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motion, in a consequence the inertial force is generated. 
The inertial force can be determined as a half of volume of 
the bubble of density of the surrounding liquid [7]. It can 
be written as: 

 
3

12

p p

b c

d dv
F

dt

π
ρ= . (8) 

The Magnus force generates the bubble motion in 
transverse direction. It is a result of pressure difference at 
the opposite ends of the bubble (points A and B). The 
Magnus force can be calculated according to the Bernoulli 
equation. Thus, the carrying force can be written as [7, 8]: 

 
2

4

p

M c p r

d
F v v

π
ρ= , (9) 

where vr rotational speed of the bubble, m/s. 
The above equation includes rotational speed vr 

connected with gas circulation inside the bubble. Such cir-
culation is dependent on both dimensions and shapes of the 
bubbles. Precise determination of the speed is very difficult 
or even impossible. Thus, in the case of the bubble motion 
the Magnus force is determined from empirical relation-
ships [6, 8]. 

From the above considerations it appears that the-
oretical determination of the bubble motion trajectory is 
often impossible. Thus, it is necessary to complete theoret-
ical considerations with the experimental results. The pa-
per presents a measuring method and the measurement 
results for the air bubbles moving in a motionless water. 
 
2. The test stand 

 
Structure of the test stand is shown in Fig. 2. The 

basic element is a vertical column 1 (0.2 × 0.2 × 1.5 m), 
containing water.  
 

 

Fig. 2 The test stand  

On the base there is an exchangeable jet 2. Air is 
delivered by the jet from the gas cylinder 3, and the air 
flow is measured with the flowmeter 8. In the central part 
of the column there is a system of mirrors 4. Two halogen 
lights 5 of 1500 W are the light sources. The image is reg-
istered by a digital camera 6 with a triple converter CCD 
made by CANON CANON MX1. The image from the 

camera is sent to the computer 7 by the interface IEEE 
1394. Measurements were realized under the controlled 
external conditions. 

The system of mirrors contains four mirrors locat-
ed at the angle 2 × 45°, 2 × 22.5°. It allows to obtain imag-
es of the column from two sides of exposure synchronized 
at time. Such solution allows to register an image with only 
one camera, so difficult synchronization of images is not 
required and reconstruction becomes easier. 

An image from the camera is used for determina-
tion of a spatial velocity distribution. The successive 
frames allow to determine a sense and a value of the vector 
of the moving bubble velocity, thus determination of the 
motion trajectory is possible. Volume and surface are cal-
culated by approximation of the bubble shapes by known 
geometrical figures. 
 

 

a 

 

b 

Fig. 3 Bubble flows a) from a video camera; b) after  
binearization 

Fig. 3, a shows a typical flow image registered 
with a camera of the image tomograph. Velocities of par-
ticular bubbles are strongly different. The bubbles often 
join or divide during the flow and reconstruction becomes 
difficult. The algorithm of reconstruction includes some 
stages. At the first stage the objects are separated from the 
image and segregated, and next their positions are deter-
mined according to the successive frames of the image. It 
is done in the image converted into a binary form 
(Fig. 3, b) [9]. 

A shape of a moving bubble was continuously 
varying at time, so the center of mass was assumed as the 
reference point for determination of the bubble path. From 



37 

the tomograph we obtain two images of the bubble seen 
from two sides, so the center of mass is determined for 
each image separately (Fig. 4). Determination of coordi-
nates xc and yc of the center of mass is realized according 
to the following relationship. 

 
p i

c

p

A x
x

A
=

∑

∑
;

        

p i

c

p

A y
y

A
=

∑

∑
, (10) 

where: Ap area of one pixel  of the image, xi , yi  coordinates 
of the i-th pixel. 
 

 

Fig. 4 Idea of determination of the bubble center of mass 

Centres of mass along the axis Z for two bubble 
images can be a little different. Thus, the averaged value 
was assumed for zx and zy zx and zy. 

 
2

x y
z z

z

+

= . (11) 

Velocity of the moving bubble can be determined 
from the shift vector in the successive frames of the image 
at the known time resulting from a number of frames per 
second. The velocity is expressed as: 

( ) ( ) ( )
2 2 2

1 1 1n n n n n n

g

k

x x y y z z
v

t

− − −

+ + + + +

= , (12) 

where: xn, yn, zn coordinates of the centre of mass for the n-
th frame of the image, xn-1, yn-1, zn-1  coordinates of the 
centre of mass for the n-1 frame, tk time between the suc-
cessive frames. 

The bubble shapes were approximated by ellip-
soid. It is realized during reconstruction based on determi-
nation of ellipsoid diameters and points of contact (A, B, 
C) of ellipsoid with sides of the prism circumscribed on the 
ellipsoid (Fig. 5) [10]. 
 

 

Fig. 5 Idea of approximation of the bubble shape  

3. The test results 

 
Tests of the gas bubble flow in the aeration col-

umn were performed for various gas streams flowing from 
the nozzle 2 mm in diameter. 
 

 

Fig. 6 Reconstruction of the bubble motion trajectories for 
gas streams 0.27 cm3/s 

In the case of very small gas streams (Fig. 6) bub-
ble motion performs along a screw line, it causes a contin-
uous change of shapes and spatial positions of the bubbles. 
From the above results it appears that even very small 
bubbles not always remain spherical. Volumes of the mov-
ing bubbles are similar, however greater bubbles move 
much closer to the gas core and they strongly influence the 
liquid circulation. The liquid circulation influences motion 
of the bubbles moving near the core. Trajectories of the 
bubbles inside the gas core are more similar to the straight 
line than those occurring far from the gas core. In the case 
of small gas streams joining or disintegration of the bub-
bles cannot be observed. Differences in volume of the 
bubbles can be seen only during their formation. 
 

 

Fig. 7 Reconstruction of the bubble motion trajectories for 
gas streams 5.5 cm3/s  

In the case of greater gas streams (Fig. 7), veloci-
ty of the moving bubbles and their number in the gas core 
strongly increase. Moreover, joining of the bubbles can be 
a result of their collision. Like in the case of small streams, 
there are single bubbles, trajectory of which is a little dis-
tant from the gas core. It is a result of a more intense circu-
lation of the liquid caused by the bubble motion and in a 
consequence the bubbles get into the gas core. Thus, a 

dx 

dz 

dy 

A(xA, yA, zA) 

B(xB, yB, zB) 

C(xC, yC, zC) 

X Y 

Z 

(xc,zx) (yc,zy
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number of small bubbles moving far from the gas core is 
much smaller. Turbulences in the gas core cause that di-
ameter of the core begins to pulse, and in a consequence 
the core becomes conical. A high number of bubbles of 
very small volumes is present near very big bubbles. The 
small bubbles outside the gas core behave similarly like 
those in the case of lower flow rates. Resistances of motion 
cause large deformation of the shape even when the trajec-
tory remains screw. 
 

 

Fig. 8 Reconstruction of the bubble motion trajectories for 
gas streams 11 cm3/s 

In the case of greater gas streams turbulences in 
the gas core increase significantly (Fig. 8). Then, the gas 
core becomes to oscillate around the vertical axis of the 
column. Let us notice that greater bubbles move as a 
group, and smaller bubbles separate from the circulating 
group and move along independent paths up to the moment 
when they got to the circulating core again. Numerous 
bubbles join together, or form greater agglomerates and 
move as a group of mixing bubbles. Big bubbles often di-
vide into some smaller ones. There are many interactions 
between the moving bubbles because of a great number of 
bubble and higher velocities of motion of the bubbles mov-
ing in the neighbourhood. Strong mutual interaction be-
tween the bubbles can be observed, so their motion is dis-
turbed, in practice there is no free motion of the bubbles. 
Increase of the gas stream causes increase of intensity of 
gas core circulation and, in a consequence, increase of its 
diameter. 

In the case of big gas streams we can notice 
groups of bubbles (Fig. 9). In such groups, the bubbles 
always join or divide. Shapes of such bubbles are irregular 
and they are subjected to fast deformations. In a group of 
big bubbles we can often notice the moving small bubbles 
of diameter similar to a ball. They form as a result of disin-
tegration of greater bubbles. Let us notice occurrence of a 
great number of small bubbles both inside and outside of 
the gas core centre. Greater bubbles move in groups so the 
flow becomes pulsating. The flow is very turbulent, the 
bubbles move very fast, so their joining and divisions are 
intense. Influence of big bubbles is so strong that smaller 
bubbles in their neighbourhood move along the trajectories 
similar to the trajectory of the moving big bubble. Down-
ward motion of short duration can be also observed – it 
concerns small bubbles. Such phenomenon can be usually 
seen when a very small bubble forms as a result of disinte-
gration of a big bubble. Turbulences of a liquid generated 

as a result of such division cause that a motion direction of 
a small bubble changes, and forces connected with turbu-
lence of the liquid are relatively high, and the bubble be-
gins to move in the opposite direction to the force of the 
hydrostatic lift. 
 

 

Fig. 9 Reconstruction of the bubble motion trajectories for 
gas streams 39 cm3/s 

3.1. Tests of the bubble motion trajectories  
 

The author tested how a shape of the bubble mo-
tion trajectories changes for different dimensions. 
Przeprowadzono badania jak zmienia się kształt trajektorii 
ruchu pęcherzyków of the bubbles. Fig. 10 presents the 
results obtained for the bubbles moving in a stationary liq-
uid. The images of each bubble were presented in two 
views: end view and from above of its motion axis. The 
bubbles of small diameters (from 3 to 10 mm) move along 
a screw line. Since all the turbulences of the liquid strongly 
influence the motion, the trajectories are not always regular 
screw lines. As the bubble diameter increases, velocity of 
the bubble increases, and the radius of its motion trajectory 
curvature decreases. The bubbles of diameters from 10 to 
20 mm are characterized by a small screw motion with 
distinct oscillations of the bubbles. Their shape is similar 
to a flattened ellipsoid. Circulations around the axis cause 
increase of the motion resistances, and velocity of the bub-
bles decreases. Observing the bubble views from above we 
can see that curvature of the screw line is similar to the 
bubble diameter. Big bubbles of diameters more than 
20 mm do not move along the screw line but they move 
along the zig-zag line, however they still oscillate around 
their axes. 

Motion of small bubbles is strongly influenced by 
circulation of the liquid. For small bubble diameters (4 to 
7 mm), when they move far from the gas core they behave 
similarly like in the stationary liquid. Their trajectories 
have screw shapes. As they are more close to the gas core 
centre, their velocities increase and the radius of trajectory 
curvature decreases. As the gas stream from the jet in-
creases, trajectory of small bubbles becomes more rectilin-
ear. It means that the bubble motion is determined by the 
liquid motion in the gas core.  

The bubbles of diameters 15 to 20 mm are less 
dependent on changes of the motion trajectory depending 
on a distance from the gas core. Only the motion velocity 
caused by the liquid motion changes. 
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Fig. 12 Disintegration of the bubbles as a result of collision 
of the big bubble with the small one 

causes increase of the side force resulting in deformation. 
It causes increase of the force of resistance and – in a con-
sequence – the bubble disintegration. 

          

Fig. 13 Bubble disintegration caused by increase of motion 
velocity for gas stream 8.3 cm3/s 

The bubble disintegration can be also caused by 
increase of the bubble motion velocity resulting from in-
crease of the force of hydrostatic lift caused by increase of 
the bubble volume (Fig. 13). This process begins with col-
lision of the big and small bubbles. Velocity of the small 
bubble is relatively low, and it does not cause such a big 
change of air circulation inside the bubble, so disintegra-
tion does not take place. However, increase of the bubble 
volume caused by joining with the smaller bubble cannot 
be neglected and velocity of the bubble motion begins to 
increase. In a consequence, the force of resistance increas-
es and causes the bubble flattening and next its disintegra-
tion. Let us notice that the disintegrating bubbles are influ-
enced by transverse forces causing that the distance be-
tween new bubbles becomes greater. From many observa-
tions it appears that transverse forces are proportional to 
volume of the moving bubble. 

     

Fig. 14 Bubble disintegration caused by increase of motion 
velocity for gas stream 39 cm3/s 

In the case of big gas streams we can observe 
formation of very big bubbles (Fig. 14). Increase of the 
bubble velocity causes disintegration of the bubble from 
the same reasons as those presented in Fig. 8, a. However 
in this case the  transverse forces occurring while disinte-
grating are big and the bubble divides into some smaller 
ones, usually two similar bubbles and the third one is much 
smaller. 
 

          

Fig. 15 Bubble disintegration caused by increase of motion 
velocity for gas stream 8.3 cm3/s 

The small bubble forming as a result of disinte-
gration of the big bubble changes its motion direction very 
quickly and becomes more distant from the gas core. Big 
acceleration can be observed during the first phase of that 
process (Fig. 15). The forming small bubbles often cause 
further divisions in a consequence of collisions with other 
big bubbles. 

The described phenomena causing bubble disinte-
gration are usually continuous, and many of them proceed 
at the same time. Thus, continuous mixing of the moving 
bubbles (Fig. 16). Depending on the gas stream, the area 
occupied but such a group of bubbles enlarges. Determina-
tion of the dominating reason of the bubble disintegration 
is difficult. 
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Fig. 16 Continuous disintegration and joining of bubbles 
for gas stream 11 cm3/s 

 
4. Conclusion 

 
Typical behaviours of gas bubbles moving in wa-

ter were considered. It appears that the motion character is 
complex, and many interactions can be seen. Such situa-
tion is influenced by many factors, it is often not possible 
to determine them in theoretical considerations. Works on 
determination of typical mechanisms of gas bubble disin-
tegration should be helpful in elaboration of theoretical 
models describing motion and interactions between the 
moving bubbles. This problem is important from the point 
of view of mass exchange and determination of aeration 
intensity in many fields of chemical industry, sewage 
treatment or extractive industry. 
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M. R. Rzasa 

DUJŲ BURBULŲ SUSIJUNGIMO IR ATSISKYRIMO 
ANALIZĖ MATUOJANT JŲ JUDĖJIMO 
TRAJEKTORIJAS 
 
R e z i u m ė 
 

Darbe tiriamas oro burbulų grupės judėjimas at-
kreipiant dėmesį į jų tarpusavio sąveiką. Aprašoma testa-
vimo stendo struktūra ir vaizdo tomografo idėja, kuria 
grindžiami burbulų judėjimo trajektorijos matavimai. Ma-
tavimų rezultatai pateikti trimatėje erdvėje analizuojant 
judančių burbulų tarpusavio sąveiką. Suklasifikuoti dujų 
burbulų atsiskyrimo mechanizmai. 
 
 
M. R. Rzasa 

ANALYSIS OF JOINING AND DIVISION OF GAS 
BUBBLES BASED ON MEASUREMENTS OF THEIR 
MOTION TRAJECTORIES  

S u m m a r y 

The paper presents considerations on motion of a 
group of air bubbles. Special attention has been paid to 
interactions between them. The author presents the test 
stand structure and the idea of image tomograph used for 
measurements of bubble motion trajectories. The results of 
measurements have been presented in a three-dimensional 
space, and next characteristic behaviours of the moving 
bubbles were analyzed. Some basic mechanisms of the gas 
bubble division have been classified. 
 
Keywords: bubble interaction, two-phase flow measure-
ment, imaging tomography. 
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