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1. Introduction

Development of the renewable energy and the
ever-increasing application of power plants which uses
renewable energy sources are recognized by scientists as
one of the most important areas of sustainable develop-
ment. Thus, in accordance with the state of technique and
technology progress the most effective power plants based
on renewable energy sources keep to be various types of
hydroturbines. To their indisputable advantages can be
included a high value of efficiency and low cost, as well as
several others. In many hard-to-get communities settled
along banks of rivers sundry types of hydro pumps must be
used to supply water to the irrigated fields. For such hydro
pumps motors or internal combustion engines are used
primarily as a drive, which seems to be disadvantageous in
economic terms. The solution to this problem could be the
use of damless hydro turbine as a drive. Therefore, we
formulate the objectives of the dynamics study of the pis-
ton crank pump with hydro turbine drive and with radial
blades as follows: it is required to find regularities that
characterize the work of a piston pump with damless hydro
turbine drive.

In the books [1, 2] fundamentals of computation
theory and theory of operation of crank piston pumps are
illuminated. They show typical pump designs, considered
design features and strength calculation of details of hy-
draulic block.

In article [3] torque and power of damless hydro
turbine blades in the beginning of the dive and the possibil-
ity of their maximum values depending on the position of
the blades oriented with respect to the axis of rotation of
the hydro turbine were investigated.

In the book [4] describes the design, outlines the
issues of calculation, design, manufacture and testing of
positive displacement pumps and hydraulic motors used in
power hydraulic systems of machines and mechanical
equipment.

To ensure the translational motion of the single-
acting crank-driven pump as the pump drive can be used
crank-rod, rocker mechanisms. Output links of these
mechanisms can make reciprocating motion [5].

In the book [6] outlined the basics of mathemati-
cal modelling of dynamics of mechanical systems, mecha-
nisms of machines, devices and instruments.

The authors [7] studied the dynamics of the vibra-
tory movement of the body on the swinging plane for
automatic assembly of parts. They investigated the motion
of the body when the stiffness coefficient and rolling angle
had been changed, also identified laws for different trajec-

tories of body on the rocking plane.

The paper [8] is dedicated to modeling of the
thermal-hydraulic piston pump which is used in the air-
plane. Lumped parameter mathematical models are devel-
oped which are based on conservation of energy. Heat
transfer analysis for the piston pump is also given in the
paper.

In the article [9] investigation of a single-piston
model of the aviation axial-piston pump is presented. This
single-piston model comprehensively considers fluid com-
pressibility, orifice restriction effect, fluid resistance in the
capillary tube, and the leakage flow. Besides, the instanta-
neous discharge areas used in the single-piston model have
been calculated in detail.

In the article [10] a mathematical model for swash
plate axial piston pumps with conical cylinder blocks is
presented. Simulation runs are carried out using this model
to evaluate the performance of a pump with certain design
parameters under different operating conditions. The re-
sults show that both the moment acting on the swash plate
in the direction perpendicular to its inclination and the
torque acting on the driving shaft are nearly constants un-
der certain operating conditions, and increase linearly with
the increase of the delivery pressure and/or increase of the
swash plate inclination angle.

The paper [11] discusses the basic principles of
hydraulic turbines, with special emphasis on the use of
computational fluid dynamics (CFD). The basic fluid me-
chanics is briefly treated for the three main types of hy-
draulic turbine: Pelton, Francis and axial turbines.

The TurboPiston Pump [12] was invented to make
use of merits such as, high flow rates often seen in centrif-
ugal pumps and high pressures associated with positive
displacement pumps. The objective of this study is to man-
ufacture a plastic model 12” TurboPiston Pump to demon-
strate the working principle and a metal prototype for per-
formance testing. In addition, this research includes the
study of the discharge valve to estimate the valve closing
time and fluid mass being recycled back into the cylinder
through hand calculations.

2. Equations of part movement

Make the following assumption, simplification
and allowance: there is no dead volume, the fluid sucked
into is considered to be incompressible, and there is no
friction in the mechanical parts of the pump.

The law of motion of the piston (plunger) of the
crank pumps is defined by kinematics of the crank - con-
necting rod mechanism. If we neglect the influence of the
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finite length of the connecting rod, the path traveled by the
piston can be related to the angle ¢ of rotation of the

crank by the following relationship (Fig. 1):
x=r(l—cos¢)), 9]

where 7 is the radius of the crank.
Piston’s velocity is derivative of the path with re-
spect to time, i.e.:

u=dx/dt =rsinpdp/dt =rosing, )

where @=d@/dt is the angular velocity of rotational
motion of the crank. Piston acceleration is

J =du/dt =rwcospdp/dt =ra’ cose. (3)

Using the equation of unsteady flow of a real flu-
id, which has the form:

for the suction period:

2
9 z+£+19— +l@+i =0, 4)
ol rg 2g

we will determine the pressure under the piston expressed
in meters from the column of fluid in the form of [1, 5]:

Fig. I A dynamic model of single-acting crank pump
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where p is pressure obtained by the piston of the crank
pump during the suction period, p, is pressure on the free
surface of a liquid in the receiving reservoir, z, is piston

elevation above a liquid level in the receiving reservoir, ¢
is fluid flow velocity at any cross-section of the pipe, x is
instantaneous state of the piston with respect to its right-
most position, i, is harmful resistance, & is the length of

the fluid path when lifting, 4, is pressure expended to
overcome resistance in the suction valve, W, is coefficient
of the suction pipe, L, is reduced length of the suction
pipe, p is density of the fluid, g is acceleration of free
fall, z, is elevation of discharge hole of the pressure pipe
above the lower position of the piston, p,, is pressure un-
der the piston during discharge, p, is the absolute pressure
in the reservoir where the liquid is supplied, L, is reduced
length of the discharge pipe, W, is reduced coefficient of
resistance of the pressure pipe, &, is velocity of the fluid

flow from discharge hole, S is the length of the path of
piston motion. We derive the equation of motion of the
piston crank-driven pump with damless hydro turbine drive
as a mechanical system in the form of Lagrange equations
of the second kind.
The kinetic energy of this system is:
-2 2
=2,y (7
2 2

where m is sum of the masses of the piston and rod, 7, is

kinetic energy of the connecting rod, J is moment of iner-
tia of the hydro turbine impeller is given by [2]:

J:%MOR2+6ph[(R2 +%12+Rlcosa2j,

where R and / is radius of the impeller and hydro turbine
blade length respectively, «, is angle of the blades, /4 is
blade width, M|, is mass of water turbine impeller.

The kinetic energy of a connecting rod is deter-
mined by the formula:

1 1
T.=—M3 +-J.o], 8
K 2 s7c 2 1 ()

where @, is instantaneous angular velocity of the connect-
ing rod, J_is moment of inertia of the connecting rod rela-

tive to the axis passing through the centre of gravity of the
connecting rod perpendicularly to the connecting rod.
The following relations have taken place:

r cos @ .
O = ————0>
s r .2
l——-sin” ¢
2
& =pgt|[1- L 259 +%cos2¢) ,

2] f 2
’ 1—;—2sin2¢)
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where [ is the connecting rod length. Therefore, the total kinetic energy has the form:

T =%[%MOR2 +6phl[R2 +%l2 +Rlcosa2j(b2 +%mr2(p2 cos’ go}-

2

M 2
+1Msrzgi)2 A ) — +lc0s2(p +— rngz%. )
2 21 P, 4 24 r-sin” @
1- 7 sin” @ 1- 172
Now we define a generalized hydrodynamic Consequently, the generalized hydrodynamic
forces acting on the piston during suction and discharge.  forces are determined in the form:
Work of hydrodynamic forces acting while the piston is
moving during the suction and discharge, respectively, will 6d, = ( P, - P, )Fr sin @ op,
: (10)
be 54, =(P.—P,) Fr sinpSp,
r’ 1
0, = |:Z] +d+(WB +1)2—sin2 P9° +hy +_(L3 +d)(r¢sin¢+r¢2 cosw)}Fpgrsin(p,
g g
2 1 (1n)
0, = |:zz +<WH ~1+F/f? );—gbz sin® o+ hy, +—(Ly, +a’)(rg'zisinqo+r(/’)2 cosgp)}Fpgrsingo,
g g
where F' and d are area and diameter of the piston, f, is The equations of motion of the piston crank pump
cross-sectional area of discharge hole. with damless hydro turbine drive become:
for suction period:
2
1 1 1
EMORZ +6,0hl[R2 -i-gl2 + Rlcos052j+mr2 cos> o+ M 1’ l—ﬁcozi -i—zcos2 o+
t = ;—2 sin> @
1 , costo .. 2 r cos @ r sing P cossinp 1 .
t—Mr ————— P+ Mr -— — -—— T+ |~ osin2e |+
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for discharge period:
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For simplicity, assume that the following

conditions occur:

ZL<<1 and ﬂ<<1.

s 0

Under these conditions, the equations of motion
of the piston of the crank pump Egs. (12) and (13) are
transformed to:

for suction period:

(25-1—[(52 —5l)sin2(p+,usin3 (/)Jq)z + ), singo:%, (14)

for discharge period:

¢+[(53 —& ) sin2@+ psin’ go]goz +ap, Sing :%, (15)

M r? L,+d 2

where &, = i ,gzszr( 2 ) =2
8J 4J 4J

myr(Ly +d) ,  myg(z,+d+hy)
53:—, oB = ~ .
4J 2J

) mBg(z2+hH)

Wy =————=, my =2pFr.

on 27 p = <P

In [2-7] the characteristics of the driving torque of
the hydro turbine with six flat and radial blades are deter-
mined. Forms of the averaged moments of the driving
forces for such damless hydro turbines are:

M=a-bgp, (16)

where:

_ PO
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0, is fluid flow rate at the working part of the
blade, ¢, is angle between the blades, & is flow velocity

of the liquid. The remaining parameters are specified in a
scheme of hydro turbine.

3. Solution of the equation of motion

Egs. (14) and (15) are essentially nonlinear, since
the nonlinear term is included in the equation without a
small  parameter. For simplicity, assume that

ERE RE.

The differential Eqs. (14) and (15) differ from
each other by coefficients, but the shape is identical, so it
suffices to solve one of them. By substituting (16) into (14)
and substituting d7 = m,,dt , transform the equation of

motion (14) to the dimensionless form

b
Jay,

a
Pk
OB

e

do +,usin3 ¢(d
T

dr

2
de.
dr*

2
+sing = 17
j 0= (17)

Eq. (17) may be subjected to further simplifica-
tion, if we take into account that during one period of

do

dr
changes very little, then its derivative with respect to the

change in the angle ¢ from 0 to 27 value w=



angle of rotation ¢ can be considered equal to its average
value [13]. Assuming for a variable angle ¢ and using the

relation d@ = wdr, transform Eq. (17) to the form:

2

da_) < Vd #5271 s 1 27 )
—=——\|do—-"— | sin’ pdp——— | sinpdp +
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where ¢ = , B= az .
Jawy, Jay,

When performing the averaging quantities a value
@ 1is constant. Assuming that:

2z

I

0

2 2
sin’pde =0, j sinpdp = 0,L j dp=1.
0 27

After integration:

B

@

(18)

Eq. (18) can be examined to determine the vari-
able @ under transient regimes. After averaging the Eq.
(17) also takes the form (18).

Condition for the existence of stationary regimes
do_y
do

Under this condition, the equation of stationary
regimes of motion is:

Hence, we find the average value of the angular
velocity of the hydro turbine in a stationary mode:

5-B__9 (19)
e bay,
Considering the ratio:
Q
dp__dp _Q 0
dr  dt-w,;, oy

From Eq. (20) we obtain the following expres-

sion:

Ec =4,
where (2, :% is the angular velocity of the hydro turbine
atidle.

It follows that the mean value of the oscillation
frequency of the piston of crank pump equals to the angu-
lar velocity of the hydro turbine power at idle.

Using the Eq. (19), we transform the Eq. (18) to
the form:
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© Q
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Integrating (21) with the initial condition

7=0,0=0, we obtain for suction and discharge periods
the following expressions:

_ 0 . Q .
=0 (1-e), =—2(1-¢*), (22)
B a)OB( ) H a)OH( )
whence
_ Y b,
2, :(20{1—@ J J Q, =!20(1—e / J (23)

Average speed of the hydraulic turbine at ¢+ — o
tends to €2, i.e.

0, =limQ.

1—>w©

Taking into account the relation (20), we write the
integral Eq. (18) in the form

J0,
b

2

5.
0,-0

b

In
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On Fig. 2 line 1 is plotted based on the results of
numerical solutions of systems of Eq. (14), and line 2 is
based on the results of analytical solutions The graphs
show that the values of the numerical solutions of Eq. (14)
oscillate around the mean value, and the analytical solu-
tions of the averaged Eq. (14) pass through the midline of
the graph 1.

Based on of this representation it can be judged
about the proximity of the results of analytical and numeri-
cal solutions.

€2, rad/s

0.5
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solution

2 » o analyhical
solution

0 5 10
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Fig. 2 Relation between the angular velocity and the rota-
tion angle of hydraulic turbine
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Fig. 3 Relation between the angular velocity and the rota-
tion angle of the hydro turbine at different values of
the impeller radius
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Fig. 4 Relation between the angular velocity and the rota-
tion angle of the hydro turbine at different values of
the watercourse speed

On Figs. 3 and 4 according to the Eq. (24) graphs
of the relation between the average angular velocity and
the rotation angle of the hydro turbine at different values of
the radius of the rotor and at different values of the flow
velocity of the watercourse are plotted. The average angu-
lar velocity of rotation of hydro turbine in a stationary
mode equals to the angular velocity of the hydro turbine at
idle and does not depend on the mode of work of piston
pumps. Average speed of rotation depends only on the
parameters of a hydro turbine and the flow speed of the
watercourse.

4. Stability of motion of the system

Now consider the stationary regimes of the single-
acting crank pump with damless hydro turbine drive,
which are determined by the Eq. (18). To do so, we trans-
form Eq. (18) to the form:

(25)

Form a system of Egs. (25) in variations. Assume
that:

=0 +q,} 6

=0 +p,

where @ and @" are stationary solutions of Egs. (25),
which have form:

o =0,¢ =0r.

Substituting Eqs. (26) into (25) we obtain:
(27)

Integrals of the system of Egs. (27) take the form:

p= Ce—g‘r,
q= ie_gf (28)
< B

when 7 —>w, p=0, ¢g=0. Consequently, the stationary

motion of damless hydro turbine at discharge with crank
piston pump is asymptotically stable.

5. Conclusions

The average angular velocity of rotation of hydro
turbine in a stationary mode is equal to the angular velocity
of the hydro turbine at idle and does not depend on the
mode of work of piston pumps. Average speed depends
only on the parameters of a hydro turbine and the flow
speed of the watercourse. With the increase in the radius of
hydro turbine impeller its average angular velocity de-
creases, while increasing the value of the watercourse
speed, the average angular velocity increases.
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K. Bissembayev, D. Kinzhebayeva

VIENOS KRYPTIES SIURBLIO SU SKRIEJIKO
NEUZTVENKIAMA HIDROTURBINA DINAMINIO
MODELIO TYRIMAI

Reziumé

Siame darbe pateikti vienos krypties skriejiko
siurblio su neuztvenkiama hidroturbina dinaminio modelio
tyrimo rezultatai. Sudaryti vienos krypties skriejiko siurb-
lio su neuztvenkiama hidroturbina kompiliuoti dinaminis ir
matematinis modeliai. Judéjimo lygtys iSsprestos analitis-
kai ir skaitiniais metodais. Gauti rezultatai palyginti tarpu-
savyje. NeuZtvenkiamos hidroturbinos charakteristikos su
vienos krypties skriejiko siurblio apkrova jvertintos pri-
klausomai nuo rotoriaus spindulio ir vandens tékmés grei-
¢io. Buvo parodyta, kad hidroturbinos vidutinis kampinis
sukimosi greitis stacionariam rezime yra adekvatus neap-
krautos hidroturbinos kampiniam greiciui, kuris nepriklau-
so nuo stimoklinio siurblio poveikio. Vidutinis greitis pri-
klauso tik nuo hidroturbinos parametry ir vandens srauto
grei¢io. Gauti teoriniy tyrimy rezultatai gali biiti sékmingai
panaudoti hidroturbiny, kaip vienos krypties skriejiko
siurbliy pavary, projektavime.
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RESEARCH ON THE OF DYNAMIC MODEL OF
SINGLE-ACTING CRANK PUMP WITH DAMLESS
HYDRO TURBINE DRIVE

Summary

The research of the dynamic model of single-
acting crank pump with damless hydro turbine drive has
been made in the present work. Compiled dynamic and
mathematical models of single-acting crank pump with
damless hydro turbine drive have been constructed. The
equations of motion have been solved using analytical and
numerical methods and their results have been compared.
The characteristics of the damless hydro turbine with the
load of the crank pump have been evaluated depending on
the radius of the rotor and on the speed of the watercourse.
It has been revealed that the average angular velocity of
rotation of hydro turbine in a stationary mode is the angu-
lar velocity of the hydro turbine at idle and does not de-
pend on the mode of piston pumps. Average speed depends
only on the parameters of a hydro turbine and the flow
velocity of the watercourse.

The results obtained in the course of theoretical
research can be successfully used for the design of hydro
turbine as a drive for single-acting crank pump.

Keywords: single-acting crank pump, damless hydro tur-
bine, watercourse speed.

Received May 27, 2014
Accepted November 17,2014



