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1. Introduction 

Low-fidelity aeroelasticity models are commonly 

used for various tasks where either high computational 

power is not available, or the task is highly iterative and 

even with high computational power available, the perfor-

mance requirements of high-fidelity methods can be prohib-

itive [1-8]. The unsteady vortex lattice method is commonly 

used as the basis for low-fidelity aeroelastic modelling [4-

8], having the advantage of being physics-based (no training 

or intermediate high-fidelity model data required) and more 

flexible in its implementation compared to the similar dou-

blet lattice method. 

While for most use cases, the regular unsteady vor-

tex lattice method is sufficient, in highly aerodynamically 

non-linear cases the linear aerodynamic model can intro-

duce high errors. For these cases, the non-linear unsteady 

vortex lattice method can be used. While this model has sev-

eral variations [4, 6], a common one is the α-correction 

method [7, 8], which uses airfoil data determined either ex-

perimentally or using a viscous and/or compressible higher 

fidelity analysis to correct the output of the regular unsteady 

vortex lattice method. 

While generally providing good results and reason-

able computational performance, this method is dependent 

on the airfoil data, which is not always easily available. Both 

experimental and computational methods can introduce er-

rors, reducing the quality of the model output. However, the 

effect that the variation in airfoil data quality has on the out-

put of the non-linear unsteady vortex lattice method has not 

been analyzed in earlier research. This paper will attempt to 

quantify this influence and determine if variations in airfoil 

data quality are critical to the aeroelastic flutter prediction 

results, or if the method is sufficiently robust and not heavily 

influenced by the variations. 

To achieve this, a flutter prediction analysis is per-

formed for a cantilever mounted wing, changing the airfoil 

lift curve and comparing the results. The structural dynam-

ics model and other parameters of the aerodynamic model 

are kept constant, to isolate the influence of the airfoil lift 

curve. 

2. Methodology 

The comparative flutter analysis is ran using a non-

linear unsteady vortex lattice method coupled with Euler-

Bernoulli beam structural dynamics. The aerodynamic and 

structural models are weakly coupled, exchanging infor-

mation only once per time-step. 

 

 

2.1. Aerodynamic model 

The aerodynamic model used for the aeroelastic 

analysis is the non-linear unsteady vortex lattice method. 

The ring-vortex formulation is used, with a fully deformable 

wake and Rosenhead smoothing. Additionally, the α-correc-

tion is used to account for the non-linear lift curve of the 

airfoil. 

The wing mesh is made up of 8 chord-wise and 16 

span-wise elements, with a wake length of 10 elements. This 

number of elements is found to be sufficient for the analyzed 

case after a mesh-convergence analysis. Although the wing 

is based on a half-span cantilever mounted wind tunnel 

model, a full-span symmetric wing is modeled, mirrored 

around the ground plane. Mirroring the geometry is the 

standard method of modeling a ground plane in the vortex 

lattice method. 

2.2. Structural dynamics model 

The structural dynamics part of the aeroelasticity 

model is based on the Euler-Bernoulli beam element formu-

lation for the stiffness and mass matrices. The generalized-

α time discretization scheme [10] is used. The structural 

model is geometrically non-linear, with the stiffness, inertia 

and damping matrices updated iteratively during each time-

step based on element rotations. 

The structural properties of the model are based on 

a wind tunnel model described in [9]. The wing has a half-

span of 0.324 m, and the derived beam properties of the 

wing are presented in Table 1, where X is the chordwise, Y 

the spanwise, and Z the normal direction. These structural 

properties were determined based on static structural tests 

and frequency response analysis of the wind tunnel model. 

Table 1 

Structural properties of the analyzed beam model 

Parameter Value 

EA 4.20×106 N 

EIxx 1.92×10-7 Nm2 

GIyy 5.60×10-4 Nm2 

EIzz 3.98×10-7 Nm2 

ρA 2.15×10-1 kg/m 

ρIxx 3.25×10-9 kgm 

ρIyy 3.27×10-5 kgm 

ρIzz 2.08×10-5 kgm 
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In addition to the main beam structure, three point 

masses were added to the model, representing the accel-

erometers, wingtip rod and extra weights. They were places 

0.316 m, 0.330 m and 0.330 m from the wing root, with the 

masses equal to 0.0058 kg, 0.0070 kg and 0.0106 kg. For 

the accelerometers, the rotational inertia was neglected, 

while for the remaining two points masses it was set to 

5.83×10-6 kgm2 and 2.24×10-5 kgm2 (with an equal inertia 

around Y and Z axes, the X inertia was set to zero). 

2.3. Lift curves 

The lift curves used for the non-linear correction 

are mathematically constructed, to make easy adjustments 

of the curve shape possible, using the following equations: 
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Here, CL is the lift coefficient with numeric indexes corre-

sponding to ranges between points in Fig. 1, α is the angle 

of attack, CLα1 and CLα2 are the lift curve slopes for the two 

linear portions of the curve, CL,off2 is the lift coefficient offset 

of the second linear portion, αcr is the critical angle of attack, 

CLmax is the maximum lift coefficient before stall, CLmax,w is 

the vertical semi-axis defining the rounded portion of the 

stall region (3-4 in Fig. 1), αcr,w is the horizontal semi-axis 

defining the same rounded stall region, CLmax,2 is the maxi-

mum lift of the airfoil after stall. 

Some of the parameters of the equations are freely 

chosen, while others are calculated in order to fulfil three 

constraints. The first one is that there must be no jump in the 

lift coefficient value at point 2 (in Fig. 1), the second and 

third are that there must be no jump in the value of both the 

lift coefficient curve and its first derivative at point 3. An 

additional optional constraint is introduced to link the values 

of CLmax,w and αcr,w, in order to reduce the size of the analysed 

parameter space. The constraints are satisfied with the fol-

lowing equations: 
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Fig. 1 NACA 0012 lift curve from an XFLR5 simulation 

and the mathematically constructed baseline curve 

Table 2 

The parameters of the baseline and modified lift curves 

Parameter 
Value for the 

baseline curve 

Value for the 

modified 

curves 

Percentage 

difference 

CLα1 12.0 13.2 +10% 

CLα2 4.5 4.95 +10% 

CLmax 1.0 1.1 +10% 

αcr 10.5° 11.55 +10% 

CLmax,w 0.15 0.3 +100% 

 

The remaining five parameters CLα1, CLα2, CLmax, αcr 

and CLmax,w are freely chosen to define the lift curve. The 

curve used as the baseline is created based on the lift curve 

of the NACA 0012 airfoil generated using the XFLR5 soft-

ware at 100 000 Re. While this curve might not be fully re-

alistic and represents only a single operational point of a sin-

gle airfoil, it is only used as the basis to make further 

changes, and follows a similar pattern to experimentally ob-

tained curves for the same airfoil [11]. The comparison of 

the lift curve generated by XFLR5 and the mathematically 

constructed baseline curve is shown in Fig. 1. The parameter 

values used for the baseline lift curve are given in Table 2, 

together with the modified values that were used for the 

comparison curves. The curve shows a clear bi-linear shape, 

with a high lift slope at very low angles of attack, which then 

suddenly decreases and stays constant until stall. The tran-

sition from unstalled to fully stalled airfoil is quite sharp, 

but the peak of the curve is rounded. 

As can be seen in Table 2, all of the parameters are 

increased by 10% to obtain the comparison curves. The only 

exception is CLmax,w, which is increased by 100% as it only 

has a relatively small influence on the curve shape compared 

to the other parameters. Only one parameter is changed for 

each modified curve in order to isolate their influence on the 

flutter results, providing 5 modified curves in total, which 

can be seen in Fig. 2. 

Because of the additional constraints imposed on 

the curves, most of the parameter changes are not local, and 

have an influence on the overall curve shape. The only 

change that is completely local to the 1-2 region is the 

change in CLα1, whereas changing all other parameters has 

an influence on both the 2-3 and the 3-4 regions. A different 

mathematical curve formulation could allow changes which 

are more local while maintaining all  the  same  constraints,  
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Fig. 2 Plot of the modified lift curves compared to the initial 

baseline lift curve 

but would likely reduce the available range of parameter 

values which yield a valid curve. 

2.4. Determining the flutter speed 

The flutter analysis for each lift curve is performed 

by running time-domain aeroelasticity modeling using the 

described model at angles of attack 0°-15°, at a step of 0.2°. 

At 0°, an initial guess for the flutter speed is provided, the 

model is run for 0.8 s (model time), and a frequency analysis 

of the results is performed for two windows to check if the 

oscillation amplitude is increasing or decreasing. If it is de-

creasing, the chosen speed exhibits no flutter, and the speed 

is increased in intervals of 0.1 m/s, re-running the model un-

til flutter is found. If the amplitude is increasing, flutter is 

present at the tested speed, and the speed is decreased, until 

flutter is no longer observed. Each of these cases provide the 

flutter limit speed for that angle of attack, which is then rec-

orded, the angle of attack is increased, and the same proce-

dure is repeated to find the new flutter speed, using the pre-

vious one as the initial guess. 

It is found that in the tested cases, after a certain 

angle of attack flutter is no longer observed. Because of this, 

the model is setup to stop if the speed is increased by 4 m/s 

from the previous flutter point and no new flutter limit is 

found. 

3. Results and Discussion 

The main result that is analyzed in this study is the 

change of flutter speed with angle of attack. This change for 

the different lift curves is shown in Fig. 3 and is compared 

to the baseline case in Fig. 4. All flutter speed curves follow 

the same general pattern, starting at a relatively low flutter 

speed of 20.6-21.9 m/s, which then suddenly increases to 

23.4-27.3 m/s. This shift happens at 0.4°-1.2° angle of at-

tack. After reaching this flutter peak, the flutter speed then 

starts decreasing, reaching a minimum of 16.2-16.7 m/s. 

The flutter stops completely at 11.0°-14.0° angle of attack. 

The sudden increase in flutter speed that is seen in 

 

Fig. 3 Flutter speed change with angle of attack for the dif-

ferent lift curves (Y-axis doesn’t begin at zero to 

make differences more visible) 

 

Fig. 4 Difference of flutter speed between the modified lift 

curves and the baseline lift curve 

all cases is caused by the transition from region 1-2 to region 

2-3 of the airfoil lift curve, and the change in airfoil lift 

slope. A higher lift slope increases the strength of the tor-

sion-lift coupling that is the driving mechanism of flutter 

and subsequently causes it to happen at lower flow speeds. 

When this speed shift happens appears to be determined 

solely by the angle of attack at which the lift slope transition 

takes place, with the shift happening first in the two curves 

that have the earliest lift slope transition. However, the flut-

ter speed shift always happens at a lower angle of attack than 

the lift slope transition, which is the opposite of what would 

be expected when switching from the 2D airfoil lift curve to 

the 3D flutter analysis, where the effective local angle of 

attack is lower than the geometric angle of attack. Intui-

tively, this should cause the speed increase to happen later 

in the 3D case, rather than earlier. A likely explanation is 

that as the angle of attack oscillates during the flutter cycle, 

it enters the 2-3 region of the lift curve, even though the av-

erage angle of attack is lower. 
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As expected, the initial flutter speed at 0° is gov-

erned by the lift slope of the first linear section, and de-

creases when this lift slope is increased. The 10% increase 

in the lift slope has caused a 5.9% reduction of the flutter 

speed. Looking at Fig. 4, it appears that the increased lift 

slope in region 1-2 has at least some influence up to 1.6° 

angle of attack, which is where the change to region 2-3 hap-

pens. 

It is more difficult to isolate the influence of the 

other lift curve modifications. Mostly the influence appears 

to be related to the increase or decrease of lift in region 2-3, 

with the two cases that have an increased lift showing a de-

crease in flutter speed, and the two cases with decreased lift 

have an increase in flutter speed. In this case the effect is 

most likely not related directly to aerodynamics, but to the 

non-linear structural dynamics model. With a higher lift co-

efficient, the structure is deformed more due to the higher 

steady aerodynamic forces. For an unswept wing geometry 

such as this one, the deformation creates a coupling between 

the torsion and in-plane bending modes, reducing their fre-

quencies. In the specific case of this wing, this brings the 

torsion mode frequency closer to the second out-of-plane 

bending mode, causing them to couple more easily, and 

achieve flutter. 

The lift of the wing appears to be more important 

than the lift slope in the 2-3 region, because the test case 

with the increased CLα2 shows a larger difference from base-

line at lower angles of attack (where the lift is more differ-

ent), and this difference decreases as the lift difference de-

creases at higher angles of attack. The difference in the lift 

slopes is constant, suggesting that it is not the cause of this 

decreasing flutter speed difference. The other cases, where 

the difference of lift from the baseline is constant in the 2-3 

region also show this reduction in difference at higher an-

gles of attack, but the reduction is much more pronounced 

in the increased CLα2 case, decreasing from +5.3% to just 

+0.5%, whereas for the three other cases the decreases are 

from +9.5% to +4.7%, from −2.8% to −1.8%, and from 

−6.3% to −3.4%. 

At the transition between regions 1-2 and 2-3, very 

high difference spikes are seen in Fig. 4. This is less indica-

tive of actual difference in lift coefficient values, and more 

indicative of the difference of when the shift to a lower lift 

slope happens. For the cases where the transition happens 

earlier, a positive spike is seen, because their flutter speed 

suddenly increases before the shift happens for the baseline 

curve. For the cases where the transition is delayed, a nega-

tive spike is seen instead. The spikes range from −16.6% to 

+21.8%. 

If the spikes are ignored, the difference stays 

within ±10% for all the analyzed lift curves. The largest dif-

ference is seen for the αcr increase case, reaching +9.3% just 

after the difference spike. The largest negative difference is 

in the CLmax increase case, reaching −6.3%. In most cases, 

these results would be acceptable for a flutter analysis, es-

pecially for one conducted using relatively low-fidelity 

methods. The smallest difference is seen for the CLmax,w in-

crease case, even though the parameter itself had the largest 

increase. 

When comparing the change of maximum angle of 

attack where flutter happens, we can see that an increased 

αcr and CLα2 increases this angle of attack, and an increased 

CLmax and CLmax,w decrease it. The baseline angle is 12.2°. In 

general, the flutter stops because of the decreased (or re-

versed) lift slope around the stall angle. The change in CLα2 

has a small effect, only increasing it by 0.2°, likely directly 

because of the increased lift slope making flutter happen 

easier. The change in αcr increases the angle by 1.8°, having 

the strongest overall effect. This change is intuitive, as the 

increase in αcr delays the reduction of lift slope caused by 

stall. Increased CLmax decreases the angle by 1.0°, this 

change is not as easily explainable, because as mentioned 

earlier the increased lift shifts decreases the torsion fre-

quency of the wing and usually makes the flutter happen 

easier. It could be caused by the increased lift also increas-

ing wing twist, effectively increasing the angle of attack at 

the tips and causing them to stall earlier. The increased 

CLmax,w decreases the angle by 1.2°, this change happens be-

cause of the decreased lift slope in a wider region around 

stall. 

Overall, the flutter prediction appears to be most 

sensitive to changes in αcr and CLmax, whereas lift slope dif-

ferences appear to be most important at low angles of attack. 

Changes in the shape of the curve near stall appears to have 

the smallest effect, even though the modified corresponding 

parameter was changed much more than the other analyzed 

parameters of the lift curve. 

The results show that variations in the airfoil lift 

curve used for the non-linear corrections of unsteady vortex 

lattice method have a noticeable, but not critical effect on 

flutter prediction. For any parameter of the curve changed 

by 10%, the corresponding change of flutter speed at any 

angle of attack was within the ±10%, if the localized spikes 

caused by the shift in the lift slope transition are ignored. 

This result shows that the modeling framework is quite ro-

bust, and even considerable variations in the airfoil lift slope 

still give flutter prediction results which would be consid-

ered acceptable for low fidelity models. 

4. Conclusions 

In the study, the effect that variations in the airfoil 

lift curve have on flutter prediction using the non-linear un-

steady vortex lattice method was analyzed. From the results, 

the following conclusions can be made: 

1. The unstalled portion of an airfoil lift curve can 

be sufficiently accurately described by mathematical equa-

tions, allowing parametrization and easy modification of the 

curve shape. 

2. At low angles of attack, the flutter prediction re-

sults are somewhat sensitive to the local lift slope, with a 

10% lift slope increase causing a 6.8% flutter speed de-

crease. At higher angles of attack, it’s more difficult to iso-

late this effect from the difference in lift, but it appears that 

near stall and at similar lift values, a 10% lift slope increase 

only causes a 0.5% flutter speed increase. 

3. Changes of lift appear to play a bigger role than 

lift slope at higher angles of attack, with 3 curves that have 

the same lift slope but different lift values showing differ-

ences from baseline in the −6.3% to +9.3% range. 

4. Overall changing any of the analyzed lift curve 

parameters by 10% appears to cause a change in flutter 

speed that is within ±10% compared to the baseline, show-

ing the sufficient robustness of the method against airfoil lift 

data uncertainty. 
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M. Dagilis, S. Kilikevičius 

SENSITIVITY OF FLUTTER MODELLING USING 

THE NON-LINEAR VORTEX LATTICE METHOD TO 

CHANGES IN VISCOUS AIRFOIL DATA 

S u m m a r y 

This paper presents an analysis of how sensitive 

non-linear vortex lattice method based aeroelasticity models 

are to variations in viscous airfoil data. These models are a 

useful low-fidelity tool for fast aeroelastic analysis, often 

used in early aeroelastic aircraft design and flight control 

law development. However, they are reliant on pre-existing 

availability of viscous airfoil data, which can be difficult to 

obtain without expensive wind tunnel testing or high-fidel-

ity CFD computations. To determine how sensitive the aero-

elastic results are to the variations in this airfoil data, a flut-

ter simulation is run for the same wing test case, but using 

several different airfoil performance curves. The results are 

analyzed to determine how much influence on the final flut-

ter results these changes have. It is found that when modify-

ing various parameters of the lift curves by 10%, in most of 

the angle of attack range the differences from baseline stay 

within ±10%. 

Keywords: non-linear aeroelasticity, vortex lattice method, 

computational aerodynamics. 
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