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1. Introduction

Most construction design and management regu-
lations [1-4] recommend using nonlinear stress diagrams.
The use of the nonlinear state diagrams enables us to cal-
culate the actual stress-strain state parameters of structural
members (of the compression and the tension zones, the
crack depth, etc.) and to design structural members with
greater accuracy.

Traditionally, the curriculum subject Strength of
Materials taught to students deals with structural members
made of elastic materials. The formulae presented in this
course are not applicable for the cases when the stress-
strain dependence is nonlinear (curvilinear). Taking into
account the nonlinearity of the stresses is a highly topical
issue [1-14], but up till now there exists no uncomplicated
practical engineering method applicable in this case.

For the calculation of the stress-strain state para-
meters at normal sections of structural members subjected
to bending, paper [12] presents a method of successive
approximations (iterative method). The method employs
nonlinear (curvilinear) stress diagrams. In paper [13], the
analogous parmeters of members with rectangular cross-
section are calculated directly, i.e. the calculation is itera-
tion free. The formulae presented there may serve as a ba-
sis for a practical engineering method. The cases when the
stress diagrams are not nonlinear (curvilinear) or when the
members have cracks will be presented in further papers.

The aim of the present paper is to present a way
enabling us to take into account the flanges of the struc-
tural members subjected to bending in the aforementioned
direct calculation method presented in paper [13].

The object of the reasearch is a structural mem-
bers subjected to bending with a cross-section as shown in
Fig. 1. The main part of the member and the flanges may
be made of different materials. The flanges and the rein-
forcement may be positioned both in the compression zone
and in the tension zone.

2. Definitions and symbols used in the paper

Structural member (hereafter-member) is flexural,
eccentrically compressed or eccentrically tensioned bar
made of concrete, reinforced concrete, metal, wood or
other materials;

the main material of the member is material con-
stituting the biggest part of the member into which materi-
als of other parts are reduced for the analysis: in case of
concrete and reinforced concrete it is concrete, in case of
wooden members it is wood, etc.;

effective cross-section is the part of cross-
sectional area of the member that is assumed in the analy-
sis and at the time considered is subject to the normal

stress;
Z, and Z, are the zones of effective cross-

sectional area of the member in compression and tension

respectively; for the zone Z_ characteristics for materials

in compression are applied, while for the zone Z, — char-

acteristics for these in tension;

member strengthening is strengthened parts of the
members; e.g. stronger members imbedded into concrete
members or fixed to the timber member;

member weakening is ducts in the member, e.g.
for the prestressed reinforcement, etc.;

parts of the cross-section are sectors of the mem-
ber layers, strengthenings (weakenings)and reinforcements
in the cross-section;

first edge of the cross-section layer (marked by
Index c) is the edge with the lowest arithmetical value of
acting stress*;

second edge of the cross-section layer (marked by
Index t) is the edge with the highest arithmetical value of
acting stress™;

values of the parameters X, v,, w,, o, of the
first edge are marked by Index c¢; while these of the second
edge are marked by Index t;

symbol f is used to mark the parameter of

strengthening (weakening), and symbol S is used to mark
the parameter of reinforcement;

du =Xy Xy = h ;

0—0 is neutral axis;

W—W is axis parallel to the neutral axis; it is ex-
pedient to place it on the edge of the cross-section with the
lowest arithmetical value of strain;

a—a is any axis parallel to the axis 0-0;

¢ —¢ 1is any layers of the material of the member
that are parallel to the axis 0—0 and whose strain &, is

assumed in the equations of static equilibrium;

X, 1s distance* from the neutral axis 0—0 to the

axis W—Ww;

X, stands for the depth of the compression zone
of the member (thickness of the layer of the compression
zone), i.e. the distance from the compressed edge of the
member to the neutral axis 0—0 (the direction of meas-
urement is important — the positive direction is the direc-
tion of the axis x (Fig. 1); when the axis W—W is in the
edge subject to compression, then the depth of the com-
pression zone X, =0-X,;

a, is distance from the axis W—Ww to the axis

a

a-a;

* for zone Z negative values are taken
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a, is distance from the axis W—W to the layers  strain diagram for the main material of the cross-section;
¢—& of the member: symbols ¢ and t stand for compression and tension respec-

symbols of other dimensions are shown in the tively; ) . . S
Fig. 1; line ¢, —0—¢, (not necessarily a straight line) is

E,, E;, E,, E are elasticity moduli of the lay-  reinforcement strain diagram.

. L . &, &, & &, are strains* of layers of the main
ers of the main material in cross-section (e.g. layers of the P> @f> ®s ©0 y

concrete), strengthening (weakening) of the cross-section, ~ material of the cross-section, strengthening (weakening),

reinforcement, selected materials of the equivalent cross-  reinforcement, selected material of transformed section

section; it is expedient to take E equal to the value E; of respectively;

the modulus of the main material at the most important & is absolute value of the strain* corresponding

layer; to the value of the maximum stress* o, (e.g. concrete
g =B /E; 0y =EG/E; o =E4/E; strength* f;,); linear strain* of the concrete layer i in
A;, A;, A, and the like stand for cross- COmMpression &, = &yp; -

sectional area of strengthening (weakening), area of weak- o, is stress* corresponding to the value of the

ening is negative; (see Fig. 1);

) . limiting strain* &, (e.g. of concrete &, );
A;, A, A, and the like stand for is cross-

o, is pre-stress of reinforcement;

sectional area of reinforcement (the reinforcement may be P
pre-stressed); the reinforcement may be located not only in &g 1s strain* of reinforcement caused by external
the tension zone, but also in the compression zone (see  forces;
Fig. 1); ) o 1s stress* of reinforcement caused by external

parts of cross-section is areas of the layers of the forces:
member, strengthening (weakening) and reinforcement in ’ . . .

o &g =&, t&g s total strain of reinforcement

the cross-section; o )

equivalent cross-section is cross-section with ar- measured from the initial (zero) state of the reinforcement;
eas of parts of its effective cross-section multiplied by re- 05 =0y, + 0y Is total stress of the reinforcement
spective coefficients «, . measured from the zero state of the reinforcement;

Strain diagrams (Fig. 1): E;, E;, E; are secant elasticity (strain) moduli:

straight line &, —0—¢, is diagram of linear strains = = =
. . ) E.:V.E.:V.a.E’ E.:V.E.:V.a.E’ E:]/E:
for the material of transformed section (conforming to the oo T e sist

hypothesis (Bernoulli’s) that the plane sections remain i  Cofi &y Eomi .
lane); =VglE; p=—t=—t=—=—2=—"0 (Fig. 1);
p i . . . . . Xw XI Xfi X5| mi
line ¢, —0-¢ (notnecessarily a straight line) is
£ £ Eni &g £
K,=—%, ki=—, ky =—" skn:_ﬂ»ksi: *
505 SOI Eomi go fi 805|

dfe

oy
a;, (a.)

pra
h (a)

(@) —*
(8)

Fig. 1 Cross-section of the member and stress-strain diagrams



3. The essence of the method and its formulae

Eq. (1) of the static equilibrium of the forces and
Eq. (2) the static equilibrium of the bending moments pre-
sented in paper [13] in the present paper have been adapted
for the case of member with flanges (Fig. 1). In addition to
parameters XK AV , parameter XK, AgVy is used

n
Egs. (1) and (2). For simplicity, instead of '21 the symbol
i=

Y is written. With the help of this parameter the flanges or
other strengthening and/or weakenings of the member are
taken into account when making the calculations. Please
note that v =const, and v #const. The change of v

is taken into account with the help Eq. (17).

kC a)nc

(k@ )Xo +

Zkﬁa

efi

b
2(Pyy /vpi)+ N
bEe, /k,
ZK i AgV N
b
+2ksiaesi Aivsidy +
b

AV
kt nt u +

+
+ stiaets)i Avsi +

Xy +

W

+k,@,,d; +
Z(Rvg /vyi)+N a
bEe, /k, ¢
Ot )= Ke (@ — O ) ]x3 +
~3w,d,)-
~30,0; )+

(M

[k (@n
Jr[kt
k (20,8, + 0, d;

k.o,.a

(o8, +20,d e s

nt~a nt™u

%+

nt~a>u mt~u

a, _afi)
+
a, —a )
b

2(Rvg /v,)(a, —a,)+N(a,—e)+M
+
bEe, /k,

CHE

aa - asi )asi

ZK ot Ay (
+
b
YKo AV
+ Si ae5| A%l VSI (

+

ZK e AV (aa —ay )afi N
b

nt%Yu T
+stiaesi &ivsi(
b
Z(Pvg /vy )(a,—ay)+N(a,—e)+M
bEe, /k,

+k(a)ad

+

a =0 2)

If necessary, the flanges of the member may be
divided into sectors of any size A;. Other types of

strengthening and/or weakenings of the member (e.g. vari-
ous ducts) are also treated as sectors A;. An analogous
method of dividing the cross-section or its part into smaller
sectors was used in paper [8]. An analogous method is of-
fered by the regulations [3, 4]. Unfortunately, the regula-
tions [3, 4] do not contain a practical implementation of the
method.

Distances a; are assumed from axiswW—-W to

sectors A; of the layers in which the resultant force N of
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the stresses oy of the sectors is selected. The force

N g
assumed in the centre of gravity of the respective sectors.
By selecting the resultant force not in the centre of the sec-
tors it is possible to get the desired uneven distribution of
the stresses in the sector. It seems that in most cases it
would be worthwhile to select the centre of the sector. The
change of o, is taken into account with the help Eq. (16).

=04A;. This force does not necessarily have to be

The most important parameters are denoted by
Egs. (3) - (13):

Vsi =0 /Esigsi 3)
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For structural members without cracks d, =h.

When in Egs. (1) and (2) we use the parameters
Egs. (3) - (13) we receive Egs. (14) and (15):
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3.1. Parameters of the nonlinear stress diagram of flanges
and strengthening /weakening

In the present paper, the change of stresses o in

sectors Ay is described by functions



2 3 4
o = Eqeq(1+C g +Coqll + Cylls + Canll) =

=ViEq&q = V0 (16)
Vi =14Cs775 +szi77?i +C3fi’7?i +C4fi77?i 17
Mg =€6/ Emi (18)

If the material of the sectors is the same as the one
of the entire cross-section, then the coefficients of all the
sectors «,; will be the same and equal to one
(aq=E4/E=1), Cii =C; and o =0,.

Paper [13] analysed the case when the stress-
strain diagram o, —&, of the material of compression and

tension zones of a beam (e.g. for concrete of strength
classes C08/10-C90/105) was defined by Egs. (27) and
(28) or by Egs. (4) and (5) presented in paper [14].

The change of the coefficient v included into
the static equilibrium equations is described by function
(17). This function is rearranged in order to make X, the
variable of the function. Please note that the height X, of
the compression zone is negative.
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3.2. Parameters of the nonlinear stress diagram of the com-
pression zone [13]
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3.3. Parameters of the nonlinear stress diagram of the ten-
sion zone [13]
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(44)

(45)

(46)

47)

When we insert the values of respective parame-
ters into Egs. (14) and (15) we receive equations of static
equilibrium: Eq. (48) of the forces and Eq. (49) of the

bending moments:
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When stresses of the tension zone are ignored,
then, in the equations of static equilibrium, k, =0 and it is

possible to assume that the zone has cracked. In this case it
is possible to calculate the failure moment M, of the rein-

forced concrete member. In this case it is possible to calcu-
late the reinforcement of the reinforced concrete member,
i.e. the area of the reinforcement A, .The yield of the rein-

forcement can be taken into account using coefficientvy .

4. Conclusions

The method and the formulae presented in the pa-
per are applicable for the calculation of the stress-strain
state parameters (the compression and the tension zones
and the depth of the crack) at normal sections of flanged
structural members subjected to bending. The paper pre-
sents a sufficiently simple and resonably accurate way of
taking into account the impact of the flanges and/or other
strengthenings (weakenings). The method employs nonlin-
ear (curvilinear) stress diagrams. The calculation is direct
(without the successive approximation cycles). The formu-
lae may be used for practical calculations. They are not
very complicated, they are clear, easy-to-program, suitable
for computer-based calculations. In the general case, the
members have to be without cracks. But the formulae are
also applicable to calculations of parameters of members
that have cracks, for their sections between the cracks.
When the stresses of the tension zone of the members are
ignored, the formulae are also applicable even to the sec-
tions near the crack The direct calculation is possible when
we know the strain of at least one of the layers and when
we know whether the flange and the reinforcement are
subject to compression or to tension. In other cases, the
calculations need to be repeated. The method is applicable
when it is not necessary to know with accuracy in what
way the stresses are distributed within the flange. The au-
thor has developed a method and formulae taking into ac-
count the nonlinear stress distribution within the flange.
However, they are more complicated. They are planned to
be published in forthcoming papers.
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I. Zidonis

LENTYNU [VERTINIMAS TIESIOGIAI
APSKAICIUOJANT [TEMPIU-DEFORMACIJU BUVIO
PARAMETRUS KONSTRUKCINIYU ELEMENTU
STATMENUOSE PJUVIUOSE

Reziumé

Sis darbas yra autoriaus darby tesinys. Straipsnyje
pateikta metodika ir formulés, skirtos lentyny ir (arba) ki-
tokiy sustiprinimy (susilpninimy) itakai jvertinti tiesiogiai
(be nuoseklaus artéjimo cikly) apskaiciuojant sijiniy konst-
rukciniy elementy itempiy-deformacijy biivio parametrus
aSiai statmenuose (normaliniuose) pjiviuose pagal kreivi-
nes medziagy itempiy diagramas. Formulés taikytinos ele-
mentams be plySiy (pavyzdziui, plySimo momentui apskai-
¢iuoti) ir elementy su plySiais pjiviams tarp plySiy (armuo-
ty elementy itempiy-deformacijy buiviui apskaiéiuoti, nu-
statyti armatiiros deformacijos atsilenkima nuo ploks¢iujuy
pjuviy). [tempiy galima ir nepaisyti. Kai elementy tempia-
mos zonos itempiy nepaisoma, formulés tinka net ir pju-
viams ties plySiu (irimo momentui arba armavimui apskai-
¢iuoti). Tiesioginis skai¢iavimas galimas tuomet, kai zi-
noma kurio nors vieno sluoksnio deformacija ir i§ anksto
zinoma, ar lentyna ir armatiira gniuzdoma, ar tempiama.
Kitais atvejais skaiCiavimus tenka kartoti. Atvejai, kai
itempiy diagramos ne kreivinés arba kai elementai su ply-
Siais, bus skelbiami kituose straipsniuose.

I. Zidonis

ESTIMATION OF THE FLANGES IN THE DIRECT
CALCULATION OF STRESS-STRAIN STATE
PARAMETERS AT NORMAL SECTIONS OF
STRUCTURAL MEMBERS

Summary

The present paper is a continuation of papers au-
thors. The method and the formulae presented in the paper
are designed for taking into account of the impact of the
flanges and/or other strengthening /weakenings when mak-
ing direct calculation (without the successive approxima-
tions cycles) of the stress-strain state parameters at normal
sections of bar-shaped structural members according to
nonlinear material stress diagrams. The formulae are appli-
cable for members that have no cracks (e.g. for the calcula-
tion of the cracking moment) and for the sections between
the cracks of the members that have cracks (for the calcu-
lation of the stress-strain state of reinforced members, for

estimating the deviation of the strain of the reinforcement
from the plane sections). It is also possible to ignore the
stresses. When the stresses of the tensile zone of the mem-
bers are ignored, the formulae are applicable even to the
sections near the crack (for the calculation of the cracking
moment or of the reinforcement). Direct calculation is pos-
sible when we know in advance the strain of any of the
layers and when we know whether the flange and rein-
forcement is subject of to compression or to tension. In
other cases, the calculations need to be repeated. The cases
when the stress diagrams are not curvilinear and when the
members have cracks will be published as separate papers.

H. XKunonwuc

VYET ITOJIOK ITPU ITPSIMOM PACHETE
HATIPAKEHHO-JJE®OPMIPOBAHHOI'O
COCTOAHUA ITO HOPMAJIBHBIM CEYEHUAM
KOHCTPYKTHUBHBIX 2JIEMEHTOB

Pes3omMme

Pabota siBisieTcss mpoJoDKeHneM paboT aBTopa.
B crartbe npencraieHsl MeTOANKa M (OPMYJIBI yueTa To-
JIOK ¥ (WJIN) OPYTHX ycWIIeHHH (ociabieHuit) npu IpsMomM
pacdere (0e3 LUKIIOB TOCIENOBATEIHHOTO TPHOIIMKEHNS)
IIapaMeTpoB HaIpsHKEeHHO-Ae(OPMUPOBAHHOTO COCTOSTHHS
110 HOPMAaJIbHBIM CEYEHHSIM OaJIOYHBIX JJIEMEHTOB KOHCT-
PYKUMI Ipy KPUBOJMHEWHBIX AUarpaMmax HanpspKEHUH
MarepruanioB. QopMynbl NpeaHA3HAYCHBI U 3JIEMEHTOB
0e3 TpemuH (HanpuMep, IJIs pacueTa MOMEHTa TPELIHHO-
00pa3oBaHysi) U OIS CEYEHHH MEXIy TPeIlHHAMHU B dIIe-
MEHTaxX C TpeluHaMu (UI1 pacueTa HampsKEHHO-
J1e(OpMUPOBAHHOTO COCTOSHUS apMUPOBAHHBIX AJIEMEH-
TOB C OIpe/eIeHNEM OTKIOHEHHUs NedopMaliii apMaTypbl
OT THITOTE3bI IUIOCKHUX CedeHuit). HanpshkeHus MOTyT u He
yUuTHIBaThCA. Eciay HampspkeHust pacTSHYTOW 30HBI dlle-
MEHTa HE YYHTHIBAIOTCS, (OPMYJIBI NMPHUTOAHBI JaXe IS
CeYeHUH Mo TpeuHaMm (JUIs OmlpenesieHHss MOMEHTa pas-
pyLIICHUS WKW pacueTa apMmupoBaHus). [Ipsmoit pacuer
BO3MOXKEH TOT/Ia, KOTJIa W3BeCTHa AedopmMarist I000ro
OJTHOTO CIJIOSI M 3apaHee W3BECTHO, YTO IMOJKH U apMaTrypa
C)KUMaeMbl WIN PacTSAruBaeMbl. B Ipyrux ciydasx pacuer
npuxonuTcss mopTopste. Cilyyau, Koraa JuarpamMMbl Ha-
NpsDKEHUH He KPUBOJMHEHHBIE WM TPUCYTCTBYIOT dlle-
MEHTBl C TpEIIUHaMH, OyIyT IpeICTaBlICeHbl B JPYTrUX
CTaThsIX.
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