ematically modelled as follows:

(15)

Vo =W, + (G - 2), (16)

where At denotes the designer-specified time step. The al-
gorithm terminates when either the compliance variation
across consecutive iterations drops below a present thresh-
old or the predefined maximum iteration number (/Nmax) is
reached:

C, -C,._

n-r

C

n

<r,orn>IN

max >

(17)

in which 7 represents a small positive tolerance value (typi-
cally 0.001), and r denotes an integer that is assigned a value
of 5 in this study. This indicates that the compliance value
exhibits negligible change over the final 5 iterations.

3. Reliability-Based Proportional Topology
Optimisation Design

In practical engineering, excessive stress is a major
trigger for structural deterioration and unexpected accidents.
It should be clarified that the present work concentrates on
compliance-minimised reliability topology optimisation,
and explicit stress constraints are not incorporated into the
current RPTO formulation. Even so, the probabilistic relia-
bility constraint implemented in this work evaluates struc-
tural failure probability subjected to multi-source uncertain-
ties including geometry, material and load fluctuations,
which can indirectly reduce the risk of structural failure in-
duced by adverse mechanical responses. Stress-constrained
RPTO will be investigated as one of our important future
research directions.

3.1. Variable description in RBTO problem

In this study, uncertainties are initially modelled
using normal distributions to establish the computational
framework. However, the proposed RPTO method utilises
the Rosenblatt inverse transformation. A significant ad-
vantage of this transformation is its mathematical flexibility;
it allows the framework to map non-normal distributions —
such as the Beta distribution often associated with bounded
manufacturing tolerances — into a standard normal space for
reliability index calculation. This ensures that the RPTO
method remains generalizable to diverse engineering statis-
tical models. Within the context of this work, the structural
RBTO problem involves two types of variables, specifically
deterministic variables and uncertain variables. For deter-
ministic variables, in the TO design of structural reliability
using SIMP as the material interpolation model, density var-
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iables applied to discrete elements are typically used to de-
scribe the configurational features of the optimised structure.
For uncertain variables, the methods to describe their uncer-
tainty can be categorised as probabilistic or non-probabilis-
tic approaches. Since this paper studies RBTO of continuum
structures under uncertainties in structural geometric dimen-
sions, material volume, and applied loads, the structure’s
length, width, material volume fraction, and applied loads
are considered uncertain variables. Their uncertainties are
characterised using probabilistic methods. When these vari-
ables do not follow a standard normal distribution, they can
be transformed into standard normal random variables
through regularisation.

3.2. Mathematical model for RBTO

Based on the mathematical model in Eq. (1) for TO
and referencing published work [24], we establish an RBTO
model. This model considers volume constraints and relia-
bility constraints while minimising structural compliance C,
which is given by:

min: C=U"KU

P <b
KU=F

N
Z pmvm -

m=1

0<p, <1 (m=1,2,

(13)

St.: ’
V,=0

)

where Prand P; denote the failure probability and the allow-
able one of the structures, respectively. The most direct ap-
proach to obtaining the failure probability involves integrat-
ing over the joint probability density function of the random
variables. However, this method not only increases compu-
tational difficulty but is also often impractical in most sce-
narios. Consequently, scholars have proposed methods for
approximating the failure probability. Widely applied tech-
niques include Monte Carlo simulation, the First-Order Re-
liability Method (FORM), and the Second-Order Reliability
Method. Due to its computational efficiency, simplicity, ef-
fectiveness, and ease of implementation, FORM is adopted
here to approximate the failure probability. The function for
approximating Prand P; can be formulated as:

P~ ¢(=p)
P ~p(-p)
P <P’ < fB2p

(19)

B

where fand £, denote the structural reliability index and the
target reliability index, respectively. And &(-) represents the
cumulative distribution function of the standard normal dis-
tribution.

Furthermore, Eq. (18) can be rewritten as:



min: C=U"KU
B(u)=p,
KU=F

N

D PV -V, =0
m=1

0<p, <1, (m=12,..,N)

(20)

)

st

in which u is a vector of random variables that follow a nor-
mal distribution.

3.3. Theoretical mapping of uncertainties

The transition from reliability analysis to determin-
istic optimisation is governed by the identification of the
Most Probable Point (MPP) of failure. In this framework,
the corrected variables x; do not represent the "optimal” di-
mensions of the structure, but rather the worst-case scenario
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realisations of the random variables that the structure must
be able to withstand to meet the target reliability index f.
For a beam-like structure, an increase in the length L or

a decrease in the material volume V7 typically results in in-
creased compliance (reduced stiffness). To ensure a reliabil-
ity level g, the reliability analysis stage shifts the mean val-
ues uy; to the "fail-safe" bounds x;. Consequently:

Geometric Parameters: The corrected length L” in-
creases because the structure must remain safe even if man-
ufacturing tolerances result in a longer, more flexible span.

Volume Fraction: The corrected Vf* decreases to
represent the "worst-case" scenario of a material-deficient
structure. By performing the equivalent deterministic topol-
ogy optimisation (EDTO) on these penalised parameters,
the final topology is inherently robust against the identified
probabilistic variations.

topology optimi:

START |_______'
5 e e e g g S Perform the parameter settings: material
I_ property and algorithm parameters

[Perform the sensitivity analysis on the relevant]
parameters based on Eq. (25) and select

appropriate random variables x;

Prepare for FEA and compliance filtering. and
define the constraint and loading conditions

,

Perform regularization on x; based on Eq. (21)
1o obtain #; corresponding to x;

Initialize the LSF. and interpolate the density
ficld from the LSF

v

.

Calculate the sensitivity of the reliability index

J Stipulate the FEA and calculate the elemental
'I compliance value based on Egs. (1) and (2)

Calculate the element compliance proportion
value and execute the compliance proportion
filtering according to Egs. (3) - (5)

B with respect to the random variable u,

.

'

| Calculate B and u* based on Eq. (22) l

“alculate the nodal compliance proportion and|
average it based on Egs. (6) and (7)

v

Determine the permitted material volume for
the current iteration based on Eq. (12)

v

Update the LSF and implement the
regularization scheme to further update the
LSF according to Egs. (13)-(16)

v

Based on Eq. (24). u;* is corrected to obtain

the modified random variable x.*

| I
| I
| I
| |
| |
| I
| I
| |
| |
| | Update the random variable u, I I
| I
| I
| |
| |
| I
| I
| |
| :
| |

Reliability analysis stage

Fig. 1 Flowchart of the RPTO approach

3.4. Solution process for the RBTO model

This study utilises a hybrid decoupling approach to
separate the RBTO problem into two distinct subproblems:
reliability analysis and EDTO. During the reliability analy-
sis phase, following the geometric meaning of S, the i-th
random variable u; that satisfies the reliability constraint
and conforms to a normal distribution is obtained. Subse-
quently, u; is corrected using the Rosenblatt inverse trans-
formation [29], yielding the i-th random variable x; that
meets the reliability constraint and applies to the EDTO. In
the EDTO phase, with x; as the design parameter, the opti-
misation problem is addressed by means of the PTO method
integrated with an LSF, resulting in an optimised structure
that meets the predefined design requirements. Fig. 1 dis-
plays the flowchart of the RPTO approach. As a note, the
convergence criterion for the reliability analysis phase is de-
fined as 0 < — 4, < 0.01, while that for the EDTO phase is

given by Eq. (17).

To construct an optimisation model that maps ran-
dom variable x; to a normally distributed variable u;, normal-
isation must first be applied to x; using the following math-
ematical formulation:

X, — My,

_ xi

u = ———,
c

xi

2n

where u,; and gy; denote the mean and standard deviation of
the i-th random variable x;, respectively.

Further, an optimisation model for u; can be con-
structed based on Eq. (21):

I
p= mzn"u" = IZ”;Z
i=1

stz f(u)=p,

(22)



inwhich u; e u,i=1,2,..., L

When solving Eq. (22), the sensitivity of the relia-
bility index S with respect to the random variable u; is re-
quired, which can be obtained as follows:

1

Solving Eq. (22) yields the random variable u; that
satisfies the reliability constraints and follows a normal dis-
tribution, which is known as the normalised value. Subse-
quently, the Rosenblatt inverse transformation is applied for
correction, and its expression is as follows:

_ i

23
5 (23)

for ﬁ20

* *
X =u,+u
i Xi i
alux[

(o3

; 24)
. * Oc

X, =p,—uo,, for 6_< 0
;uxi

where x; denotes the i-th random variable that satisfies the
reliability constraints, namely the corrected value.

The sensitivity of the objective function (structural
compliance c¢) with respect to the mean value y,; of x; can be
approximated by the finite difference method:

oc _ c(p,+u,)=c(u,)
o, A, ’

(25)

in which Auyi = 0.0 1.
4. Numerical Examples

The selected numerical benchmarks represent typ-
ical beam-like structural components widely encountered in
engineering practice. The half-MBB beam corresponds to
simply-supported load-bearing beams such as machine
frame cross-members, while the cantilever beam mimics
cantilever brackets and overhanging support arms. All these
test cases consider concentrated external load conditions,
which are representative loading scenarios for many practi-
cal mechanical components.

Several numerical examples including 2D cantile-
ver and half-MBB beams and 3D half-MBB beam for tack-
ling the minimum compliance case are presented for verify-
ing the RPTO method’s effectiveness. Herein, the length L,
width W, thickness H, external load F' and material volume
fraction Vrof the structure are all set as mutually independ-
ent normal random variables. As a note, the uncertainties of
the structural length, width and thickness are characterised
by the uncertainty of the number of discrete elements in the
x, y and z axial directions after the discretisation of the struc-
tural design domain. The main design parameter settings for
the RPTO method in this paper are as follows: Young’s mod-
ulus of the solid material K; = 1.0 GPa, the external load
F =100 N, Poisson’s ratio v = 0.3, and the filter radius ryis
set to 3 and 1.5 in the 2D and 3D examples, respectively.
The other detailed parameters can be found in the published
paper [22].

296

4.1. 2D examples

For both component types considered here, the
highest stresses in service occur near the supports and be-
neath the point of load application. Explicit stress con-
straints lie outside the scope of the present formulation, as
stated in Section 3, but these are the regions that govern the
practical acceptability of the layouts obtained below.

The 2D models of half-MBB and cantilever beams
are displayed in Fig. 2. The initial values of L and W for the
half-MBB beam are assigned 90 and 40, respectively. The
initial values of L and W for the cantilever beam are assigned
90 and 60, respectively. The initial values of material vol-
ume fraction Vy for the half-MBB and cantilever beams are
endowed with 0.4 and 0.35, respectively. Assuming that the
number of discrete elements L (i.e. x1), W (i.e. x2), external
load F (i.e. x3), and material volume fraction Vy (i.e. x4) are
all random variables. For each random variable x; (i = 1, 2,
3, 4), the standard deviation g, is related to its mean s, by
0:i = 0.1 pi.

F
"

Fig. 2 2D example models: a — 2D half-MBB beam, b—2D
cantilever beam

During the reliability analysis phase, when the re-
liability index f takes values of 1, 2, 3, and 4, the random
variables u; (i.e., normalised values) satisfying the reliabil-
ity constraints and following a normal distribution were ob-
tained by solving the optimisation model Eq. (22). These
were then processed via inverse transformation correction to
derive the corrected values x; for the random variables L, W,
F, and V. The specific results are presented in Table 1 (2D
half-MBB beam) and Table 2 (2D cantilever beam). As can
be seen from Tables 1 and 2 there are differences between
the corrected values and initial values of the random varia-
bles L, W, F, and V. Varying values of the structural relia-
bility index £ lead to different corrected values for these ran-
dom variables. Furthermore, the larger the value of S, the
greater the difference between the corrected values and ini-
tial values of the random variables.

The corrected values x; for the random variables L,
W, F, and Vyare incorporated into the EDTO stage as design
parameters. TO is then performed on the 2D MBB and can-
tilever beams. The resulting structural topologies of the
MBB and cantilever beams under different conditions are
shown in Figs. 3 and 4, respectively. Figs. 3, a and 4, a show
the topological structures of the MBB and cantilever beams
obtained via deterministic TO (without considering reliabil-
ity), respectively. Correspondingly, Figs. 3, b-e and 4, b-e
show the topological structures of these two beam types ob-
tained with different reliability index values considered. As
can be observed from Figs. 3 and 4, the structures obtained
via RBTO feature more supporting arm structures than those
from deterministic TO. From an engineering perspective,
MBB-type load-bearing beams are commonly implemented



Table 1
Corrected values of random variables obtained by
optimising 2D half-MBB beam

B Random Initial Regularised Corrected
variables values values values
L (x1) 90 0.556 95
! W (x2) 40 0.500 38
F (x3) 100 0.476 104.76
Vi (x4) 0.400 0.476 0.381
L (x1) 90 1.000 99
5 W (x2) 40 1.000 36
F (x3) 100 1.007 110.07
Vi (x4) 0.400 1.007 0.360
L (x1) 90 1.444 103
3 W (x2) 40 1.500 34
F (x3) 100 1.531 115.31
Vi (x4) 0.400 1.531 0.339
L (x1) 90 2.000 108
4 W (x2) 40 2.000 32
F (x3) 100 2.003 120.03
Vr(x4) 0.400 2.003 0.320
Table 2
Corrected values of random variables obtained by
optimising 2D cantilever beam
B Random Initial Regularised Corrected
variables values values values
L (x1) 90 0.556 95
. W (x2) 60 0.500 57
F (x3) 100 0.476 104.76
Vr(x4) 0.350 0.476 0.333
L (x1) 90 1.000 99
5 W (x2) 60 1.000 54
F (x3) 100 1.007 110.07
Vr(x4) 0.350 1.007 0.315
L (x1) 90 1.444 103
3 W (x2) 60 1.500 51
F (x3) 100 1.531 115.31
Vr(x4) 0.350 1.531 0.296
L (x1) 90 2.000 108
4 W (x2) 60 2.000 48
F (x3) 100 2.003 120.03
Vr(x4) 0.350 2.003 0.280

as truss-like or rib-reinforced frameworks, while cantilever
support components typically adopt stiffened bracket or tri-
angular truss configurations. The additional supporting arms
emerging in the RBTO layouts are consistent with these
widely adopted engineering structural forms, thereby better
aligning the optimised designs with practical manufacturing
and application requirements.

4.2. 3D examples

Both two-dimensional and three-dimensional numerical ex-
amples are implemented in this work for hierarchical vali-
dation of the proposed RPTO framework. Two-dimensional
topology-optimisation models adopt plane-stress assump-
tions, offering low computational overhead and convenient

SASA

c

Fig. 3 Topology structures obtained by optimising a 2D
half-MBB beam under different conditions: a — topo-
logical configuration from deterministic topology op-
timisation, b - topological configuration from

RBTO (f=1), ¢ — topological configuration from
RBTO (f=2), d — topological configuration from
RBTO (f=3), e — topological configuration from
RBTO (f=4)

(S

Fig. 4 Topology structures obtained by optimising a 2D can-
tilever beam under different conditions: a — topo-
logical configuration from deterministic topology op-
timisation, b — topological configuration from
RBTO (f=1), c — topological configuration from
RBTO (f=2), d — topological configuration from
RBTO (f=3), e — topological configuration from
RBTO (f=4)

observation of fundamental topological evolutionary behav-
iours under varying reliability-index levels. Nevertheless,
2D formulations cannot capture out-of-plane mechanical re-
sponses and thickness-related random-variable effects. By
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contrast, 3D models enable full-volume mechanical repre-
sentation of practical beam-like components and support
random-variable descriptions for out-of-plane geometric di-
mensions, though they bring substantially higher computa-
tional costs due to increased element counts. In general, 2D
models are suitable for conceptual investigation and para-
metric-sensitivity analysis of topology-optimisation algo-
rithms, while 3D models are preferred when out-of-plane
loading, thickness-dependent uncertainties or practical com-
ponent-oriented evaluation are required. In the present study,
2D benchmarks are first utilised to explore the intrinsic
mechanism of the reliability-based topology-optimisation
approach, and the 3D half-MBB beam example further
demonstrates the practicability of the developed method for
realistic three-dimensional structural design.

Fig. 5 shows the 3D model of a half-MBB beam.
The initial values of L, W, and H for the 3D MBB beam are
set to 40, 20, and 20, respectively. The initial value of mate-
rial volume fraction V; for the 3D MBB beam is assigned
0.25. Assuming that the number of discrete elements L (i.e.
x1), W (i.e. x2), H (i.e. x3), external load F (i.e. x4), and ma-
terial volume fraction V7 (i.e. xs) are all random variables.
For each random variable x; (i = 1, 2, 3, 4, 5), the standard
deviation oy is related to its mean i by oy = 0.1 .

"?/
/

L ”

Fig. 5 3D model for half-MBB beam

During the reliability analysis stage for the struc-
tural TO of the 3D MBB beam, when the reliability index S
takes values of 1, 2, 3, and 4, the random variables u; (i.c.,
normalised values) satisfying the reliability constraints and
following a normal distribution were obtained by solving
the optimisation model Eq. (22). These were then processed
via inverse transformation correction to derive the corrected
values x; for the random variables L, W, H, F, and V.. The
specific results are presented in Table 3. As is evident from
Table 3, there are differences between the corrected values
and initial values of the random variables L, W, H, F, and V}.
Varied values of the structural reliability index £ induce dif-
ferent corrected values for these random variables. Besides,
as the value of f increases, the greater the difference be-
tween the corrected values and the initial values of the ran-
dom variables grows.

Similar to the calculation process of the 2D numer-
ical example, the corrected values x; for the random varia-
bles L, W, H, F, and Vyare incorporated into the EDTO stage
as design parameters. TO is subsequently carried out on the
3D half-MBB beam. And the resulting structural topologies
of the 3D MBB beam under different conditions are dis-
played in Fig. 6. Fig. 6, a presents the topological structure
of the 3D MBB beam acquired through deterministic TO
(with no consideration of reliability). Accordingly, Figs. 6,
b-e present the topological structures of the 3D MBB beam
acquired by considering different reliability index values.
As can be clearly seen from Fig. 6, the structure obtained

Table 3
Corrected values of random variables obtained by
optimising 3D half-MBB beam

Random .. Regularised | Corrected
B . Initial values
variables values values

L (x1) 40 0.500 42
W (x2) 20 0.500 19

1 H (x3) 20 0.500 19
F (x4) 100 0.366 103.66
Vr(xs) 0.250 0.366 0.241
L (x1) 40 1.000 44
W (x2) 20 1.000 18

2 H (x3) 20 1.000 18
F (x4) 100 0.714 107.14
Vr(xs) 0.250 0.714 0.232
L (x1) 40 1.250 45
W (x2) 20 1.500 17

3 H (x3) 20 1.500 17
F (x4) 100 1.215 112.15
Vr(xs) 0.250 1.215 0.220
L (x1) 40 1.750 47
W (x2) 20 2.000 16

4 H (x3) 20 2.000 16
F (x4) 100 1.581 115.81
Vr(xs) 0.250 1.581 0.211

5%
BR

(&

Fig. 6 Topology structures obtained by optimising 3D half-
MBB beam under different conditions: a — topolog-
ical configuration from deterministic topology opti-
misation, b — topological configuration from RBTO

(f=1), ¢ — topological configuration from RBTO
(f=2), d — topological configuration from RBTO

(f=3), e — topological configuration from RBTO
(B=4)



when the reliability index S equals 1 is similar to that de-
rived from deterministic TO. When the reliability index fis
in the range of 2—4, the obtained structure becomes simpler
as the amount of material reduces (with a larger S corre-
sponding to less material). Particularly when ftakes a value
of 4, the obtained optimised structures not only exhibit a
more regular morphology but also are more compatible with
the requirements of practical engineering applications. In
addition, it can also be observed from the data in Table 3
that, when reliability is considered (i.e., when the S values
are 1, 2, 3, and 4), the material volume fraction of the ob-
tained optimised structure decreases by 3.6%, 7.2%, 12%,
and 15.6% respectively, compared with the case when reli-
ability is not considered (where Vy= 0.25).

4.3. Reliability validation via Monte Carlo simulation

To verify the accuracy of the First-Order Reliabil-
ity Method (FORM) used in the RPTO process, a post-opti-
misation validation was conducted. Taking the optimised 2D
half-MBB beam (£ =3) as a representative case, a Monte
Carlo (MC) simulation was performed with 10° samples
based on the initial mean and standard deviation values of
the random variables. The calculated probability of failure
(P, mcs=0.001346) was found to be in close agreement with
the target failure probability (P;= &(-3)=0.001330).
Fig. 7 presents the histogram of limit state function value
distribution based on MC sampling, which accurately veri-
fies the effectiveness of the FORM from the perspective of
statistical distribution. This figure includes two subgraphs
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of the original spherical g,,»(U) and the tangent plane gcu(U).

The red dashed line represents the failure threshold g(U) =
0, where a sample is judged as a failure if g(U) < 0. In the
left subgraph, the distribution of gy,(U) derived from MC
sampling exhibits an overall rightward shift with a positive
mean value, indicating that the mean point (i.e., the origin)
of the standardised random variables lies within the reliable
region. This is fully consistent with the basic assumption of
FORM, confirming the accuracy of MC as a benchmark
method for reliability analysis. In the right subgraph, g...{U)
follows a normal distribution with a mean of 3.0045 and a
standard deviation of 1.0, with its peak centred around
3.0045. The failure threshold g(U) = 0 resides in the left tail
of the distribution, corresponding to a failure sample pro-
portion of about 0.135%. This proportion is completely con-
sistent with the FORM theoretical failure probability &(—p),

I <10* <107

45

- = g(U0 g(U)=0

4t

Number of samples
Number of samples

Fig. 7 Histogram of limit state function value distribution
based on MC sampling: a — original spherical

gon(U), b — tangent plane ge.(U)

which directly validates the high accuracy of FORM in ap-
proximating the original limit state surface using the tangent
plane. In conclusion, this confirms that the decoupled RPTO
approach accurately captures the intended reliability level
while maintaining computational efficiency significantly
superior to direct simulation-based optimisation methods.

5. Conclusions

In this work, we proposed a new method, referred
to as RPTO, to tackle the RBTO problem of continuum
structures with material volume and reliability constraints
for minimum structural compliance. Several 2D and 3D
cases were employed to demonstrate the effectiveness of the
newly proposed RPTO method. From the numerical exam-
ples presented in this paper, we may arrive at the following
conclusions:

The proposed RPTO approach can effectively
solve the RBTO problem for continuum structures, and the
resulting optimised structures exhibit smooth boundaries.

Under conditions where uncertainties exist in
structural geometric dimensions, material volume, and ap-
plied loads, the optimised structures obtained via the RPTO
method are not only more regular in morphology but also
more compatible with the requirements of practical engi-
neering applications, compared with those derived from de-
terministic TO design.

The selection of the reliability index £ in structural
RBTO directly affects the corrected values of random vari-
ables (including geometric dimensions, material volume,
and applied loads), thereby influencing the resulting topo-
logical configuration and material distribution. Moreover,
greater S values progressively result in more rational mate-
rial layouts. The proposed RPTO framework is promising
for the reliability-oriented conceptual design of beam-type
load-bearing components in mechanical equipment, vehicle
frames and general lightweight structures where multi-
source geometric, material and load uncertainties cannot be
neglected.
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L. Yang, Y. Song, X. Hu, X. Rao, R. Du, W. Cheng
RELIABILITY-BASED PROPORTIONAL TOPOLOGY
OPTIMISATION OF CONTINUUM STRUCTURES
WITH SMOOTH BOUNDARIES

Summary

This study presents a reliability-based proportional
topology optimisation (RPTO) framework for continuum
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structures, specifically designed to achieve smooth, manu-
facturing-ready boundaries under multi-source uncertainties.
By integrating the Proportional Topology Optimisation
(PTO) algorithm with a Level Set Method (LSM), the ap-
proach bypasses the need for high-order sensitivity infor-
mation while ensuring high-fidelity boundary representa-
tion. A hybrid decoupling strategy is employed to decom-
pose the reliability-based topology optimisation (RBTO)
problem into a reliability analysis sub-problem and an
equivalent deterministic topology optimisation (EDTO)
sub-problem. Uncertainties in geometry, material volume,
and loading are characterised via a probabilistic framework
using the First-Order Reliability Method (FORM). Numeri-
cal results for 2D and 3D benchmarks demonstrate that the
RPTO method effectively captures the influence of the tar-
get reliability index on structural morphology, yielding ro-
bust designs that satisfy strict probabilistic constraints with-
out the "grey areas" common in density-based methods.

Keywords: reliability-based proportional topology optimi-
sation, first-order reliability method, level-set function,
compliance minimisation.
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