
A

G

*V

E-

**

E-

**

E-
 

 

1. 

 

mi
me
va
ma
po
no
up
op
gra
ien
res
M
ity
qu
pro
inf
no
nu
tio
of 
sta
an
loa

int
(w
as 
lem
eq
tiz

do
Ku
an
ch
pro
the
fin

an
as 

ex
su

An 

G. B

Viln

-ma

*Vil

-ma

**V

-ma

Int

inin
ent 

ariab
ater

ossib
ored
pper
ptim
adie
nt f
sidu
ises

y co
ualit
obl
flue

onlin
ume
on p
f the
ates
nd tr
adin

tern
when

a 
m. 

quili
zatio

own
uhn

naly
hose
obl
e p
nite

nd p
tho

xam
lts 

im

Blaž

nius

ail: g

lniu

ail: 

Vilni

ail: j

 

trod

ng t
M

ble 
rial
ble 

d (v
r an

miza
ent 
for 
ual 
s yi
ond
ty 
em
enc
nea

eric
prob
e re
s. T
ran
ng a

nal 
n lo
con
Th
ibri
on o

n sta
n-Tu
ysis 
en, 
em

prim
 el

plas
ose 

mple
are 

mp

žev

 Ge

ged

us G

liud

ius 

juo

 

htt

duc

Th
the 

M0 o
rep

s is
un

vari
nd 
atio

pr
a d
dis

ield
ditio
of 

m an
e m

ar o
al i
blem
esul

Thes
nspo
are 
Th
res

oad
nve
e in
ium
of d
A 

ate 
uck
pro
the

m of 
me u

em

stic 
in o
Th

e of
ba
 
 

pr

vič

edim

dim

Ged

dvik

Ge

ozas

tp://

ctio

he p
dis

of a
pea
s de
nloa
iabl
low

on o
oje

dire
spla
d cr
ons 
the

nd 
matr

ptim
imp
m a
lts 
se q
ort e

com
he p
sidu

ding
ex n
nter

m fin
diff
co
of 

ker 
obl

e sy
f pla
unk

ment

mu
our

he m
f ci
sed

rov

čius

min

ina

dimi

kas

edim

s.atk

/dx.d

on 

pap
stri
an e
ated
escr
adin
le r

wer 
of th
ctio
ct u

acem
riter

fo
e m
avo

rice
miz
plem
and
in 

qual
eng
mm
pap
ual 

g an
non
rpo
nite
fere
omp

the
opt
em

yste
ate 
know
ts M

ultip
r ea
met
ircu
d on

ve

s*,
nas 

as.b

inas

.rim

mina

koc

doi.

per f
but
elas

d loa
ribe
ng 
rep
bo

he p
on m
use 
men
rion
or r
math
oid 
es. A
zati
men
 all
term
litie
gine
mon
er f

fo
nd l
nlin
olati
e el
entia
plete
e ela
tima

m. If
m b
op
wn

0
M

plie
arlie
thod
ular
n th

d 

, L
Tec

blaz

s Te

mku

as T

ciun

.org

foc
tion
stic
adin
ed b
phe

peat
oun
plat
met
of 

nts 
n is 
resi
hem
a 

A n
on 

ntat
low
ms 
es o
eeri
nly d
form
orce
lim

near
ion 
lem
al e
e s
asti
alit
f an
bec
tim
s a
, s

ers λ
er w
dol
r pl
e as

ISS

m

. R
chn

zevi

ech

us@

Tec

nas@

g/10

cuse
n of
c-pl
ng 
by 
eno
ted 
nds)
tes w
tho

f the
u
r
 a

app
dua

mati
dir

new
too

tion
wed 

of 
of o
ing 
des
mu
es 
it m
r m

fun
ment
equi
yst
ic-p
ty c
n ap
com

miza
are 
self-

λ (t
work
logy
late
ssu

SN

met

Rim
nica

cius

hnic

@vg

chni

@v

0.57

es o
f th
asti
at s
an 

ome
loa

. In
wa

od [
e in
and
plie
al d
ical
rect

w al
ols [
n of

for
ult

optim
wh

sign
late
of 

mom
math

nct
ts st
ilib
em

plas
cond
ppr

mes 
ation
lim

f-ba

term
ks [
y is
e op
ump

N 13

th

mku
al U

s@

cal 

gtu.l

ical

vgtu

55/j

on t
he o
ic c
sha
ide

enon
adin
n th
s pe

[2] 
nflu
d fo
ed.
defo
l m
t us
gor
[3],
f a 
r a m
tima
miz
here
ned.
es t

the
men
hem
ion
tron

brium
m of
stic 
diti
ropr
the
n a

mit b
alan

ms 
[1, 
s il
ptim
ption

392

od

us*
Univ

@vgt

Un

lt 

l Un

u.lt 

j01.

the 
opti
circ

aked
eal 
n o
ng 
he 
erfo
wh

uenc
rce
Ne
orm

mod
se 
rithm
 sub
sha
mo
ate 
zati
e ro
.  
the
e s
nts 

matic
ns o
ngly
m e
f eq
str

ions
riate
e ba
at sh
ben

nced

and
12]
lust

miza
n o

2−1

d f

**,
vers

tu.lt

iver

Univ

.me

me
ima
cula
dow
ela

of a
is 
pre
orm

hich
ce m

es S
ewly
mati
del 
of 
m, 
bsta

aked
re d
an
on 

oun

ana
stru
of 
cal

of th
y a
equ
qua
ruct
s [2
e o
asis
hak
ndin
d re

d no
]). 
trat
atio
f sm

120

for

, J.
sity,

t 

rsity

ers

ch.2

etho
al l
ar p
wn. 
astic
a cr

def
evio
med 
h is 
mat
S
r
 w

y de
ions
of 
the
alo
anti
dow
dist
d s
are
d p

alys
uctu

the
pr

he 
agre
uatio
ation
ture
2] a
optim
s fo
kedo
ng m
esid

otat

ted 
on. 
mal

07.

r o

 A

, Sa

ty, S

ity,

20.4

odo
imi
plat
Th

c p
ross
fine
ous 

app
no

tric
when

eriv
s Θ

th
e ab
ong 
iall

wn p
tinc
erv

e im
plate

sis 
ure 
e pl
rogr
int

ee w
ons
ns 

e is 
are 
mal
r th
own
mo
dua

tion

wi
Th

ll de

. M

op

tko

aulė

Sau

 Sa

4.65

olog
it b
te s
he b
last
s se
ed 
pa

ply
ot v
ces 
n no
ved 
Θ

r
 i

he o
bov
wi

ly im
pla

ct in
vice
mpor

es u

pro
at 

ate 
ram
ern

with
s [4,
for
obt
app
lity
he o
n [6

ome
al m

ns a

ith 
he o
efor

MEC

pti

oči

ėtek

ulėte

aulė

542 

gy f
bend
subj
beha
tic 
ecti
onl

aper
ying
very
H 
onli
co

imp
opti
vem
th M
mpr
te o
nter
eabi
rtan
und

oble
sh
are

mmi
nal 
h th
, 5]
r th
tain
plie
y cr
opti
6-1
ents
mom

are 

a n
obta
rma

CH

m

iūn

kio 

ekio

ėtek

for 
ding

bjec
avi
mo

ion 
ly 
r [1
g Ro
y co
and
inea
mp

prov
imi

ment
MA

rov
opti
rpre
ility
nt in
der 

em 
hake
e kn
ing 
forc

he d
.  

he s
ned
ed f
riter
imi
1]. 

s of
men

the

num
aine
atio

HAN

mal

nas

al. 

o al

kio a

det
g m
ted
our

odel
is 

by 
1], 
oze
onv
d G
ar v

patib
ve 
izat
tion

ATLA

ved 
imi
etat
y lim
n ci
cyc

of 
edo
now
pro

ces
disc

sha
d wh
for 
rion
izat
Th

f pl
nts 

e sa

meri
ed 

on. 

NIK

l s

s**

11,

l. 1

al. 

ter-
mo-
d to
r of
l; a
ig-
its

the
en’s
en-

G of
von
bil-
the
ion
ned

LAB

the
iza-
tion
mit
ivil
clic

the
own
wn)
ob-
 of

cre-

ke-
hen
the

n is
ion

hen,
late
M

r

ame

ical
re-

39

KA

ha

**

, LT

1, L

11,

-
-
o 
f 
a 
-
s 
e 
s 
-
f 
n 
-
e 
n 
d 
B 
e 
-
n 
t 
l 
c 

e 
n 
) 
-
f 
-

-
n 
e 
s 
n 
, 
e 
r
 

e 

l 
-

0 

A. 2

ak

T-1

LT-

 LT

2.

 

kn
tim

bo

riv
w
se

st

si

an

an

w

lib
m
D

iti

is
tio
sh

th
ci
w

or

ϕ

co

M

201

ked

022

102

T-10

. Di

now
me-

oun

ved
whic
ecti

tres

ize 

nd 

nd g

wher

briu
mode
(nD

ies

 th
on 
hap

he m
ient

will b

r 

i
ϕ =

ons

θ
M  

14 V

do

23 V

223

022

iscr

wn, 
-ind

nds 

d di
ch c
ons

s-st

vec

def

geo

k

∑

k

k

A

re A

um 
el o
n×

k
D

e g
of
e f

mat
ts) o
be v

i
ϕ

(M

tan

ben

Vol

ow

Viln

3 Vi

23 V

rete

Th
an

dep

( F

ivid
cont
s in

trai

ctor

form

ome

k∑A

1,

T

k

=

u

(mA

equ
of 
)n  i

k

A

=

glob
be

func

trix
of a
ver

(=

0
)

i
M

L

nt p

ndi

lum

wn 

nius

ilniu

Viln

e m

he
nd t
pend

infF

ding
tain

n the

in f

rs o

mat

etric

k
M

, 2,.

− D

m×

uati
the
is a

kA

∫ N

bal
endi
ctio

x of
an e
rifie

(M

2) −

imi

er f

ing 

me 

de

s, L

us, 

nius

mod

geo
the 
den

≤

g th
ns ν
e di

field

of b

tion

c eq

k
=M

,

k

.. s

D M

)n×

ion
e pl
a bl

(T

k
N

dis
ing 

on 

f th
elem
ed i

2

0
)

i
M

M⎡− ⎣

it b

fini

mo

20

es

Lith

Lit

s, L

el o

ome
act

nt u

(F

he 
ν  n
iscr

d o

bend

ns Θ

quat

= F

;

k

s k

=M

 is 

ns, m
late
lock

( )ρ

spla
m

k
N

he 
men
n a

2
−M

i
M ρ

ben

ite 

ome

0(4)

ig

uan

thua

ithu

of a

etry
tual
upp

( )t ≤

pla
nod
rete

f th

ding

=Θ

tion

F  or

0

k

=

∈

the

m is
e, n

k-di

) k
d

acem
mom

(k
ρ

phy
nt. V
ll n

T

i
M

M

din

ele

ents

): 3

n 

nia,

ania

uan

a cir

y of
l lo
er 

≤ F

ate 
dal 
e mo

he d

g m

⎡= ⎣Θ

ns f

r A

0 or

,K

e m

s a 
n is
iago

k
N

men
ment

)ρ

ysic
Von

noda

T

i
Π

i
Mθ

ng m

eme

s de

390

of

,  

a,  

nia, 

rcu

f th
oad 

su
F

supF

into
poi
ode

disc

mom

1
Θ

for t

AM

r A 

matr

deg
s th
ona

(k
ρN

nt v
ts a
is 

cal 
n M
al p

i
M

⎡
⎤ ⎢⎦ −⎣

mom

ent 

escr

0−3

f c

 

ular

he p
pr

up
 

). T

o s
ints
el o

cret

men

2
Θ

the

=M

T
A u

rix 

gree
he n
al m

)dρ

vect
app

k
M

reg
Mise
poin

i
≥M

1

0.−

men

are

ribe

−394

cir

r pl

plat
roce

an

The

s  f
s. T
f th

te m

nts 

...

 pla

F ;

−u D

of 

e of
num

matr

dA  

tor.
plyin

(k
ρ

gula
es n
nts 

0  

5

nt 

ea. R

e th

4 

rcu

late

te u
ess 
nd l

e d

finit
Thus
he p

mod

M

ζΘ

ate 

;

DM

the

f fr
mbe
rix 

an

 Th
ng 

)ρ =

arit
non
i =

0

1

−

M

Rad

he s

ula

e at

und
F(

low

disc

te e
s, th
plat

del 

⎡= ⎣
T

ζ
⎤⎦

are

=M

e co

reed
er o
of 

d u

he i
the
= N

ties 
nlin
1,2=

5. ⎤
⎥
⎦

0i
M  

dial

stre

ar

t sh

er c
t) i

wer 

rete

elem
he t
e is

is 

⎡⎣ M

T

. T

e [4

0;⎫=

⎭

oeff

dom
of 
ele

=u

inte
e fi

(k
N

(e
ear
2, .

M

M

⎡
⎢
⎣

is 

l M

ess 

r p

ake

con
is d

iF

e m

men
tota
s ζ

des

1
M M

The

, 12

⎫⎪
⎬
⎪⎭

ficie

m of
inte

eme

[ 1
u

erpo
finit

)ρ

last
r yie
,.. ζ

i

i

M

M

ρ

θ

⎤

⎦

ass

ρ
M  

stat

pla

edo

nsid
desc

infF

mod

nts,
al n

sζ =

scri

2
M

e eq

2]:

ents

f th
ern

enta

1
u

olat
te e
⋅M

tici
eld 
ζ  ( i

⎤
≥⎥

⎦

sum

an

te o

ate

own

dera
crib

va

del 

 ev
num
s ν×

ibed

...

quil

s o

he d
al 

al fl

2
u .

tion
elem

k
M ; 

ty 
con
i ∈

0 .

med 

d c

of t

es 

n  

atio
bed 
ariat

is 

very
mbe
ν . 

d by

ζM

libr

f eq

disc
for
lexi

.. u

n fu
men

k
d

coe
ndit
I )

to

circu

the 

n i
via

tion

de

y o
er o
The

y ζ
T

ζ
⎤⎦

ium

(1

(2

qui

crete
ces
ibil

]
m

u

unc
nt k

k
 i

effi
tion

): 

(2

(3

o be

ula

cir

s 
a 
n 

-

f 
f 
e 

ζ-
T

 

m 

) 

) 

-

e 
s; 
-
T

 

-
k 
s 

-
n 

) 

) 

e 

ar 

r-



391 

cular plate.  
It is convenient to pick out residual bending mo-

ments 
r

M , displacements 
r

u  and strains 
r r p
= +Θ DM Θ  

when analysing the plate at shakedown. If the 
1, 2, ,j ... p=  ( j J∈ ) vertices of the elastic force ( )tF  

locus exist, then, the combinations of elastic bending mo-
ments 

e
M  and displacements 

e
u  are determined by equa-

tions 
ej j
=M αF , 

ej j
=u β F , where α  and β  are the in-

fluence matrices of elastic response. When omitting de-
tailed investigation into loading history, yield conditions 
(2) take a form: 

( )
2

0
0

T

i , j i i , j i i , jMϕ = − ≥M Π M ; (4) 

i , j ei , j ri
= +M M M ; i I∈ ; j J∈ . (5) 

In this case, equilibrium (1) and geometrical 
Error! Reference source not found. equations are:  

r
=AM 0  (6) 

and 

T

r r p= +A u DM Θ , (7) 

where ( )
T

p pi=Θ Θ  is a vector of plastic strains. For each 

cross-section, pi
Θ is equal to: 

2
pi i , j i i , j

j

λ= ∑Θ Π M , (8) 

where 0
i , j

λ ≥ , i I∈ , j J∈  are plastic multipliers. 

 
3. Complete set of equations for the analysis problem of 

the plate 

 
The analysis problem defines the determination of 

the stress-strain state of the plate when physical parameters 
and variable repeated loading is known in advance. The 
problem of static formulation represents the principle of 
minimum complementary energy: of all statically admissi-
ble vectors 

r
M  of residual bending moments, the actual 

one corresponds to the minimum of complementary de-
formation energy of the structure at shakedown. The 
mathematical model of the problem stated on the basis of 
above-mentioned principle, reads: 

find 

1
min

2

T

r r
M DM ; (9) 

subject to 

r
=AM 0 ; (10) 

( ) ( )
2

0

T

j j j= − ≥φ M Γ M Π M 0 ;  (11) 

j r ej
= +M M M ; ej j

=M αF ; j J∈ . (12) 

The optimal solution to the problem (9)-(12) is re-

sidual bending moments 
r

∗

M  that ensure the state of 

shakedown; a possibility of determining sections where 
plastic deformations 

p
Θ  appear opens up. Block-diagonal 

matrix ( )n n×Π  consists of blocks 
i

Π . Operator 

( )T

jΓ M  arranges the components of vector T

jM  in such 

a way, that yield conditions (3) would be verified in every 
section i  of the discrete model. 

The constraints (10)-(12) of the problem (9)-(12) 
along with Kuhn-Tucker conditions constitute the com-
plete system of equations defining the stress-strain state of 
the plate at shakedown: 

r

∗

=AM 0 ; (13) 

( ) ( ) ( )
2

0

T

r ej r ej

∗ ∗

− + + ≥M Γ M M Π M M 0 ; (14) 

( )2
T * T T

r r ej j r
j

∗ + + − =∑DM Π Γ M M λ A u 0 ; (15) 

( ) ( ) ( )
2

0
0

T
T

j r ej r ej

∗ ∗⎡ ⎤− + + =
⎢ ⎥⎣ ⎦

λ M Γ M M Π M M ; (16) 

j
≥λ 0 ; 

1 2

T

j j j j... ζλ λ λ⎡ ⎤= ⎣ ⎦λ ; (17) 

ej j
=M αF ; inf j sup≤ ≤F F F ; j J∈ . (18) 

The components of vector T

jλ  under conditions 

(15) are arrayed so that plastic deformations in every sec-
tion i  would be obtained according to Eq. (8): 

2
pi i , j i i , j

j

λ= ∑Θ Π M . Recall that Kuhn-Tucker conditions 

state that solution 
r

∗

M  is global if multipliers j
≥λ 0   

( j J∈ ) and displacements ur, satisfying conditions (15)-

(17), exist [2]. 
 
4. Transformations of the mathematical optimization 

model  

 
The problem of determining the distribution of 

optimal limit bending moment [ ]0 01 02 0

T

s
M M ... M=M  

is relevant to practical design. The problem of an optimal 
shakedown design of a circular plate is formulated as fol-
lows: for given load variation bounds Fsup, Finf, the vector 
of limit forces 

0
M , satisfying optimality criterion 

( )0min  f M  and the constraints of shakedown and stiff-

ness, should be found [13]. A general mathematical model 
of plate optimization reads: 

find 

( )0min  f M ; (19) 

subject to 

r
=AM 0 ; (20) 

( ) ( ) ( )
2

0

T

j r ej r ej= − + + ≥φ M Γ M M Π M M 0 ; (21) 

( )2
T T T

r r ej j r

j

+ + − =∑DM Π Γ M M λ A u 0 ;  (22) 
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0
T

j j =λ φ ; 0
j
≥λ ; (23) 

0 0 0,min ,max
≤ ≤M M M ; (24) 

min maxej r
≤ + ≤u u u u ; (25) 

ej j
=M αF ; ej j

=u β F ; j J∈ . (26) 

The objective function (19) can express the opti-

mal distribution of limit forces (for example, 
0

min
T
L M , 

where L is a vector of element areas) or an optimal volume 
of the structure. It is a problem of continuous optimization 
where unknowns include 

0
M , 

r
M , 

r
u , j

λ . The multi-

extremity of the problem is determined by complementary 
slackness conditions for mathematical programming (23). 
According to Eurocode [14] requirements, the ultimate 
limit state is secured byEq. (21) while serviceability limit 
state – by Eq. (25). A shortcoming of the model (19)-(26) 
is incapability to determine an unloading phenomenon, i.e. 
a vector of residual displacements 

r
u determined by the 

non-monotonic process of plastic deformations in the 
shakedown state may be non-unique. 

The model (19)-(26) can be transformed by elimi-
nating residual displacements 

r
u  from geometric Eq. (22): 

T

r r p= +A u DM Θ ; 
(1) (1) (1)

(2) (2) (2)

T

p

r rT

p

⎡ ⎤ ⎡ ⎤ ⎡ ⎤
= +⎢ ⎥ ⎢ ⎥ ⎢ ⎥

⎢ ⎥ ⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣ ⎦ ⎣ ⎦

A D Θ
u M

A D Θ
;(27) 

( ) ( )
1 1

(1) (1) (1) (1)T T

r r p

− −

= +u A D M A Θ , (28) 

where (1)T
A  is a sub-matrix of the matrix 

(1) (2)
T

T ⎡ ⎤= ⎣ ⎦A A A  that has an inverse matrix (corre-

sponds to the sub-matrix (1)
D  of the flexibility matrix D 

and to sub-vector (1)

p
Θ ; selection method of the lines for 

sub-matrix (1)T
A is based only on the existence of its in-

verse matrix). Then, geometric Eq. (22) are interchanged 
with compatibility equations for residual deformations 
(number of these equations equals to the static indetermi-
nacy of the structure 

0
k n m= − ): 

( ) ( )
1

(2) (1) (1) (1) (2) (2)T T

r p r p

−⎡ ⎤+ = +
⎢ ⎥⎣ ⎦

A A D S Θ D S Θ ; 

( ) ( )
1 1

(2) (1) (1) (2) (2) (1)
;

T T T T

r p

− −⎡ ⎤ ⎡ ⎤− = −
⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣ ⎦
A A D D S A A I Θ ; 

r r p p
=B S B Θ . (29) 

where ( )
1

(2) (1) (1) (2)T T

r

−⎡ ⎤= −
⎢ ⎥⎣ ⎦

B A A D D  and 

( )
1

(2) (1)
;

T T

p

−⎡ ⎤= −
⎢ ⎥⎣ ⎦

B A A I . 

Then, the optimization problem (19)-(26) be-
comes: 

find 

( )0min f M , (30) 

subject to 

r
=AM 0 ; (31) 

( ) ( ) ( )
2

0

T

j r ej r ej= − + + ≥φ M Γ M M Π M M 0 ; (32) 

r r p p
=B S B Θ ; (33) 

( )2
T T

p r ej j

j

= +∑Π Γ M M λΘ ; (34) 

0
T

j j =λ φ ; 0
j
≥λ ; (35) 

0 0 0,min ,max
≤ ≤M M M ; (36) 

( ) ( )
1

(1) (1) (1)T

min ej r p max

−⎡ ⎤≤ + + ≤
⎢ ⎥⎣ ⎦

u u A D M Θ u ; (37) 

ej j
=M αF ; ej j

=u β F ; j J∈ .  (38) 

The unknowns of the problem (30)-(38) are 
0

M , 

r
M , j

λ . The structure of plastic deformation vector 
p

θ  is 

as follows: (1) (2)

1 2

T T

p p p p p pn...
⎡ ⎤ ⎡ ⎤= = ⎣ ⎦⎣ ⎦Θ Θ Θ Θ Θ Θ . 

The further rearrangement of the problem (19)-
(26) is possible by the elimination of equilibrium equations 

r
=AM 0 : 

(2) (2)T

r r p r= =M BM B M . (39) 

Matrix ( )
1

(1) (2)
−⎡ ⎤−

⎢ ⎥=
⎢ ⎥⎣ ⎦

A A
B

I

 is derived from 

equilibrium equations (1) (1) (2) (2)
0

r r
+ =A M A M  ( (2)

r
M  are 

the unknowns of the force method). Then, the problem (30)
-(38) is simplified even more in terms of unknowns: 

find 

( )0
min f M ; (40) 

subject to 

( ) ( ) ( )
2 (2) (2)

0

T

j r ej r ej= − + + ≥φ M Γ BM M Π BM M 0 ;  (41) 

(2)

r r p p
=B BM B Θ ; (42) 

( )(2)
2

T T

p r ej j

j

= +∑Π Γ BM M λΘ ; (43) 

0
T

j j =λ φ ; 0
j
≥λ ; (44) 

0 0 0,min ,max
≤ ≤M M M ; (45) 

( ) ( )
1

(1) (2) (1)

1

T

min ej r p max

−⎡ ⎤≤ + + ≤
⎢ ⎥⎣ ⎦

u u A D BM uΘ ; (46) 

ej j
=M αF ; ej j

=u β F ; j J∈ . (47) 

The unknowns of the problem (40)-(47) are limit 
bending moments 

0
M , only a part of residual moments 

(2)

r
M  and plastic multipliers j

λ . The problem is solved in 

an iterative manner. Regarding the solution to the problem 
(40)-(47) of the initial data (initial matrix D), the vector of 
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limit moments 
0

∗

M  is obtained with the help of which, a 

new flexibility matrix is formed, i.e. new influence ma-
trixes α , β  and 

r
B  are formed and new elastic forces 

ej j
=M αF  and displacements ej j

=u β F  are calculated. 

The iterative process is continued until the change of the 
values of consecutive solutions is within desirable preci-
sion.  
 
5. Numerical example of a circular plate optimization 
 

The circular plate of radius 0 9 mR .=  hinge-
supported at its outer contour is under consideration 
(Fig. 1). The plate is subjected to a symmetrically and uni-
formly distributed load varying in the range of 

2 295 kN/m ( ) 100 kN/mq t− ≤ ≤  and constant uniformly 

distributed bending moment 36 25 kNM .=  applied to the 
outer contour of the plate. The material modulus of elastic-
ity is 210 GPaE = , yield stress – 210 MPa

y
σ = , Pois-

son’s ratio – 1 3ν =  and the initial thickness - 0 03 mt .= . 

Optimal limit bending moments of elements 
0 ,k

M , 

1,2, ,6k ...=  are to be found. The moments directly deter-

mine the thickness of the plate: 2

0
4,k y kM tσ= . 

 

 

Fig. 1 Loading and discrete model of the circular plate  
 

The discrete model of the structure is constituted 
of six uniformly distributed finite elements possessing 
three nodes each. Positive directions of internal forces are 
shown in Fig. 2.  
 

 

Fig. 2 The finite element of a plate  
 

The polar coordinate system is located in the cen-
tre of the plate, and therefore it is enough to investigate 
only the radius of the plate, because internal forces and 
displacements do not depend on the angular coordinate.   

Elastic bending moments ej
M  ( 1,2j = ) are cal-

culated applying influence matrix α. The optimal distribu-
tion of limit bending moments of the plate at shakedown is 
calculated using the mathematical model (30)-(38). An 
admissible plate deflection in the centre is bounded to 

1 1
0 03 m 0 03 m

r , ej ,
. u u .− ≤ + ≤ . The results of optimization 

are presented in Table. The optimal thicknesses of the plate 
are indicated in the last row of the table. The optimal solu-
tion is achieved when the problem converges (Fig. 3). 
 

 

Fig. 3 The convergence of the objective function  
 

Table 

The convergence of limit bending moments (kN) and  
optimal plate thickness 

Iter. 0 1,
M  

0 2,
M  

0 3,
M  

0 4,
M  

0 5,
M  

0 6,
M  

1 52.402 52.395 51.178 48.930 45.134 40.829 

2 53.134 53.222 52.391 49.681 44.831 39.871 

3 53.623 53.779 52.189 49.462 45.562 39.473 

… … … … … … … 

10 52.410 52.414 52.444 50.041 45.810 39.166 

11 52.411 52.415 52.445 50.038 45.810 39.166 

12 52.411 52.415 52.445 50.038 45.810 39.166 

t, mm 31.6 31.6 31.6 30.9 29.5 27.3 

 
6. Conclusions 
 

1. Compatibility conditions for residual deforma-
tions allow finding efficient solutions to optimization and 
analysis problems of circular plates at shakedown with 
reference to nonlinear von Mises yield criterion.  

2. The new improved methodology reduces the 
number of unknowns and provides successful convergence 
of the iterative optimization problem of the circular plate 
with realistic geometric and physical parameters.  

3. The presented methodology is suitable for prac-
tical applications of steel plate design problems (cover 
requirements for ultimate and serviceability limit states). 
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G. Blaževičius, L. Rimkus, J. Atkočiūnas 
 
PAGERINTA PRISITAIKANČIŲ APVALIŲ PLOKŠČIŲ 
OPTIMALAUS PROJEKTAVIMO METODIKA  

R e z i u m ė 

Straipsnyje nagrinėjamas prisitaikančių tampriai 
plastinių apvalių ir žiedinių lenkiamų plokščių ribinio mo-
mento optimalaus pasiskirstymo uždavinys. Plokštės geo-
metrija žinoma, kintama-kartotinė apkrova apibūdinama 
tik viršutinėmis ir apatinėmis nuo laiko nepriklausančiomis 
kitimo ribomis (galimas skerspjūvių nusikrovimas įgnoruo-
jamas). Diskretizacijai pasitelkti pusiausviri baigtiniai ele-
mentai, plokštės saugos ribinį būvį apsprendžia netiesinė 
Mizeso takumo sąlyga, tinkamumo – įlinkių ribojimo rei-
kalavimai. Konstrukcijos įrąžų ir deformacijų skaičiavimo 
(analizės) uždavinys formuluojamas kaip pilnutinė tamp-
riai-plastinės plokštės prisitaikomumo būvio lygčių siste-
ma. Liekamųjų deformacijų darnos lygčių ir MATLAB 
komplekso netiesinių uždavinių sprendimo galimybių pa-
naudojimas įgalino sukurti pagerintą prisitaikančių plokš-
čių optimizavimo uždavinio matematinį modelį, o kartu ir 
patobulinti sprendimo algoritmą. Tyrimai atlikti ir skaitinių 
eksperimentų rezultatai gauti, laikantis mažų poslinkių 
prielaidos. 
 
 
G. Blaževičius, L. Rimkus, J. Atkočiūnas 
 
AN IMPROVED METHOD FOR AN OPTIMAL 
SHAKEDOWN DESIGN OF CIRCULAR PLATES  

S u m m a r y 

The paper analyzes the problem of distributing an 
optimal limit bending moment of elastic-plastic circular 
and annular plates subjected to variable repeated loading at 
shakedown. The geometry of the plate is known and vari-
able repeated loading is defined by time-independent upper 
and lower bounds (unloading phenomenon of a cross sec-
tion is ignored). Equilibrium finite elements are applied for 
a discrete model. The safety of the plate is described with 
reference to nonlinear von Mises yield criterion while ser-
viceability – by displacement limitations. The analysis 
problem of internal forces and deformations is formulated 
as a complete system of equations for an elastic-plastic 
plate in the shakedown state. The implementation of com-
patibility conditions for residual displacements and MAT-
LAB nonlinear optimization tools allowed creating an 
improved mathematical model for optimizing the plate and 
its effective numerical realization. Research methods and 
numerical results are based on the assumption of small 
deformations.  

 
Keywords: optimal shakedown design, plates, finite equi-
librium elements, energy principles, mathematical pro-
gramming, MATLAB. 
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